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PKI5FACK TO Till III* KmTIOJfc. 


Tins little text-book was written some years up* to iCJjw- 
panytlm lectures in a short preparatory course on the N*if> 
tonian Potential Eunotion, especially intended for students 
who were afterwards to begin a systematic study of lie* 
Mathematical Theory of Electricity and Magnet i«m, with the 
help of soma of the standard treatises on the subject. 

In preparing the present edition a lew iiuperativc change* 
have been made in the plates, sumo sections have bed* intro 
dueod, and a large number of simple miscellaneous problems* 
have been added at tbe end of the last chapter. 

The reader who wishes to get a thorough knowledge of 
the iiroperties of the Potential Kunrtion amt of it** apph 
cations, is referrod to the works mentioned in tic h“-t gs%« n 
below. Most of those that had then been published 1 eon- 
suited and used in writing these notes, ami tr**in noin' w b»<h 
have appeared since tin* boily of this 1 Mink W as rh't'tlo 
typed 1 have borrowed material for problem** : man\ other 
problems I have taken from various college and mm nt»sn 
examination papers. I am indebted also t>* kc i --llv* 
Professors Trowbridge, Byerly, E. 11. Hall. >abj»i**, 

M. Bdehor, and (!. A. Adams for valuable eutn-jou* urn! 
suggestions. 

The slight use which 1 have made of devciopmrnis ;n totinn 
of Spherical Harmonies and IteswPn linn Hkio v> r^phtiasrd 
by the fact that stutleutH who use l hm IhsoU sit ft.iTi.itd t * ns 
vnrfiitv hI'.i dv umn * 1 'sum t* tU .„!> »!,!„ 


labile following pages the change made in a function u 
.Ijy giving' to the independent variable a; the arbitrary inc.re- 
lnent -Ax', and keeping the other independent variables, if 
there are iilfeb unchanged, is denoted by A x u. Similarly, 
&u airiP^ p/- represent the increments of u due to changes 
resjflfcely in y alone and in z alone. The total change in 
u tfuPto simultaneous changes in all the independent variables 
is sometimes denoted by A u ; so that, if u =f (x, y, z ), 

, A x u t . A u A x n 

Au = —— • Ax + ~r~' Ay + “ • • As ■+• €, 

Ax Ay Az 

where e is an infinitesimal of an order higher than the first. 
The partial derivatives, are denoted, for conven¬ 

ience, by D x u, D y u, and D e u, aud the sign === placed between 
a variable and a constant is used to show that the former is 
to be made to approach the latter as its limit. In those cases 
where it is desirable to draw attention to the fact that a cer- 

tain derivative is total, the differential notation -r- is used. 

<lx 

It is tacitly assumed that the physical quantifies under con¬ 
sideration can be represented in the regions to which the 
theorems refer, by continuous point functions, having con¬ 
tinuous derivatives of the orders which present themselves in 
the investigation in hand. In a few instances, as the reader 
will see, a theorem is predicated of analytic functions only, 
when so narrow a limitation is not required by the proof 
given. 
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NKWTONIAN I’OTKNTIAL I'UNttTION. 




CHAPTER I. 

THE ATTRACTION OF GRAVITATION. 

1 . The Taw of Gravitation. Even h-uiy in the imiverM* 
at tntehi in nn other In»tv n iih n Go <’»* nhirh «»t*M«i"« for mao- 
itiliuii' ami ililVi'l imi upon I hr iuh'.ii*' cl tin* t n 11 hoilirn unit 
Ujii'ii their reiafiw ponifiom*. 

An uki'i \ aim* uf tin* aftraetion hr! n nm nu\ tun riphl 

1 nuIi«*N ma\ In* uhtaim-il In iimmiiiinp the hoGies In In* iliv hint 
into *miail pal lii*h*i, ami a-mimim: that inn v pm Imlr of (hr mu* 
hoi I v at 1met ** m cry paiiirh* of l la* other mth a hu or fii?vefS\ 
ptopnl (ional to the jiloiluet of tin* ma*<*ie*< of the ltt»i pail ioh*'», 
ami iu\ et «elv jitopoif ioiml to the Htpmre of t in* »li**tam*e hef neeii 
their i’e||t len of other roll e'ipomiiil*' point ■i, The t. >■< \ allte of 
tin* attiaetjou i-i the limit uppi oaebetl | t \ thi*« appioMmati* \ aim* 
H*» th«* j«al l tell- . into W hirh tin* hoilirn Jiii* nilppie.i 4 to he iliv nleii 
an* mail** '.mailer ami -mmller. 

2. The Attraction at it Point, liv “tin- attiaeti.m ,t* :m\ 
Iii 11 sit /* m 'ijmee, line l«« ian* or mme at 11 a« fim* nu-or-i," i-» 
meant tin* limit nhirh notilit fie appio.n heit In the \ ahn of tin* 
at tl ai’tnm on a nphet i* of unit mu*.*. ei-nti • »{ at /‘ if tin- i .eim*> of 



i L UUJ UOUl IW’UUMl iU» \ ^ M«»* I *«♦» * - * * « 

has a value other than zero, liie region m > ->•.* ■ < ' ■» * * hi -d 
force” ; and the attraction at any point /' iu tie i* s , AA,-. 
“ the strength of the Uriel * . 0 . dial point. 


3 . The Unit of Force. It, will pivsmifh appro rh it M h< j, 1 

made of homogeneous material attract lio.fn » .<0: ,■ t . t<„ „ ;t . 
selves as if the masses of tin* spheron won- r.*m * in- c. •i ?h. .? 
middle points. If, then, /*' he the force ««f j.iu .. ? ■; : . *. . 5 , 
two unit masses eoueimtratcd at point, :«t in- -a, v 1 * o.. 
apart, the attraetiou at a point /Mur to a m-m-* -• o. o-h. ?.• 

of radius a and of density /» is /. • * ' f *\ uh* *. , ,t. , 

tanee of P from the centre of the -pit, 1, { u p; g, ,* \c , n ,, 
however, we Hlmll take us our »»i! *0 /... . so, .a ,»«, , 

lion* between two unit masses ronccnlt.jfrd „ 4 t p.,- »„ .»* *:• .. 
unit distance apart,, IMing these unit-., /. m flv- *■,p.*,., !t ,.„ 
given above becomes l,aml the attraetiou U-two-n , 

of mass m t and m x concentrated at point ~» y unit 1 .ip.u I}.. 


4. Attraction due to Discrete Particle*. Ho- , 

a point JA, due to particles roiieeutniletl at dsiirirot p,- 
tin 1 same plane with /*, i«- r*p S , , 

fli* ill terms oi two «'«®||»J-I „jf arl, 

angles to each other, 

tile stt .light line . I* « r,*J 

tlin ilillerrnt. partic|»ei f«* , jeo. .?*•. i 1 9 

| \i m r a* *’»« am! the single. %}*’.«■ h li.rv 

lines make with sujue iii«-4 h?,*- | 

by ui, tt 5) u a , ■ ■ ■. |f, then, |, 4 -j ,. r 


\m s 

Pm. 1. 


* Those arc culled " attmeiimi unln» i.| f.. t< .. \\ 

botwowi two bodies is given In n-nstn of ;ile».Jm.- hin, u, ? 
system the eorrcsiui di nr vni .a 1 . ... ... ... .. . 





'uiiij"intiil i «.r tin- :ithnetimi ul /’ air 


A 


in (’OH a 


in tin- iliii'i'U<*it unit 

. in , »i ii •», nt ■ >>in a, . _ '\y X m niiwi 

4 . » . * * * * / « ^ 

/ j ’ /’ . Jmmmttf f 

in tin- liu lit a ut } \\ ju-rjicitilicutur to 
1 In- t* uiltaut fot'!*!' nf /* in 



H \ A I r a , 


r ;| i 


an. I it = line •>!' action umkc< with /V tin* uii«'h' wIkihi* Umeeut 


) 

i * 

\ 

It <in- |mtfji Ii--. >|.< not all lie in the **uuir plum* with wo 
lien; ill.Hi thn-ii-'h /’ flu- e uiiiltiullv pel peinlieiilui :t\r>, UUU e»U 

l5u- ,Ufl« ulij.lillt. Inn ■ j«• 11>i1 1 *• /'with tin* ililteinsf pnrtirte*, 

m (l. ml!. ‘An In S u\i • ...... 1 "Hh till’ ’.eeoinl :i\r*. 

, J ' , , l , ■ , .01*1 Mltll the iltllil U\l'». ; i *''< l III* till e I* 

.. lit . Ill the . 111 . « 1 1 > ill • ill tin >•* u\e , of til.’ attract ion nf 

/’ , to all the pul title . ale tin U 


\ 



m eon ft _ y> \ A lit i' 1 'H ' / t 

* m*f I'" A m mS t 


C‘3 


| j,. j i niU.in! nils ,n taw in 

/{ \ V t 5 ■ < / A ('*’! 

,i*4 -I : Inn *»{’ n tmu > « it h the u\e > uii'Am ooniueH 

>11* 4 » 'ill* « I ?% I I ^ 

* » * J* 




THE ATPUAfTloN uF 


of flu* purfioIi’H sin* 

roin|i*»fii*!t! h of tin* uttnirtiou :it I* si 


», m j ri »h »* * tu > rt in «t, 

,\ f , I 

i * it 


in flu* u*m /V, him! 


at i Niiitij m sin »*. 


in fhr iliiniinii / # ?# t |n‘r|n*iiiiiniliir t* 
’I III- I i’’ 4 l!f Hilt fnlfO nf i* h 


It ^xK^hV 1 

lill»I if n lilir of flHtofi Ittiiktm With I 


X 


III#* | mi f i*'l*vN *In not nil tin ill 
*ti:»w !ls5Mij* f h i* fin* *• liitiliialh 
*!♦"h -> ii hi* b lli* lilii * joiiiiii^* I 

III *1 Is, * ‘ lltlli Uli lit'*! ; 4 \|N ** t »! * I 















given oy—ry 
attraction at P in the direction PC, due to ilir mlmh <li«c, t 


approximately 

Ao<liin VfiSMll4X±il Af ) 3 Ja*’ C% ( 

m (cs-f-r 8 )! C 


♦ 3* *■«« .^rttr 

,u>( ' , 

8 ' | #"f < 


1 2 irp An l 


L 

If the bases of the cylinder are at dktwtw# «*„ soul *v ♦ ■ 
from P, the true value of the attraction at !* m tlir duwiM 
PC, due to the oylinder QQ\ l» 


3 y 27rpAc fi- / 1 ^ r s ^ ; Vi 


2irp[ft 4* + «i a - V t»V f It p « s J , 11A 


This is evidently the whole attraction at /*«lt» to the otliii 
der, for considerations of symmetry altow uj* that tin* r»**ultan 
attraction at P has no component pt*rfM*mtU*tihir to f*f \ 

[14] gives the attraction due to the ttamotitary «lt**‘ ABA’if 
on the assumption that the whole matter of the ilk** U 
trated at the face ABC. The actual ttKr#trik?§t i»t #* #1i»p t« 
this disc may be found by putting 4 m e mil h « At* in | If* J , 

If a, the radius of the cylinder, It very tttr§c« ootttfiaml »«i 
h and c 0 , the expression [15] for tin* attract km at /* ilttn t» it* 
jylinder approaches the value twph. 


8, Attraction at the Vertex of % 0»§, Tltt mmmkrn tin# ti 
1 homogeneous cone of revolution, al * (total *1 ftw w>rt»« <« 

'he cone, may bi found by the ahi of [14], 

If Mg. 6 represent! a plane #«•««« oftta rnnw tulwi titumgi 
he axis, and if PMm g, MM* * * te, and MB ■» r, ita jutnMXkM 



f»ht‘ll« hy th«» given com* into element*, nmi mitke tl*«* fterimeter 
of wteh c»f Mtrfmt* element* tlu* ilirertrix of n ennicHt 

mtrlWe having it* vertex at f\ Divide the given shell* into 
elementary ah ell* of thlekne** Jo* Uv moan* of eomm»trie w|4wrl- 
ml drawn iImhi! /*» In tin* wav the ttttrurtiuit tnmmm 


attraction at P in the direction PM % title to tlw tdrmetil Mi*' 
approximately 

Pkm&r * „ 


and the component of this* in any dirwtiim (**, making »n 
angle a with PM, i« approximately p Am Af rm «, Hip m rmi i* m 
at P in the direction Pjb % tine to the whol# Hindi f.'fifV#, 
then, 

X*i Htn > pArA*m&m» t 

where the sum is to include all the volume element* mhkh $£«« t»» 
make tip the shell. If PFmr m /*/« r,» /***«« »>,», f*tp m f% \ 
and fi sa FG » FG\ 


X ®® J*w§ adu m ftfn 

The attraction at P In the swnu flir*vtlt*ti» tin# tm th# •||**.|| 

E'D'F'G', is 

^ m pjf, d? f*QO»iattw "ippj cm «<{*#. 

But the limits of integration with regard to * M « tit# »»,#„ |„ 
both cases j X m X, which vm to ft# |wr*vt*<{. 

If the sheik are of different thfokitmw. it fa mMmi itmt 
they will exert attrition* at P praportfeiwl to dm t |»k4. 


THE ATTRACTION OF GRAVITATION. 
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Tlu' nmi of tlu* purl ion which a conical surface outs out of a 
spherical surface of unit. radius drawn about the vertex of tho 
cone in called v * Ihe Holid angle " of the conical surface, 

9. Attraction of a Spherical Shell. In order to Ilnd the 
attraction at /*, a in point in space, due. to a homogeneous 
spherical shell of radii <•„ ami it. will be beat, to begin by 
dividing up the shell into a large number of concentric k1u*11h 
of thickness A/\ ami to eotiHider Aral tin' at traction of one of 
these thin shells, whose inside radius shall la* i\ 

Let /} la* the density of tlu* given shell, that is, the mass of 
tlu* unit of volume of the material of which the shell is com¬ 
posed. Join /* {Mg, R) with O by a straight line cutting tlu* 
inner surface of the thin shell at ,Y, and pass a plane through 
PO cutting Ibis inner surface in a great circle A'/^S*//, which 



will serve as n prime meridian. I ‘slug ,V ns a jade, describe 
itjwui tin* inner surface of fin* thin shell a number of parallel* *»f 
latitude so ns to cut off cigud are* on Xf t Sf /, f lenote by A# 
the angle which each one of these arcs subtend** at ff, Through 
PO pas* n mimbei of planes so as to cut op curb parallel of 



<*nu t mi 


latitucl^ir^os^^w Tim attui of 0110 of tin**** sfiiadtl 
lateall-^ approximately f*»ltiami ilir thirk»»«*#n «* 
. tfflhelK* Mr, so that the clement of volume h a§»| mt%i 
l^telyf^Bin^ • Ar • A0 • A$. Let f*M ■ y. then the Nttrar 
Hion at P, ^no- to an element of maw* which l»«* n rururr a \ 

M, is .approximately ^SlS.^1.^4.^, in the *l»rrrik»n #\t|, 

This force may be resolved into three ; ntm fu i|| f « 

direction PO, the others In tlliwtloiw |wr|^fitii«sl#r f» f*(i 
and to each other; hut it k evident from r'»*t»h|prnti"ti* »,f 
symmetry that in finding the attraction at /»thm t*» thr 
shell wo shall need only that <»«»ja»Hwit whir*)* acta i« (*($, | j,i # 

is approximately ^ ^ /**^ . wr> ^ ^ ft 

r 

|1H) 

The attraction at P due to the whole tth*tfmittArv iMi l«» iliptt, 
approximately (truly on fch© Assumption that tin? whoir ttmm «f 
the shell is concentrated at I to luum nmfumU 


. J - Ar X ; fill | 

md the true value at P of the attracts tin# to iim «M1 I* 


If in the expression for X m attMtoto for 0 it# 
;erms of y, we ha?©, alnoe 

nd hence 8y dy » itr *f tt #f| i 


1 . If /Mm a point in tlu 4 cavity endowed by tnij^ 


tf n ~" r — r mul >/, »= /• +■ c; 


.. . .. ••• W'JF' "‘i* 

we muHt diMfinguisdi between two ^ 0 

and I 1 Xilr %* 0 ; [^3 J 


*. X 


i tpt 

,41 


•® .. (*® 4* (> 4~ cj ® i*' 

r 4~ e 

>1 


4" ^r 


m that a hnmogenemw spherical shell exerUt no attraction at 
point** In the cavity whieii It eneloaen. 

II. If /M« a |H>int without the given shell, 


y# ~Ta c — r and */ 4 s c 4 -r; 


wpf 

,a‘ 


(■ 4 ®. p 4 - f* ^ * 

f* 4 . 


r*. 


e®+ (<’ ~~ r) 

a ~ r 


r\ 


and 


Xf/r 


1 *P (r 
a d v 


r„ a ). 


[24; 

[2f»; 


From this it foliowa that the attraction due to n aphcrical 
shell of uniform density m the name, at ti point without the shell, 
an the attraction duo to n mans equal to that of tin* shell con¬ 
centrated at the shell's centre. 

If in { ‘Jtfi j we make f u ■■■» 0 , we hftve the attraction, due to a 
solid sphere of radius r x and density p% at n |soint outside the 

sphere at a dlutimce c from the eentre. This is 




[26] 


10 . Attraction An# to «. Homiiphoro. At any point P in the 

plane of the base of a homogeneous hemisphere, the attraction 
of the hemisphere given rise to two e«»mjM»nent», «ue directed 
toward the centre of the base, the other i»eriHU»lieutar to the 



nates of any point L in the hemisphere by A tf, wlnw (Fig. :»j 
XPK= </>, I PL *» 0, anti PL^r. 



If r x be the ratlins of the hemisphere, 

PT =3 PK cos KPT m PX cos XPN* ««* XPT •-<» fl r s *ln # mm 4 , 

COS XPL ass m --- at ,, ;s ***«^, 

PL r r 

n nft opr __ P$ AL JL sin 4 , .j , 

PL f r w 

The mass of a polar element of volume wltnov mwmr I* at 
L is approximately p-ILA^PLAg-Af or a#a*. 

and this divided by r* la the attraction at P in tlir ili»rni« w PL 
of the element, supposed concentrated it L, Tbo 
of this attraction in the direction PX md PV urn fr*| W «ir!i 
p sin 0ArA0 A<j6 cos XPL and pnln0&fA0XkmmSPL 
The component In the direction P# of tin- mtlrm-ikm at #*tl*n» 
to the whole hemisphere J«, then, 

rs . r* r* r tp*i*** 



t**t 4> (fr’ifc* 1°) tlu« inn' !iiiitudi» of thr mticl (<£ — a) 

thi’ hiUtuitis h* uhtninctl 1 »y NifttMiiiiiu tli»' nisglt* which 

Hit* j»h»iil»4iiu* ul the with the j4aiir of the 

IM « In* tlif nuliuH t,f tlif fiiilli nittl >r its average tU'iittitv. Thru 





The radius of the earth ii wry large eomjmml will* tt» 
radius of the iiill, and a i« a small angle, m that a|»|»r«»%sfniiirly 

a = ~£lL ) and the apparent latitude of tins' pliirr in <#» * 

2tt:r If«»!» 

If </>! is the true latitude of a place juat north of tin* hill, 
its apparent latitude will be r< » ami tin* aj»g*arettl ihthu - 

3 lltf 

enco of latitude between the two plueou, mm Jtwl moth of the 
hill and the other just south of It, will ta* the true •titfi’rrmr 

plus fil 1 , If there were a hemispherical cavity Iwtwccn the two 

aor 

places Instead of a hemispherical ldlU the ttiftWcnc** of 

latitude would be lens than the true different**’. 


12 . Ellipsoidal Homosoids. A. ahtdt, i Uek mt thin, bmmiM 

by two ellipsoidal surfaces, owuwmtri#, similar, m%4 umitmty 
placed, shall be called an dlipwitkl hummmi. 



fm. ll. 


11 ii a property 

of mvmry *neh 
»h#ll lliml if mty 
•tfalglil fiiifi «ii 
Iti twtfof itirfue-B 

*1 Ifen point# *%*» X 

C%. II) Mt«t It* 

lliftef «| 

»♦ Ittal llintp 
l«lf point# Up in 

ll# enter 

•he lmutik Mg win 

t* «**it*«l i« iiip 


^111 Iwiftli Q*M\* 

piov© that; tfe» atferiafefoa of «, vkmml 



Til K ATTRACTION OF ORAVITATION. 
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cllipHuitlnl hmmeoid, at any point /* in the cavity which it nhutH 
in, in zero. 

Make /* the vertex of a alemler conical Htirface of two 
Happen, A ami //, and suppose Hie plane of the paper to lie 
ho ehoMcn that in the wliorUmt and I'M tin* longeHt length 
cut from any element of the nappe A by the inner wurface of 
the homteoid, Draw alamt 1* Hpherieal nurfaecH of radii PQ t 
PM % /W, and 7*0, and imagine the apace between the inner- 
moat and outermoHt of these surfaces {tiled with matter of the 
Htuue density an the honueold. The nappe J cuts* out n portion 
from this Hpherieal shell wIioko trace on the plane of the 
paper in QIA>T. Let uh call thin, for abort, “the element 
Q LOTS' The attraction at /*, due to the element QMOK whieh 
A t*utn tail of the homteoid, i« lews than the attraction at the 
name point due to the element QLO'I\ and greater than that 
due to the element whose truce its KM NX. Hut the al traction 
at /\ duo to the llrwt of these elementH of Hpherieal Hindis, in to 
the attraction due to the other aw tin* thickness* of the Ural shell 
im to that of the other, or im QT m to KS, (See Section H.) 
The limit of tlm ratio of QT to IC ,S*, a« the Holid angle of the 
cone its made smaller and smaller, 1 h unity ; therefore the Until 
of the ratio of the attraction at /* title to the element QMOS y to 
the attraction due to the element of Hpherieal shell whose trace 
la QLSS X in unity. Hy a wlmilar construction it h easy to allow 
that the limit of the ratio of the attraction at /\ due to the 
element whieh H cuts out of the hotmeold, to the attraction due 
to the |Kirtlc»n of Hpherieal shell whose Iran* in Q' IS S'S* x in 
unity. 

Hut the attraction** at /\ due to the elements Q'IS S*S‘ and 
QI.NS, are equal In amotmt (wince their thick tie****ea are the 

. . , .i .... i< i— .»!- _ sc i ... ..I............ ..r 



face having its vertex at l\ ami ( 3 ml the limit <>f the m$n »»f Ow 
attractions due to the element** which tfsew *-***»«< #*I »m ?***•«••* mi 
from the hmnmoid. Wherever we Imve t« liiwl the fHsst«- himi .4 
the sum of a series of infinitesimal «}mmttHr», «»• mn\ mthma 
error substitute for any one of tln**e another ioHoi!. tie- 

limit of whose ratio to the first is unit) , ton flic #%( /' 

due to the element of the huiwenid wo nun, tli»*u>?«jr» «»*!,,t, 
tute attractions due to elements of sphere id «hr|U. win, h. «« «,< 
have seen, destroy eaeh other in ttoner **m 

A shell bounded by two concentric spborit *d muim-m gn,» « 
special ease under this theorem. 

13. Sphere of Variable Btaulty. Tim *!«§%«% «»f * 
genoous body is the amount of milter rotam«*rd m Mn* him! 
volume of the material of which the l««iy I# mniponl im ,j ihi» 
may be obtained by dividing the tmwsuf tf»r tasty U n* ndumi- 
if the amount of matter contained in a %t\* n %.4tt«tr n $l „i 
the same throughout *1 Itody, the i«*dy i» ritllrd ttrirrivgruroii*, 
and its density is Haiti to lie variable, 

Tlie average density of a betmtgtmcou* l««ly ta tl» ratio *4 
the mass of the. body to lU volume. The «•!««! tlmmiv #s *1 
any point Q inside the lanly k defined £« fo, t| M , i, l<isl ',4 SUr 
ratio of the 11mm of a small §Kirtt«tt of Urn ta*U j*kru 4 ta»ni tj 
to the volume of this portion as the tatter l» tuadc utitjttjrc nml 
smaller. 

The attraction, at any paint f\ due to 1 «|»!irfir«| wtai»r 
density is the same at ah points n »ddb*taat fft«» w tlir r„ 
centre of the iphoncal surface* which tw«i M i tfe, »firll hni m- 
ferent at different distance* fVotn thi« rentfe, mm W <*t«iAt«*r>l 
with the help of gome of the wjtmtbjtn f l8 Article !». 

Since p is independent of # ami 4, it may | H . 
under the signs of integration with regard {«. i| lr * r 4 WI|S I4,* 


[MUMii-m miumi \\ uimr ui’iiMiiy viini'M wiui uiu uimiuin: i rum uiu 
Cl'UtlV Ik /,1‘J'O. 

if P is without thr shall, tlu* atlruction in 


* r i-I rruPdr 


or, if p J\r ), 


( kdr - ( 

i ff / I 

r i/{>')'>'* <lr 


Tht* tirnwH of thr shall in avUlrntly 


Until V s 


I rr /**•/( r)dr 1 ?r |/( r) » rh/#\ 


nut l [.’hi | tloohu *i*h Unit a spherical Hiii*li whoso tlotwily in u 
function uf thr tlisitmcc front its centre attracts at nil outside 
points hh if tho whole jiisiHM of tin* shell won* concentrated nl tlu? 
t’l'UtlV. 

If /*,, 0, we have tin* ease of a solid sphere. 


14. Attraction due to any Mail. In order to thul thr ntlme- 
tiou «l m poitti /' {Kiy. 12 k ihn* .uttrarfin^ iiinswes J/\ we 

inuv rluHim' n system of rectangular fourth unto u\es anti divide 




pq pq 


tv 


# 


where a', /S', y' are the anglais which PQ snakw with Uw |*»*{tive 
directions of the axes. 

It is easy to see that 


and, similarly, that 


008 o' m 


Pis 

pq 


pq 


5 t 


QQuf}<mt T7 M WM j amy * ,XvJL 

pq 1 /*q 

Moreover, 

/V * PL* + LS* + PC/ « - /)< + (y« f p | (** 


% 


and this we will call r®. 

The true values of the in tiw tUrm^km «»f t| w 

coordinate axes of the attraction at P, dne In ail tiw rivmmlm 
which go to make up M' x are, then, 




itt VpM*'*-*) 

»» /.. Y ^8 

J j J [(P~«*) 8 f(/ (#* ^*jr 

a °iw p 

m C (* i *”■ 

J J J [(**-ir}* 4 »(/,. f |*, f (s* 

■iff ** fc)*fjt t v#y«f# f 

*/•/»/ 4 , 


r» 

An' 1 



n uni' p i* im- uriimiv ju. uiu point , y , » ), tuiu wimro tuu 
integrations with regard to x\ t/\ and s' are to include the whole 
of 

The reHullnul. attraction at I\ due to AT, la 

/r^V.V"+ r a -f-> 1 ; [84] 

and i(H line of action makes with the coordinate axes angles 
whose cosiucrt are 

A «rt it sea fUul V esi [8/i] 

It It It 

The component of the attraction at the point (#, y % *) In ft 
dlreetion making an angle* e with the line of action of It in 
It coh «, If the direction cosines of this direction are A f » /d, v\ 
we have 

eo«« s-3 XA'4- p/d-f* rr'« 


15, The quantities X, T, and It, which occur In the last 
section, are in general functions of the* eotirdlnates i»,»/, and st of 
the i k» i 11 1 /*. I ,qt u» consider X, whoac value i« given in [1U1 A ], 

If /* lies without the attracting mans .lf\ the quantity **'■*’- 

is thdte for nil the elements Into which M 1 l*» divided. Let U 
t»e the largest value which it can have for any one of these 

c lenient*, then X b less than I, j j j p (toUty'dM 1 , or L-M\ iiml 

tld» in finite. If /* is a jadut within the space which the attract¬ 
ing inns* occupies, it is easy to *»how that, whatever physical 
meaning we tuny attach to X, it has a finite value. To prove 
thin, make I* the origin of a system of polar ctHlrdlimtcs, and 
divide M* up Into clctmuilM like those used In Heetltm 10. It 
will then t» clear that 



unity, X is less than JJj pdrdfl#, which I* evidently Unit* 

when p is finite, ns it always is in fact. 

The corresponding expressions, 

y^J | Jp»in a #»i«^dfd#cf<|ht f 3 *| 

and Z p^&^^UrtWd^, |ll«j 

can bo proved finite in a similar nmiumr; hwI it follow* that 
X, F, F, and consequently H% are finite for all talttr* of /, ?j» 
and 2. 

As a special ease, the attraction nt » point /* within tlir mum 
of a homogeneous spherical ahull, of radii r M amt r,, ami of »|«ni* 
slty p, is 

C a »J 




16 . Attraction between Two Straight Wins. l^i A t% «*»! 

BE 1 (Fig. 18 ) bo two straight wim* of Irtigtini I and f «ml of 
line-densities /* and p'; and lot EH ..**•„ IHtiite AE Into 

a _ (£a. _ k ...__.. t 


V* (< 4 / -f* <■) x 




1«»K 


t ~ /' 


jiji 


U f -nj 

1 ( I f* 1 ) (t 1 4" '*) 


r{l f/'fr) 


[*»*] 


17. Attraction between Two Spheres. CommUn- two homo- 

griHHiiih of IIIHwwh .1/ Btjil St ' ( Fi#. H ), whom* tH’litri'M 

f'nuij ( * ntv ut ii (Ihtnut’i* r from rimli utlior. I Jividt* t lu* wpiirro 
,V into I’lrHH'iitH in tiu* nmiuirr doHrnluni in Section U. Tito 
ntt motion duo to St ut unv point l" out*ido of thin sphoro in, m 

wo Imvo »rt*u, . nuct it* lino uf notion in hi tlio direction 

f 9 t it* 



I«**t t* {/» (f, 4 *) I** liny point in the n (there ,V\ it rid lot 

(*!*' • f. The nUrittiion of ,\f in flu* direction /*f* on tin 

element of uun*» pj**»iti0Ar A*#» *uj»j totted concentrated ut t* in 

St a t J ait* 0 ArUti A»j* ... ,#>,(! , „ 

■ r , and the cimntoiieiif of ini# pantile! to tun 



which the whole sphere M' is urged toward th«' tight Lv the 
attraction of M is, then, 


ff.p 


tf 


where the integration is to he extended to all tW (d'-tm-i'U 
which go to make up M'. It to pmvni t?» Sort ion :» ii«,** ih< 

V 

value of this triple integral is ’ «> that the f«m*> *>( «iir4* in*« 


between the two spheres to 


18. Attraction between any Two WgM Soditt. In *»ntry it# 
And the force with which a rigid IkkIv M in (iitltod iu any d»u*r> 
tion (as for instance iu that of the Mb »f *) i*y tin* aiimriiitu 
of another body M\ we must iu general And tin* i »i»r> a 
sextuple integral. 

Let M be divided up into am&U jwrtiww, and tot A m \w t|$i* 
mass of one of these elements which contain** tin* |»#ini f t, *#. * § 
The component in the direction of flit ail* «f ./ «r tlm uttrar 

tion at (<b, y, %) due to M 1 ii 

err 

and this would be the actual attraction In thb tlim’ium *m » 
unit mass supposed concentrated at (*, f, *). If lit* tmmm Am 
were concentrated at this point, tlm altmttlwii m It iti tiw tliirr 
tion of the axis of » would b§ 

jMr. r 

*)*+ Of"~ f)' 1 Ht* if r p‘ • 




into which M i* divided are reeUutgnlar pnmllelopipedH of tli- 
mciiHionM A.r, A//, nnd Ar, tlu* exprcHnitm Junt given may lie 
written 


/* /' /’ /’ /* /' Affix' - x)dxdi/tlztlx'tlif 1 tls 1 
,* J J ,* J J f {x 1 - x)' 1 ^ {)/' - //) a +(i' *) 3 Ji' 




where ti$e integration* are tlmt to he extended over 3f aiul 
then over M, 


EXAMPLES. 

1. Find the rcMtltnut attraction, at the origin of n HVHtein of 

rectangular eodrdiunteM, tine to irnuweH of 1‘2, 10, ttud 2i* tmlfa 
reajmctivelv, concentrated at tin* point* (.‘l, I), (-~-A, 12), and 
(H, .(1). What in it* line of action ? 

2. Fiiui the value, at tin* origin of a wyalem of reetnngulnr 
tHHinUnateH, of the attraction due to three equal nphercH, eaeli of 
inn** w, whose centre* are at tin* point* (u, 0, U), (U, h, 0), 
(0, 0,e). Find nl*o the directum-enaim** of the line of aethm 
of this reHullant attrnethm. 

It, Show tlmt liie attraction, dtu* to a uniform wire lient into 
the form of the are of a circumference, i* the mum* at the centre 
of the elremufereuee a* the attraction due to any uniform 
alr&ight wire of the name density which is tangent to the given 
wire, and l» terminated hy the bounding radii (when produced) 
of tile given wire. 

4. Show tlmt in the caw* of an ohlitjm* roue whom* bn#e in 
any plant* figure the attraction at the vertex, of the rone due to 
any frustum varies, other thing* Wing equal, m» the thiekue#* 
of the fnmtwn. 

5 . Find Uie equation of a family of surface# over each one of 
which the resultant force of attraction due to a uniform straight 



7. If In Fig. 2 wo suppose /* tnovtnl up t*» .1. fS«* st!fri»etn*»» 

at P becomes infinite according to f 7J. and >■«■! **«-« ii.m t;« 
asserts that tho value, at any l>*»iut Intddr n *4 ih«< 

attraction duo to this imiHH is always finite. F.^plam ihv>, 

8. A spherical cavity whoso radius >« r i» made m c» 
sphere of radius 2 r and muss m in wirli » way that ih«- *» nit* 
of the sphere lies on the wall of tin* entity. Fuel tlir aiit.M n.m 
due to tho resulting solid nt different point* mu lie- Sun' pmmi* 
the centre of the spliere with the eenire of the nait) 

9. A uniform sphere <»f mass m is divided Inti* halte* l.i thr 
plane AB passed through its eetitre t\ Find the t»t«r of the 
attraction clue to each of these hemisphere** at §\ a jm«u»( on tin* 
perpondioular oreeted to AH at (\ if ( 7* n, 

10. Considering the earth a sphere wltow d»n»i«* vane* «»nh 

with the distance from the centre, what may w«* iufet n^.n% the 
law of change of this density if a junidwltim with th r 

period on the surface of the earth iitnl nt the of n 4erp 

mine? What if tho force of attraction inernme* with i|«* «i« |,il» 

i 

at the rate of -th of a dyne per centimetre »*f sle^reui ? 
n 

11. The attraction due to a cylindrical tnW «»f length I ««»! 
of radii J? 0 and at a point in this nxi*, nt a 

the plane of the nearer end, i« 

2^[V5 r +ij I Wco , +W'F V(c„f f/4 J ^ \ ts* *,»♦ ti,'\ 

| Mum * 

12. A spherical cavity of rrifllu* A is hollowed «iit iw a s|*|irtr 

of radius a and density p t and then romphtrh tith'd with 
matter, of density p^. If ,< U the (llatauc^ U*twcrn the nir«» 
of the cavity and the centre of the sphere, (he mtm^rn dor 
to the composite solid at a t mh,t li» the line l|w ltNs 

centres, at a distance d from the centre «f tl«* nptmnp, §# 
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d/.r made "f guhl, of density l'.h Shmv l)m( tin* altrnetion 
hie to these spheres in ntitliiitfC at u point between them, at n 
distance of nhotit I'roiii tin- eentre of tlu’ aluminum sphere. 

(Spine. | 

1 t. Show that the uttraeiinu at tin* I'lmltv of a sphere of radius 
r, from whioh a piece ha* been cut by a rout* of revolution 
whose vertex U at the centre. in rr/ii' siu J u» where n is the 
half allele of the eoue. 

1 •'». An iron sphere of raihtiH in ami density 7 has an eeeentrie 
spherical cavity of ratlin* lb whose centre is at u distance .‘t 
from the centre of the sphere, h’intl the attraction tine to 
I hi** solid at a point i?A unit* from l la* centre of the sphere, 
ami *•* situated that the line joining it with thin centre makes 
im angle of lA" with the line Joining the eentre of the Hpliere 
ami the eentle of the en\ it\ . (Stone. ] 

tit. If the pit. of a Hpla-rteal shell of radii *•„ ami /‘ t , inter- 

repled by a colie of lev olutittll W lew solid angle i* m and whose 
\ el te\ the eentle of the shell, be fill tint ami I eiito\ e«l. fill* 1 
the attract am of the rt-maimler of the shell at a point /* situated 
ill the n\C» of the eom* at a j*i\rti distance frolll tile eentre of 
the sphere. tf ill the let lira) shall « I a lllilie a pemlnlum be 
swung, is Ihrte any appret'iable t itor in assuming tlmt tin* «tidy 
matter whom* attraction inline nee * the pemlnlum lie* nearer the 
erotic of tin* muth, supposed spherical, than the pendulum 
does f 


1 1 , Show that the ntlraetioit of n spherietd segment Is, nt lt» 


vertex, 


tf a 7’ 


1 *i h 1 

:t \ „ i * 



paraboloid of revolution bounded by a \n-%\wm\u uhr t,» 

the axis at a distance 6 from the vertex i* **f tlir hnm 

, , a f 6 

4 rpn log 

ri 

20. Show that the attraction of the oblnle *|4riff«*I f<«rmr.l 
by the revolution of the elliptic of *»ot»i»x«’# «*, 6, ittnl 
tricity e, is, at die polo of the aphrroidi 

la*h_U^* >,J. 


and that the attraction due to the rorrt*»tK»mlit»g prtdulr #|»S?pf«i4 
is, at its pole, 

S) f 1 LtJ!.... i !» 

, $ U« ¥ t':"V t 

21, Show that the attraction at ttie point (r, o, «§, *|«r t« 
the homogeneous solid bounded by the plait*** # »** «i s * — h, »i«| 
by the surface generated by the nmdtitbm about Hip »%i* «f * 
of the curve y «/($), is 

22. Prove that the attraction of a uniform lamina §» tlm form 
of a rectangle, at a point P in the straight 4mmn ilmn m h 
the centre of the lamina at right angle* U* it* {dan*, §# 

4/jt.fdn 1 , 

Vi **+r* v'A' + i# 

where 2 a and 26 ora the df»i»to*« «#f tip hmkm amt r ttir 
distance of P from to plane. # 

thTheo^X^ 0 of m tact of this ehapter m*y tm f«*md \t,» • *4 «t 


19. Denaitioa, If we imagine ait altnietiug hotly M to lu* 
rut tip Hitmll rlffiHUtlM, hiu! mid together nil the fmeikma 
formed hy di\iding the mass of eaelt element hy the di«taiu*o of 
mu' of it* jKiiut** from u given point /* in *p»ee, tin* limit of lliia 
sum, «*» tlm element* an* nmdt* Hiimlh*r and Miimih*!*, in enlled the 
vnitn* ut /‘of “ tlm potential function dm* to .1/," 

If we nail thin quantity T, wi* havt* 


whlfli go to mttkt* up M, 

If we denote hy p tin* average dettwily t»f tlm i*h'im>iit whom* 
iiihmi i* Aw. and t>nll tin* coordinate* of tin* corner of thin ele¬ 
ment nearctd tlm origin x\ y\ and thorn* of t\ x, y, «* wo may 

writ** 

Aw ■■ s pAx*Ay*Ai\ 

i# „ /*/*/* pilx'ity'its’ ri «* 

**J J *1 f t x’ x|* f |y' y) 4 f -is* - s 'i r 1t* ^ ^ 


where {> i» the deunity at tin* j«»int (x\ y\ s*|, and where list* 
triple integration in to include the whole of the attracting inna* M, 


if nf I la** 1»ti it# f«!as fl 


f ##«« mtfiiri 




potential ftmotion is F 0 is sometime wild *«• t*c *• nt 
V 0 .” From the definition of Kit w evident that if flu- %«!»»«< »t 
a point P of the potential function dm* to a »y«*f#-s« .*r no*'»**•'» 
M x existing alone is F|, and if tin* value at the «»«• «.f 

the potential function duo to another *v»tetn «*f I/, r%i»i 

ing alone is K s , the value at P of the f«ii*ts»»n «!*»«’ t*» 

Mi and M $ existing together in F»» \\ I- IV 


20. The Derivatives of the Potential FoaotiM. if p in a 
point outside the attracting maw, tin* qmiutitv 

vr^~<**)*+(/(i* ’ ^i 1 . 

which enters into the expression for T in j I*J. ran n«’**<r t«i 
zero, and the quantity under the integral idgt** §*» Unite , 
where within the limits of integration *. mm. nmn* tfsrw imnta 
depend only upon the shape and |H»#If,l»ft of tf»r !u«g »«.»«« 
and have nothing to do with the wdniinnte* of t\ nm% dif¬ 
ferentiate V with respect to either x, f» «r a l»y iliffrrrnti«isng 
under the integral signs. Tims: 




ft(P ^ fpljttltftU? 


f«"l 


where the limits of Integration arc tmrhnngrd i«t tl« dsfter*m> 
tlation, The dexter Integral In this equate ms is fHrriioti H| 
the value of the component parallel to ilm mh of #• «f ij^ 
attraction at P due to the given miw, m» flint ««• mm m . mtp 
using our old notation, 
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D.V ,, 

, COM fi 

It 


IL 


It 


<111(1 cow y 


n.r 

H 
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It iw evident from tin* definition of the potential function that 
tin* value of the latter at any point in independent, of the par- 
ticular MVHtciu of rectangular uxch cIiohcu. If, then, we wish to 
Ihnl the component, In tin* direction of any line, of the attraction 
at any {want /'« we may cltnohc one of our coordinate axes 
parallel to thin line, and, after computing the general value of 
I*, we may differentiate the latter partially with respect to the 
coordinate measured on the ax in in ipicntinti, and Hubatituto in 
the result the eodrdinutcH of P, 


21, Theorem. 'l‘he results of the hint Mceliou may 1m aummed 
tip in the words of the following 

TllKOUKM. 

Vo 'find the rtutijftuneut ut ft jtaint P % in fluff dirnimn /Vi, ttj 
the nit 1 ‘tiffitm tin*' in ttini nttrnetituj mtutn M s it't tfuuj divide the 
tfi fie truer hi tterm the entttrx *«f" the jmtt'ttiinl j'liitefittn ft iff’ tit M ft( 
l 0 in juunl hi hveen P null h nit the nfmiijht line PIC ) find fit P 
In/ the th ifntne /*/**, 77 ir limit ttfijn'iiurhett In/ thin fitnetiun Utf 
/*' ni>i*nnu hei» P in the t'umpnm'nt vetfuii'nl.* 

We might ha\o nrriieit at t JtU theorem lit the following way : 

If X, 1 , X ate the components parsillel to the rourdiuntc hxck 
of the nttiisefioit at any jHiint P, the mmjmnetil iu any direction 
PI\ whose direi*tn*ioeu»iues are A, n, and », i** 

A *\ I i* F I »/ * A/ I* I /• /\ I t i /1,1 . [YH] 

f 4*t r, y, i he the e*H«rdittale* of I*, and / 4 M if Hb Ay, 

3 f As tl«»*e of i*\ » uetgldwiring jwiint on the line PIC. 


yt a as y A® * J)g f f 4” Ay ‘ 4' As - I * *. 

where «is an infinitesimal of an onter higher than th** Ik at. 


H _E » ™. j) y + Ai. D r 4 

pjpf ” pp/ x/ » r ~ pjf M f 

but A® ss X. PP\ Ay ft * 1*1* 


., „ limit 

therefore, pp'a.Q 


( F< — r\ * 

i^/» f r ♦ r/»r, [ m \ 


and this (see [04]) ii tit® oontponont in tb** ii§rm*u«#ti f*H «f 
the attraction at P : which wan to b** j»n»v«*4, 


22. The Potential Function ®?trytfl®ffi fiiiti. if t* »< a 

point within the attracting maun, the integrand *4 th«* <n%|*rra. 
sion which gives the value of the putentul fuwtten m V 
becomes infinite at P. That P ii not inHutt* in tht* w }*> 
easily proved by making P the origin irf a *4 |«4ar 

coordinates as in Section 10, when it will apg^mr th«t th* 
value of the potential function at P tma It#* *»i§trwt«t in ii$« 


r lift 9df49*Ufr\ 


and this is evidently finite. 



Although IV ii Ptttff mhmm 

finite, ynt when w#» muptm* m 

valw Ity »ifti »f tiqiwilMU 11* |. 
the quantity utnter I.Iip tetegml 

iipt* hmmm taffttltn within th* 
limlte of fttteffiittett, wlit*n i* i# 
a point lii$W« tit# 

Unite? thwm 


Pw. is, fto&oM wn mmm mhum* with> 


out fnrtliw tiriM# 


values uf V nl the points (x + Ax, //, z) mid /’ (A //, ~)i 
both within tin* attracting uihhm, to tin* tlinlatict* (Ax) between 
these point h, For convenience, draw through P (Fig. l.'») three 
line* parallel to tlu* coordinate axes, and ltd. »/\ z ‘). 

hid i’(J i\ - r\ ivntl 
Thru 

whom 

and 


l horefure t 

t } 1 *. limit ( A»T' \ 

1 * Ar U [ Au3 ) 

f f J *1 

** %? %■* ml 



1*!ii» l»i»t Integral In evidently tin* eomjmnetit parallel to th» 

n%im of x of the nttnu'tiuu tit t\ no that tin* theorem of Article 
‘iS tun) 1 «* extended to j**iut* within tin* nttraeting rn«u*H. 

it i<» to Im* noticed that p Im a ftmctioti of x*, y 1 * and s % hut tint 
« ruuciiiMi *»f x, fi , and *, nnd Unit we* have really proved that the 

sl*«rS 4 .‘»olvi*»ii tvilli rnwanl x. and 2 of 


COH t/i 


r n io r 1 f* (Ax ) 3 - 2 r• Ax• con 
x' * x 


a»f 

Ax 


l \\ prfx'dy Uy 


\r r 


7 Ax 

\pdx , i Ui , th t 




Ax 


Jlf(- 


rAx co« • (Ax) *\ p tix 1 d j/dV 


r 1 r 8 4- rr ; 


/ A*» 



aj f , y\ and can always W found hy iliffrrrsiiiiitiir^ nudrr tfw 
integral signs, whether (AJM) 1* ctuitaimd »H)«n H«« limits of 
integration or not. 

23. The Potential Ponetion due to a Straight Wtr# i,r? 

ix be the mass of the unit leugth of a tmtftntit atraigia ait,- J ## 
(Fig. 10) of length 2/, Take the middle jmUuI *4 »W ♦»«,■ f»*t 
the origin of codedinates, and n line dtawn |*erj»* ml»* ubn i«» Mm 
wire at this point for thw axis of A 


A 



The value of the potential ftmolbti »| any point /*< *, t; 
the coordinate plane is, limn ttmmiiitg ( | * j | 

v, ‘ 1 ^ ”■ ,: l 

, (I V I \ 4' | «I U *' I 

"'‘‘"’‘UvhM,. » • I‘ 


If tmAPm V«?4- (I - fMid F 1 r #l# # \ r lift' \ 

whence we may ettmlnata # and y ffcmi |Siij ®*id 

express F*» in terms of r and r'. 


IN’ THK CASK UK < 1 HAVITATION. 


«r> 


remain emmtiud, /*’h Ioouh in thin cuno i« an ellipse whose 
furl art' at A mu I U, 

From | .Vi | we 
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COM 3 “ 1 

• C'C IHft* 



0*1 




J 




s»i - • ^ coma 'f- 1'imrt* » 


and Ihi* (Section li | in tin* eomjKmeut in tin* direction of the 
H\in of .«* »>f l!i«* attraction ni /*. 


24. The Potential Function due to a Spherical Shill. In 

older to find the \ nine ;ti the jMiint /'of the jvotentini function 
due to a homogeneous spherical njiell of detmiu p and of radii r„ 


and 


we um\ make u»e of the uotutiotl of Seetion U. 

p/'thftlrtitft 


JJJ 


P^Authtnlthltfr 

■ a 


i.u 


rtp /*'» * 

I t'tit' I lit/. 


fdJj 


If /* lien within the cavity enclosed 1 »V tile 
lire f r * * \ mid I r t »), whence 


* , 

hell, Hu* iimitH id 







iuh! thh t Sr«-{ it hi ti i t» flu* in fhi* < U rt*e*| it *11 uf the 

»*f ,S' l<f till* !l(ff JU’tillH III /*, 


24. The Potential Function dtns to a Spherical Shell. In 

t it iii*l lo $| tit i ll*r \ Jtl»|f ill I lit* {Hitlll /* of till’ jHtliMltilll function 
tiltr to tt Jis)|(ti*$|ctir<«l|*t »«|«|»«i it'll! ’.Itrll of ilentil \ ft Ittnl of t'HilU f H 
mill i\, Hi* uu»\ liietki' uh«* of tin* iiotnliou of Section *J. 


v JJ.I 


* a * 9 


ft I ’ niu ti th tintltjt 

,v 


m 


' nr find nib 


t* r * r , s> , 

t ftlf | titi. j nl | 


If i* Urn n llliiii tin- rinilv rSH'lonr*! Ill 111** wlleli, tin* Ullllte uf 

y nrr {r • «' | nil*! I «" I »'t, «hence 

! *f r,,' I. {f*» J 

If l* 14«**» without tUi’ nl» !l. tin- Uuut-H of y ari* (»* ■ • f) nut) 

| r «§■ r |, whence 



Dy menus wj n .. 

shell SO US to pass thvomj,h /*< Til.*'she- 

tion at P is tin* sum of Hit* component • dm '•* « *• • 

the shell; therefore 

V-. ' 2 r,,(i\ <• i i . *' * 

I .. .) It.. 

If tve put these results tuiu’tlu-r. '*h di 1>‘»> ' • -■ ■■ 

table:- - 

<■ < 4 i •' 1 >. 

„ . I ,i l-,. 

^7r/)(/Y ~ - h. ) ? . • 

i 

t» ! - i i) 

If we make I', D,)\ ami ft, I* tin- "tdino. •«? » m . . »* 
abscissas art: e, we. ^ct. Fi;*. IT.* 

Here LNQP! represents J\ umt if i* t>« u I r 4 
curve is everywhere Unite, continuum., umt . lee.-m .->, 4 
tion. The curve OAIiC represent* ft. I\ } m > > >«%» ... 

where, finite, ami continuous, but its *li»!*..** > n„c< .. . . 

when the point P enters «»r leu\e* Hu- alls *> ?::>,• ■ 

three disconnected lines 0.1, PK % and /’<» s.-j.u > hi 
If the density of the shell instead of !«. \U .* nml’ -l ‘ii n < 
function of the distance I’nuu the rents e i t , to, . «< 4. 
have at the point at the dmlnnn ’ > fI • >»n I h«- i i-jUti • • * 
sphere, 



, *i, 


< uih (i *>••»<•» tin n iuifr run snimiy prove, uuil we 
vain** uf tin* potential Iutti tinn diii’ to u npherieal >1 n*ll wIioki' 
demuty in u function of tin* diaLtuirc from tlus centre only in 



eonatant throughout tin* cavity eiirloBcd l»y the nhcll, ansi at 
all outsdde jaunt n i» tin* mtiun ua if tin* iiihkm of tin* worn 

romu*ntratin| ul tin centre,* 

25. Equipotifttial SurffcOM. An wo have already Hnnts, I* is, 
its general, a fmn'tum of tin* three apace monism (.Inn [ (’ ■■ 

f(x t */, * 1 1» and its any given rime all them* puinta at whirls the 
{totefitial function Jiiw tin* particular value r lie on the tmrftuus 
the initiation of wlilrh t« J* /{ x, »/, 5} r, 

Hiirh a itirfw’o in railed an »* rquij«>ti'i»tial “ or “ level n aur- 
face, Ity giving to r its attooinudott diffrwnt roisutant values, 
the equation r r ) iehla it whole family of siirfaren, and it ia 
at way a jwend hie to draw through any given point in it held of 
form a surface at all j«»int#s of whirls tin* jmlrnfml function has 
the name value, Tin* jHitcntiiU function cannot have two differ¬ 
ent value# Ml the niifite point in space, therefore no two differ- 
put mtrfare# of the family V • r, where 1“ in the jsotentwil funo* 
tint due to an aotttal distribution of mutter, ran ever intersect. 



min 


If thertye <tv>/ rjtkiihaiil.finw iti >i * 1 1 ' ' ■ ’’ " ’ ” 

/nrV f /i. —. • f • ‘ *' * 

jU^lUal f HI I“hirh tin' jou'i.l !i‘ • . 

FW(A //, ~) ■••I"* tlu-njudi..!. i • * i .■ * ‘ 

Hiu'i’tusu drjyjfcn through (In' point in n.-i ■• ' * ■ 

lmtci.s oP Dim point be //,.« Hit- >•! ! '>• i 1 

tan^ls to the Hiirlitoe at tlu* point in 

'' (x-^/JrJ'-!■(// -//„)/>, r f !•• i/» ** "■ 

and the direction-cosmos of any lino poiprioh. nl » ? ! u> 

and hence of tin* normal to tin* gj\m n? ?'-* j -o: 

(■^ 0 ) 2/oi ^»)> 

/y 1 

COM U ^-5 — * ' ' ■ 

V(/4J') ; l (/4, H' t t 4,, l y 

coh [j = - * , {»■••, 

V(/4j'r' K/»,,!')“ f 11',, i > 

V(/4l'7‘H/ J ,r » f h * - 


But if wo denote (lie reHullimt foie.*«»f hHi *. ^ >!, 

(®o, y 0 i *o) by 14 and ita compound* piu;dh I n< ih. < s 
axes by X, F, and t-hene comur* »i«- »-t ».|, s»!h « ,•> 
X Y Z 

™, -r-, and ~t roHpeetlvelv, an that *», /I, and . »t» !?». .hi, . 
iv lih' 

angle, h not only of the normal it. th*- n |t;ipnl< til. <! -ins l ,• 
point (;r fl , y (h *„), lmf also of (hi- Itn ** * *f f i»«u * > ? m 

sultant force, at the point, Ilemv *ms lb. “**J r||| 

Fig. 1H represent* a meridian wrrf(t»n »«l’ fmu »*? ?!,. -i , 


of eqmpnlcntial surface* due to lm. nptid nj»!i»s« « ss?s-.:>< 
tioiiH are here shaded. 'fhe value ..f ij„ i s n d in.., 

+/v 4 * ... .1 . 1 . I* . t# 


Fin. 1a 


nf r, nud fj wlileli will Hntinfy 1 Si** eqtmtinn ; and then, with the 
relit len of tie* tWu •*|iheren im eelitreH unit them' vnltten hh 1‘julil, 
dmenhiug twu npherieul *ttjfitren, The mterwethm nf these 
if they interpret itt nil, will he h line tm the nurfnre 

required. 

If 'Jt>i in the illntiuiee ltelweeu the entire}* ttf the H|>l|et*eH, 


r 


1/ 


given till r*{i|i|H*te|ittni nUI'fliee nhnjtrd like nil htiUf* 


glnnn. |.urge! % utile* nf I* tlmil thin gi\ e rqtil|Hitentint «str» 
flier**, eneh **tir «»f nhirh euitnintn uf tttn ne|mt*nte ehmed n\ nlft, 
nue mirr/iumling niir nf fhi- <*|»hrir«, mid the nther the nther. 

<J ,1/ , 

Value** nf I* left** lltltli * ' g»\ e single hilt flteen tthirh hmk JUUfe 





the end of the first volume of Maxwell*-* 77-> 
and Magnetism. 


26. The Value of V at Infinity. Th<- i ■»!«*. 

of the potential function due to :»**> 

beon defined to be ^ 

y ^ limit Nj •* “> 


Let ?’(, be the distance of the m-menf j 
mass from then 


j » \ 


Aw in 


V 


M 

The fraction has a eon-daut ittirni rut* a, *»■{ 

^ m 

which grows larger without limit the both* r /* 
the attraeting masses; hetiee, we we iSmt. >.?h. 
equal, the value at /'of the potential fum f--n 
fni'tlier V is from the allrurfiug matfn , ,md }{».»! 
away imiellnilely, the value of the p..fniti'il 
approaches zero as a limit. In other w«.i.|», 
potential function at “ infinity" is irttt. 

About 0, any fixed point near the attr.o iiii.* »» 
imagine a spherical surf;iee, ,V, drawn, *.f | i4 ,-d 
large that S shall just, iuelude nil tl O* iij'0 i il.'il; 
JP is any distant point, without and jf *>$' 


M ,)l rU 

T~~' 'li,- or 

r «f c u r r„ e t r t 


Since 


limit t 


llaiii 


1. I 


ft. i \ lUii f! 


c + r„ ** i #„ 

that the limit of (r■ If), as r inere.tnei wstSons! 
M ' . ./r, 

r 


Sinco (7+’;;^ (,f,H 8iu 1 


t* r 


• • /. 

f 7. f 


lb. O 


i i b i.. ■ 

1 * 315- S • 
•J M • >, 1 i 

.!/■!. 

fun ! i • ■ 

m, .»•> 

s eb>: 

e :• J 

• it 

h»"J J 

iltm* 

1/ 


doin' In tinning thin mnw front !\ to l\ will hr 

liiiiii ^ t\ 


A* 0 




km As i# madn Mimtlnr and wntdlnr, thr nvrregr fom* op} towing 
the motion along Att npi»ronrh*** tuorn and morn nritrly tin 9 
srfisid op|»o*dng forro nt A t whirls 1st ~ !i,V : thrirforr 






th Y'tt* r. r 


ft. t* to l»n rnri'fully rioliml that tin* tUcmtav in tin* jmtrntitd 
fmu'tion in moving from /*, to / % momnm** thr work rrtjuiml 
to movr th» unit mm* from /*, to t%. If I\ i* rrmovrd farthm* 
find farther from M t ajijsroarhri* arm, and l*» - 1% approarho* 
i’ ( iim it* limit, m* that thn vahm nt any |w»l«t /V **f thr {wdrti- 




utitr. me whi r mum ini i ue ucunumw w uio wnoie mans wmuu 
\h' A AA < limit / rSr/t. The work done by tin' attract,ive 


forces a iiilc A was being changed from A„ to A ( would bo 

X. ^ 

1 ijiiit. / r Aw 


A i!\. 'I'o find the work done by the attrae 


lion for mih 1 another of it h own parts, while the given distri¬ 
bution h constructed by bringing together its particles from 
infinite dispersion, we may put A„ 0, A t i, and get 

where the summation is to extend over the whole distribution. 
This ipiantity, the negative of whieh (when the matter in 
attracting) is aouirtiiuc* called “ the intrinsic energy " of the 
distribution, w given by the formula in attraction units of 
work. In absolute kinetic work units, 

c f+ c 

ir | k | | | Vp dr. 


The jHitentml function inside a hotnogeiiemw sphere of 
radius it and density p, at a distance t from the centre, being 
2 np i «d | rb» the tulrunue energy of the sphere it* 


I ftp (ot * | s'b -} or 

% 

attraction units of w*uk 


1,5 

,, f? , »i ? «r*or 

! ii *1 tt 

If the r.g.a, system him lieett lined 


;t d/» 

throughout, lids is e«pu%‘aleut to ,,, ergs. 

tf" f' and fare the |«»tential functions due to two neigh 1 tor* 
tog distribution*, .1/ and .1/% if A M and Jbl/’nre mass elements 
*»f the two distributions, and V and /” {wants in A.l/ mid A<1/* 

re»|Mietiv*d>, the mutual {«»tei»tiiil energy of M and M* may 

l*» found by integrating 1 over Imtli distributions, 

and, bistre the order of integration n, immaterial , the result 
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Whence, for all points exterior to tho attracting masses, 

/>/r+ /yr-1- n*v ^ °* [72] 

Thin in Laplace's Equation. Em* tho operator 

(/>; J + /v + />/), 

tho symbols 8, A, A a , ■ Y a , V a , and v a haves boon used by dif¬ 
ferent authora, and [72] may ho writtesn 

Y a V ~ 0. [73] 

Tho potential function, duo to every conceivable distribu¬ 
tion of matter, must be such that at all points in empty space 
Laplace's Equation shall be satisfied.* 

29. The Second Derivatives of the Potential Function are 
Finite at Points within the Attracting Mass, 1 f the point l* 
lies within the attracting mass, F and are finite, but the 
quantity under tho integral signs in tho expression for f) s F 
becomes infinite within tho limits'of integration, and we can¬ 
not assume that J' may be found by differentiating D X F 
under the integral signs. In order to find I>* V under these 
circumstances, it, is convenient to transform the equation for 
I), r. Let. us choose our eobrdinute axes so as to have all tho 
attracting mass in tho first, octant, and divide the projection of 
the contour of this mass on the plane i/x into elements (dtj'dx'), 
rptm each * mi' of these elements let us erect a right prism, 
cutting the mass twice or some other oven number of times, 
(humidor one of the elements thi'tlF the corner of which next 
the origin has the coUrdinafes 0, //', and z\ The prism erected 
cm this element cuts out elements r/cq, f/s a , </% • • • tfn u from 

the surface of the attracting muss, and that edge of tho prism 
which is perpendicular to the plane i/x at (0, //', *') cuts into 
the surface at points whose distances from the plane of i/x are 



or tties 

rior of the attracting mans, a 
normals make with the p<witi 

(t-l! a S) ' 

acute, , 


dy'dx 1 may be regarded us tin* nuniimn 
face elements dn lt r/* s ,»/% ■ ■ ■ ***• *•“ 

is concerned, the following e<juatu«m le*ld 


dy'dx 1 ss dsi eern «j cm a* «», 

But dy'dx', ds» *«, <K ^ » !1 i‘ mshw ' 

cos oh, 008 o«, etc,, are negative, »• tb.d, jm 
signs as well os to adwolute values, »«* h,v*r> 



to lintl tin' limit of tlm sum of tlm wlmlo an tlm hamitt of Urn 
priHiiiH an* made Handler and Handler and tlioir number nomi- 
Hpondiiitfly inereaHed. 


Wherever tlm function i« a eontinuoun fmmtion of s', wo 
havn 1 


~ DJp' + p'/V 




hence, if tlm elementary prisniH cut tlm Hurfae.o of the uttraot- 
inn n»a.sH only twice, 


nj’ 

and. in K<'imnd, 

/i,r Jp.yVd 


/ / / [75] 




(h, 


Cl Cm 


/’a C 4 

ri 


ijjj [7(5] 


xY(oi. 


lim ) ( com ttj thi d com a 9 f/* a Hh com a a + • * ■ 

Jmrnmtf \ ^ | $ % ? fi 


d fl ** rmu^th, 

tt 




[77] 


wln*rn ^ is tlm value of tlm quantity at tlm jioint where tlm 
c 4 ^ 

line »/ »/', .v s' cut# tlm Hurfuee of the attraetiiiK mans for 

the Alh tune, count in# from the plane //i. 

in order to fmd the value of the limit of tlm man which 

occurs in thin exnrcHftiou, it is evident that we may divide the 



integral of — taken all over 1a** 

mass, so that 


J), V 1 «‘UN It tls i 

■.M 

whore the first inlogrui is t»« 1 

H* {.»h< I! 

the attracting mass and flu* 

- In | 

This expression fur J>, V u» i 
than that of [*1S ]. 

!l *i> Oae 


Wo have proved lIns 

only when is linife thrmiids.-n! be 

is a point within tin* r s-> 

surround /’ by a Hpherirul nurhe-.- >4 i 
make the wliolu sphere eindum-d i«» i 



within the attraeting rb-n 

exactly upon the mirhum »,f tw 

out the little sphere, let I', !«• u„- j.,, ■ 

the rout (7») of the NLtrarting »mh , i 

side point, with regard t«» ?,.*>.■ 






mass to which T s is duo; the second integral is to bo taken 
over all the rest of the bounding surface of the attracting 
mass ; and the triple integral embraces the volume of all the 
attracting mass which gives rise to 

Ah € is made smaller and smaller, }' s approaches more and 
more nearly the potential function due to all the attract¬ 
ing moHH. 

In the integral f *cos a da 1 , cos a can never be greater than 

1 nor less than — 1, so that if p 1 is the greatest value of p 1 on 
the surface of the sphere, the absolute value of the integral must 

he li hh than e / da 1 or 4 7r^'c, and the limit of this as « approaches 

zero is zero, The second integral in [7b] is unaltered by any 
change in «. If we make P the origin of a system of polar 


coordinates, it is evident that the triple integral in [79] may 
he written 

f ff • '‘H \n$drd0d& [ 80 ] 




uwihh 7\ and the remainder of thin uuirh 7\, Let and } \ bn 
the potential fnnetinnH dun respectively to 7\ and 7' s , thuu 

r r, t /•„, Dj'- i>j\ d />,/«. 

and thn increment [ A(/>, V) ) made in D x /’ by moving from I* 
to a neighboring point /", innidn 7',, i« equal to thn huju of thn 
eomspundiug inerementH ( A(/^,r,) and A (/>, /'„) ] matin in 
I>,i ' t and /), 

With refereneo to the npane 7\, V in an tmiHidn point, ho 
that- thn valtinH at V of thn (irnt iU>rivativnH of l\ with inspect 
to x, if, and x urn nontimuniH funntioUH of the Hpaee coordinates 

and A ( l>, l\) 0. 

Let i/w bn thn Holid angle of an olnmnntary noun wit oho vertex 
in at any fixed point (f in 7\ used hh a nnntrn of coordinates, 
Thn olouiont of inanH will bt» prb/nn/r, The ntunpouunt in thn 
dimntion of t hn axis of x of thn attraction at O dun to 7\ is thn 

limit of thn mutt taken throughout 7\ of ^ * where « 

i« thn ooHine of thn angle which tin' linn joining O with thn 
element in ipieHtiun makes with the axis of x. The difference 
between the limifH of w \n not greater than I w, and the differ¬ 
ence between the limit a of r in not greater than 2*. If, then, 
k i« the greateHt value wbieh pa bus in 7\, 

*).#* #*««• 

It follows from tld« that if /" is a jwsint within 7\ so that 

/*/*' * t, the ebangn made in l* t \\ bv going from /* to V* ia 




everywhere, even at places wnorc in*' ucumi\ * * »u:«c 
continuous functions of flic sjiuco coordinate■>. 

Tho results of the work of tin* l.ed t u»» i**u• 
illustrated hy Fig. 17, \V<> might prove, with the 

transformation due to Clausius.* that tin* •><->•,e*.l ,j 
of the potential function an* finite at all . »-n t 
of tho attracting mutter whore the nit vatnu- t. 
the normal second derivatives genrinlh <h.u«.;e ?:>, 
abruptly wlionevcr the point /’ oro.vica .« Mirt.o «• , t ? 
discontinuous, as at the surface of the a!iin*isn?,* n-. <■ 
fact, however, Unit this lust, is tine m the 
homogeneous spherical shell suilicc:. !»» »!um ?!*,»! v 
expect all tho second derivatives of S t«» luc .letnc 
at the boundaries of attracting 1 n>4s<-*, 


31. Gauss’s Theorem. If any dmcj Miif.ic- a ,u 
field of force be divided up into a I. Ugr Ijji5hI«'| i.; 



elements, and if each one of these »■ li'tui’iiii S»- t, 5 ' 1( p, 
the component, in the direction ,,f the mt-n..* 
force of attraction at a point of i|„, eks^-nt. ; „ } ,f 
products bo added together, the limit *4 il, r mm* h )n! > . 
is called the “surface integral of t..,rii».sl ait,* u..,* ,0 
If any closed surface A* 1«» dewrilwni «,h,s* 



iii general, if any closed surface S bo described ao aa to abut 
in completely any system of attracting masses Af f tho aurfaoo 
integral over .V of the normal attraction clue to J\f ia 4 -n-M. 

In order to prove thia, divide *S f np into am*face elements, 
and consider one of these th at Q. The attraction at Q in 
the direction ( t i() { duo to the mass in concentrated at O, is 

- 1 . , * 'I'he component of this in the direction of the 

t,ltr 

interior normal is ^ eoa », and the contribution which <h yields 


to the sum whose limit is tin* surface integral required is 

in ros a tin , , 

* -* (•onueet every point of the perimeter of tin with 


O hy a straight line, tints forming a etme of such size as th 
cut out of a spherical surface of unit ratlins drawn about O 
an element. t/«, say. If we draw about () a sphere of radius 
r (HJ, the euue will intercept on its mtrfaee an (dement 
etpial to e 2 ■ tito. d'his (dement is the projection on the spher¬ 
ical intrfitee of tin ; henro tin v o» a - * rh/w, approximately, and 
the eoutrihution of the eleiiumt tin to our surfaeo integral is 
mtlut. Hut an elementary cone may cut the surface more than 
once; indeed, nuy odd number of limes, t'ousuler such a 
cume, one (dement of which cuts the surface thrice in ,S\, 8 tt 
and .V,. bet OS u ()S V mid (h% he railed /*,, e 8 , and r a reaper* 
tividy, ami let tin* surfaee elements cut out of S hy the cone 
he </*,, dn^ and </s a , and the angles between the line »S \() and 
tin* Intel tor normals to at and Ih* a|, uj. It 

is to he not teed that when the cone cuts out of *S*, the 
eortesqwmdini? angle is acute, and that when it cuts in, the 
(HirresjKmding angle is obtuse. «, and a A are acute, and 
obtuse. If we draw mImui t O three spherical surfaces with 
riutii r s , r s , ami r a respectively, tin* cone will cut out of these 
the elements r^tlw, and r/i/w. In almoin to size, 


<fo a = — r^doi 800 a<j, and tilt; eono‘a t lire* elements \ i*dd to tin* 
surface integral of normal attraction tin* ijiutifify 

( n h cos,., <fejS5a + fer*a') ./.....a.,, 

m V V <i 3 y 

However many times the cone cuts A", it ail! \ odd «»/».. 
tho surface integral required : all Mich elemental \ vv Ul 

yield tlnm MyTjtm - ' VI •! tt, if S is closed. .Uei, m i.d. wM, 

where & is the solid angle which A* snl«ieu*h ,»t 11 

If, instead of a mans eoucetilruled at a j*«*iti*, *■ .»nv 

distribution of masses, we may divide the*>r »nt<* « i« m« nt i, 
and ap])ly to each element (he theorem ju- t pimr.l, }<• n* e 
our general statement. 

If from a point O without a eiosctl 'air Me** S ,*u ••l.-m.'uf.u t, 
cone bo drawn, the cone, if it nils A* a! .ill, a sll ml it .m . i.-n 
lmmbor of times. Using the nutation pint e\pk«iu«-d. th«-s ; . 
tribution which any sue.li eoue will yield n. f he .ml see u,). 
taken over of a mass in euneentrateij ut n m 


W | f ^i (l,o a «t d,< s eos n a 

0*.*^ It 


t/i( - dm d- (Im 


i/»^ Ciei it j 

o* 

l III 1 it tit 


tn <I 


and tho surface integral over any rinsed mirUm th» 
attraction duo to any system <d nut?itde m-s*!'!**'* i>s ;rr»> 
Tho results proved above may In* put together und 
in tho form of a 


Tukohkm m?K TO (! u «*», 

If there ht\ uni/ tlmf mlntt mu njf mu it?? p>t vti*f it • M > ?s p-s r fit, 

'without a rlomi mirjhtr *V, ,tml if .1/ /„■ Me 

which iS dlcloHOH^ UUtl ,]f 1 t ho A It in ttf fin-' m it -tt t ‘'uftt if % f hr 

Ol/ist//#/!/, \rt4attrtitl U . # * 


vn • 


uo 


It ib cany to see that if a mans M be Ruppoaed. concentrated. 
on any dused surface S the curvature of which is everywhere 
finite, tiic surface integral of normal attraction taken over 8 
will he 'Z-xM ; for all the elementary cones which can be drawn 
from a point /* on the surface ho an to cut *S f once or Home 
other odd number of times, lit' on one Hide, of the tangent plane 
at the point, and intercept, just, half the Hurfaeo of the up here 
of unit radius the centre of which is /\ 

From Uauss’s Theorem it follows immediately that at some 
parts of a closed surface situated in a field of force, but en¬ 
closing none of the attracting mass, the normal component of 
the resultant attraction must act towards the interior of the 
surface and at some parts toward the exterior, for otherwise 
the limit of the sum of the intrinsically positive elements of 
tin* surface, each one multiplied by the component in the 
direction of the interior normal of the attraction at one of its 
own pidnts, could not he zero. In other words, the potential 
function, the rate of change of which measures the attraction, 
must at some parts of the surface increase and at others 
decrease in the direction of the interior normal. 

32. Tubes of Force. A line which cuts orthogonally tiie dif¬ 
ferent memhciH of the system of npdpotcntiul surfaces ror* 
responding to ?niy distribution of matter in railed a v * line of 
force,‘‘ since its direction »t each point of its course show's the 
direction of the resultant force at the point. If through all 
points of the contour of a portion of nu ei|uipnteiitial surface 
lines of force In* drawn, these Hues lie on a * urfuee called a, 


urimiic anyUJlUg LO UII- miumr .'"‘'I .. ,u.*i 

the resultant force is nil normal at point*. in tin- » t.ni 

surfaces. If u> and <u' arc the areas of tin- M-rtn*n>. <<f :» nd..- ..{ 
force made by two equipotentinl surfaces, and it /■* and /" ;u» 
the average interior forces on m and m', we ha\e 

I<\> |-/'V :0 {s, ; 

if the tube encloses empty space, and 

/'M~-.-I irm [sh; 

when the. tube encloses a mass m of attracting matter. 


33. Spherical Distributions. In tin* CUur of :i dr.P t ! <uf ,ji 
about a point in spherical .shells, *,<t that tl»- d. n .m, :. ,, 
function of lias distunee from this point niih, tin- 1m. . t,. tl , 
arc straight lines whose direcliotiH all pa*.*, tlmm-h th. , > nu ,j 
point. Every tube of force is eouintU and tin- aim» < nf ..»»» ,<? 
different oquipoteuliul surfaces by a given tnto* .»f f.,i, ,• .u,- 
portional to the square of (he distance from tin- ..up.. 

Consider a tula* of force which mP-mp! *> 'in m( ,i > ft.<m ■» 
spherical surftice of unit, radius drawn with n a*. .» ,, i,r«, , ,,,.| 
apply Crush's 'riu-m-cm In a hu\ cut out i.f u,r, iuf. a p* !w> , 
eqnipoteiitial surfaces of radii r ami (r j n *qu, m. U . 



Flu, 'in, 


XjOt diflli (1* lg. 2<>') lie a seelt<in of the 
The area of the portion of spherical »mf«re . 
scute,(1 in section at ml is r\*, amt the arm 
(?’4-A?-) a f If tlie, average force acting on 
of the box is I<\ (he avernge force acting on 


tllla*- ill «ju*‘ isl i> «n 

■*> « ha It t,i s, j,j, 
of that ,*»? ;,*i 

lutt !tt 11 ihc j!, i!i,|« 

lott aid tlir (, 


tended Hu- enough, it will cut all the concentric, layers of matter, 
traverse all the empty regions between the. layers, if there are 
HHeli, n ik 1 finally emerge into outside spnee. 

If sve choose r hd that the Imx Hindi contain no matter, the 
surface integral taken over the hox must he zero. 

In IIiIh case, 

* (/'V”) «i 

therefore, Fw* ° a , [90] 


untl 


"f" /*r« 


im 


From this It follows that in a region of empty apace, either 
included between the two memherH of a system of concentric! 
spherical shells of deunity depending only upon the distance 
from the centre, or outside the whole system, tin* force of attrac¬ 
tion at different puint« varies Inversely hh the squares of the 
distances of these points from the centre, 

SttpjHiMi* that the box (titn'd) lien in a shell whose density is 
constant; then the surface integral of normal attraction taken 
over the !«»\ is etpml to I n times the mutter within the Imx. In 
this case the quantity of matter inside the hox i« 

p | ir[(r "h Ar) !i ”* i* 1 ] nr + <» 

4 w 


where « la an Infinitesimal of an order higher than tho first. 
Therefore, 

— 4* \( /'V 5 *) *1 *r( p4 i i* Ar -f- «)* 


or 




4 tfpf 

n 



tional to the distance from (he centre, we shall have 


limit A r (/'V*) 

-•.() fa. 


ir 


r, 


wlicnco 


F~ --*2 , tA 1 

r 


:«{i 




and y= — I'M- i :,t; 

/■ 

In general, if the box lien in a shell whose «v mt{n, \\< 
shall have 


limit A,. ( I'W) . ... 
Sr * ' “ JK 


')r' 


whence 




\r J .tir. 


In order to learn how to uhc the result* jimf i.« «l» 

tennine the force of all ruction at any point d#n* f»* n ; *n* n 
spherical distribution, let um conHidcr the simple c.i.e *4 >\ -.iii.de 
shell, of radii *1 and ft, and of density [Ac) pt*»j*,uinni.d s«« tin- 
distance from (he centre. 

At points within tin 1 cavity enclosed )<y the *h«-Jl must 
have, according to [btlj mid [hi j, 

s* and 1" •-* 1^; 

F r 


But the force is evidently zero at the centre of f!»- siu-lt. «h, ,. 
r is zero, so that, r must he zero exemvhoie utihin fh. . », ? • 
and there is no resultant three at any point tu th< ’ l r ■' 8> Mi t ! j > 

value, at the centre, of the potential function ifur t,* u„ »?» H ., 
evidently 

t i *2 H » A f 

fx - • I l n\i ilr f , j '**i; 

and it has the same value at all other point * in He- «>n, 

In the shell itself it is easy to see t hat n>* istoi ii-iu- ..» 


miikt* use hi the laet llml /' and 1 art 1 everywhere' eoutimioua 
fmn’tinns nf the h| mee endrdiimteH, ho llml, t.he values of I' and 
1* obtained by putting r I, Ihe inner radius of the shell, in 
[ loti], nnmt he the Htune uh those obtained by making r ~~ I in 
tie' eNjin'SHiona which give the values of F and V for the cavity 
enclosed by Ihe shell. Thin gives uh 


2btl?rA and /1 


MlOrrA 

a ' 


ho that for jmint* within the uuhh of the shell we have 


and I ' ; 2;,fJ nK -. frA/i } :,nn ffX . (' t (joj 

r n 

For point* without tin* Hindi we have the name general expres¬ 
sion* for F attd J’ hh for point* within the cavity enclosed by 
the shell, namely, 

F ^ and I* * ^ (-hi, [lOH] 

r r 

but the etaiHtautH are tlitTerent for the two region*. 

Keeping in mind tin* fuel that F iiml 1' are eontimnatH, it is 
easy to wee that we must get the natne result at the boundary of 
the shell, where r h, whether we use [ 1 u:i j, or ( H>1 ) and [ UhiJ. 

This given 

k s ■ ■■• .MfiU srA and m -- d : 


ho that for all points uut«ide the shell we have 

*» anil irA 

e ^ * 


[KM] 


HOU »\ 
/* 


the general expressions for /'’and f in the several regions ; 
then the constants for the innermost region, remembering tImt 
there is no resultant uttruetion at the centre of (he n\ stem ; ami 
finally, in succession (moving from within out\\aid*'), the om 
stants for the other regions, from u eoumderatiou «*f the fuel 
that no abrupt change in the, values of either /*'ot !" is made b\ 
crossing the common boundary of two regions. 

This method of treating problems is of great pnietiral im¬ 
portance. 

34. Cylindrical Distributions, in the ease of a rUmdnmd 
distribution about an axis, where the density i*, u funetnm ,,f 
the distance from the axis only, (he equipotriifial Mirim-ri me 
eonccntrie cylinders of revolution ; the lines of force ate -.imight 
lines perpendicular to tin 1 axis; ami every tube of foo r is n 
wedge. 

If we apply (1 rush’s Theorem to a hn\ shut in hrfm-m f%«. 
equipotential surfaces of radii r and r f Ar, («u plaurn |*rij« o 
dicular to the axis, and two planes passing through tin- n\n*, 



Pm, 3 ( 1 . 


wo have, if i/r is the area of the piece cut out of 
surface of unit radius by our tube of force, 

r-i/n rn 1 :^[t t Arj-C, 

and for the surface integral of normal attraction 
box, 

Fm + F'ta 1 -a tp * A, (r * F j. 

If our box is in empty spnee, 


the eviliuhu-'d 


lukrjs or rt I hr 

| !«*«; | 


If the, box in within a h1u* 11 of constant density p, 

""l l> ' A r ( /* • F ) -1 7Tl// pi' A/*, 

ho that /*’* • • 2 TTfir and I r =s c logr — 7rp/ ,s +p,. [10KJ 

35. Poisson‘8 Equation. Let us now apply (lans.s’H Theorem 
lo tin' case where our closed surface is that, of an element of 
volume of an attracting mass in which p is cither constant or a 
continuous function of the space coordinates. We will consider 
three case's, using first, rectangular coordinate's, then cylinder 
coordinates, and finally spherical coordinates. 



1. In the firs! caw*, our element is a rectangular parallelopiped 
(Fig. 27). Perpendicular to the axis of .r are two equal sur¬ 
faces of area Ay* A;, one at a distance ,r from the plane »/a\ and 





A y ' 

density of the matter enclosed by the box, we have 

— A&A7/A2 + + =4^ Ate Ay Az. [109] 

This equation is true whatever the size of the element Aai Ay Az. 
If this element is made smaller and smaller, the average nor¬ 
mal force [X] on PP 4 approaches in value the force [D,F] at 
P in the direction of the axis of x ; Y and Z approach respec¬ 
tively the limits D S V and D X V ; and Po approaches as its limit 
the actual density [/>] at P. 

Taking the limits of both sides of [109], after dividing by 
AaiAyAz, we have 

P a 2 F+D/F+P/F=-47r/3, 

or V 2 F= -4-77/3, [110] 

which is Poisson’s Equation. The potential function due to any 
conceivable distribution of attracting matter must be such that 
at all points within the attracting mass this equation shall be 
satisfied. 

For points in empty space p = 0, and Poisson’s Equation 
degenerates to Laplace’s Equation. 

II. In the case of cylindrical coordinates, the element of vol¬ 
ume (Fig. 28) is bounded by two cylindrical surfaces of revo- 



Fig. 28 . 



V mi >, mm mi' average normal loiveH upon llu‘ elemen¬ 
tary jilutH'M VIVV^ and VV, A respectively, then the Hurfaee 
integral of normal attraction over tho volume element, will be 

A0AsA,(/* • H) ■ A/* As A/) AflfrAr b (A/')-]A,X 

• I tt/),, ( Vol. of lm\ ) ; . [Ill] 

whence, approximately, 

1 A, (/ //) * I A.,H , A» j /* * \ til, iif box r* t r ii 


®4 / IhmV ^ ^ ^ Afl [ /’A/’ -|~ ,}(A/')-]A,X 

Jr/) „ (vol. of box) ; . [Ill] 


(rlt) ^ 1 A t p> + A ,X 
A/' )' A 0 As 


vol. of box 
/'A/'A/;As ’ 


'The foree at /‘in diveetion Vl\ in I> r )\ in direction Vl\ in I), 1 
an 1 perpendicular to LI* in tin* plant' VLV X in j t • V u )\ ho that 

if the box i« math' smaller and smaller, our equation approaches 

Uu* fta*m 1 . . t 

Vfi 1 '' \ ) "f- „ i 1 iv* 1 u--i trp. r 11;}j 





— sin# A0A<£ • A r (rR) — rAO Ar — rA<j>Ar • A e (sin0 • ©) 

= 4r7i7> 0 • (vol. of box) ; [114] 


whence 


J_. ^(rlR) _j_ 1 . Aj,^> 1 _ A„(sin0-®) 

r 2 A r rsin0 A<£ rsin# A0 


t7T/) 0 . 


vol. of box 
r a sin0 Ar A8Acf> 


[115] 


The force at P in the direction PP 5 is D r V, in the direction 

PP 1 is —-— Da, V, and in the direction PP 4 is -• D e V; there- 
r sin 6 r 

fore, as the element of volume is made smaller and smaller, our 

equation approaches the form 

sin 8-D r (r 2 D r V) + ^^+Z> fl (sin0. D e V) 
sin 6 

= — iTrp^sin^. [ 116 ] 

This equation, as well as that for cylinder coordinates, might 
have been obtained by transformation from the equation in 
rectangular coordinates. 

We may devote the rest of this section to .the stating of 
some general results which will be intelligible only to those 
readers who are familiar with the theory and the use of 
curvilinear coordinates. 

If u, v, w are any three analytic functions of x, y, z which 
define a set of orthogonal curvilinear coordinates, and if 
K 2 = (D x u ) 2 + (D y u ) 2 + (P 3 u) 2 , V = (P.v)* + ( J>J0Y + (P Z V) 2 , 
hj = (D x w) 2 + {D V W Y + (P* s w) 2 , it is possible to show that 
Poisson’s Equation may be written in either of the forms 

Djr • K 2 + D 2 r- h 2 + J) w 2 V • K 2 + D u V' V 2 u 

+ D v V■ V 2 v + D w V-V 2 w = — 4 irp, 




ratio of r a » to It* iw nut oujiri'suibh' ns a fuimlion of n only, 
whirh by hy|»otht'HiH involves u only* must satisfy n differ¬ 
ential equation whieh involves besides u tmt« or l«>tb of the 
either coordinates r mid tt\ ho that we infer that m* solution of 
Lajdaw’s Kquutiuu exists which in everywhere a function of 
u only. A set uf con focal ellipsoidal surfaces forms a jwomible 
set of equij«itentiul surfaces, while a family of concentric, sim¬ 
ilar, and similarly fdawd tdlijwuidid surfaces cannot lie the 
level surfaces in empty space of any distribution of matter. 
Two concentric, simitar, and similarly placed ellipsoidal sur- 




/^.r, l\ f\ami /t,f\ and add the resulting equationa together, 
wn ahull have 

i />„*r 4- n*V)iU<i i( <b 

j (/^J'o tIHu | I\\' COM (i 4* l> t V COM y) </«. [’120] 

The integral in the around member of this equation in evi¬ 
dently (see [ b(i |) tin* nurture interval of normal attraction 
taken over our imaginary rlonrd Hurfuee, ami thin by (Juuuh’h 
T heorem is equal to A r linton the quantity of matter amide, 
the nurture, no that 

m ( / V 1* t /V 1 * f" 1 V 1') d.n/i/ffa 

. 

t ir | | | [i“l j 

Slnee this equation is true whatever the form of the eloned 
Htirfaee, we immi have at e\ ery point 

n/v t i>, : v f /V *' -1 r/a. 

l*'or if throughout nuv region T were greater than t «-/ 1 , we 
might take tlie boundary of thin region as onr imaginary Htirfaee, 
lit this eu'»e every term in the stun whom* limit given the sinister 
of ( 121 j would lu< greater than the rtirreHpomliug term in the 
de\fer, no that the equation would not be true. Similar reason¬ 
ing shuts out the ponnibility of V” ]*’« heiug lenn than — itrp, 

37, Th© Average Value of the Potential Function on a Spheri¬ 
cal Surface. If, in a Held of foree dtte to n ma»n m eoneeutratetl 
at a {mint /*, we imagine a *pherir»l Htirfaee to be drawn wi n« 
to e\rlude /*, the ntufuee integral taken m er this nurture of the 


sphere for origin ana imo line <// km • . 

surface of the sphere into zones by menus <•{ a "ei u-s • •• j i u,.-< 
cutting the axis of x porpeudieularly a! interval • <4 A- 1 be 
area of each one of these zones is 2 nud.e, so that tie- 


m 


integral of — is 


I 


+ a 9/t 2 7 rtt r/.r 
a V+ id ■ 2 r.e 


•rtiiiii X >i ' 


and the value of this, since the radical represent-. a p<- of 
quantity, is —wliieh proves the proposition 

The surface integral of the potential fmietnm t-tK*-u «a. i tin- 
sphere, divided by the area of the sphere, t*» **it«a* < .db 4 -- t 1 ,.- 
average value of tlie potential fumMiuiinti t he qdtme *! m to > 

If we have any distribution of attraetuu* m t!!« i, w<- »v 
divide it into elements, apply the f he.anu jsnt p»«*i« 4 !.«> 4 . !, 
of these elements, and, since the potential fumtsou • !<;< ? 5 „«- 

whole distribution is the sum of those due t,« it-, p;ut >, .»t.. if 
that: 


The aveeayn mine an a spherunt surf are ,>/ th,- ^ r 
ti<m due to tiny dixti'Uiutinn af mtittrr »»(irrfi f Ku f i\ i< 
is equal to the value of the jmtnit ini fun>'ti><n >if f h<- ». -t r >,,■ 
sphere. 

If a function, l\ of the space eonrdtlMf< » attunes H tniM 
mtuu (or a miniininu) value at u |H.ini, g, if v> p*. -os-:.- t ,u 
about (J as centre a Hplierieui surface, S, *«! i.»4:in ,i; 

that the value of (t tit every (««tnf id S d,,dl S«- l-., 
greater) than the value or /' at g. It n„-i, ion-, 

from tho theorem just stated that : 

The potential fit net itm due to ii finite th tfrthtitum •<.{ »n • ffr ,■ 
cannot attain either a maximum nf *i mi»i>??!si?u vtihtip ii! .s-i*,i 

point in empty squire. 


*V. For, if the values of tho potential function at points in 
empty space just outside A' were different from tho value in¬ 
side, it would always he possible to draw a sphere of which 
the centre should he inside A', and which outside A' should in¬ 
clude only such points iis wore all at either higher or lower po- 
tential than the spaee inside A'; hut in this ease the value of 
tin' potential function at the centre of the sphere would not he 
the average of its values over its surface. A more satisfac¬ 
tory proof can he given with the help of Spherical Harmonies. 

Tho value of tho potential function cannot he constant in 
unlimited empty space surrounding an attracting mass Af t for, 
if it were, we could surround the mass by a surface over 
which the surface integral of normal attraction would he zero 
instead of 4 ?r.l/. 

The uveruge value on a spherical surface of the potential 
function [ J‘ j, tine to tiny distribution ['4/'] of attracting matter 
wholly within the surface, is the saute as if M were concen¬ 
trated at the centre O of the space which tho surface encloses. 
For the average values [ /'<> and F 0 T A r r„J of T on con¬ 
centric spherical surfaces of radii r and r 4“ Ar may be written 

* [ Vdn (or ■ * ( Kdw, if <Za» is the solid angle of an ole- 

4 wr V v 4 wJ * 



x of a single function and wo may write, our general equation 
in the form 

<ip P (/>, r . r/.r i /y *. f/ v -[•/>, r • f fc)^ P r, 

whence, if ^ in eouHtant., 

/' /> P I ennui.., [ 12*1 ] 

ami the HurfuccH of equal hydrostatic pressure are also equi- 
pufoul iiil surfaces. 

According to this, the free hounding surfaces of a liquid at 
rest, under thi' action of gravitation only are equipotential. 

EXAMPLES. 

I. Prove that a particle cannot, he in stable equilibrium 
under the attraction of any system of masses. [ Karnshaw. ) 

U. Tin* earth's potential function expressed in the common, 
kinetic, centimetre gramme-second units is '.LSI t t' J f /*, for points 
above t he Hurlaee, 

.'1, Prove that if all the attracting mass lies within mi oqui- 
poleut ial surface S on winch /* (', then in all space outside 

A' the value of the potential function lies bet ween (' and 0. 

-1 . The source of the Mississippi River is nearer the centre of 
the earth than tin* mouth is, Whul can la* inferred from this 
about the slope of level surfaces on the mirth i 

h, If in [ «V.I J .r be made equal to y.evo, 1 ’ heroines tuibnle. 
How can ^on reconcile this with what is said in the tirnt part of 
Section 22? 

ih Are all solutions of Laplace's Kquatioti possible values of 
the (Htteutml function in empty space due to distributions of 
uiatter f Assume some partieulnr solution of this equation 
which will sene n» the potential function due to n possible din* 
tiibi tint n id slum what this distribution is, 
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mass M is not in general tlit* line of force due t<» 1/ w i• i* 1 1 
through P. Dismiss this statement, ami e.m din U 

cases where the lines of force are straight mi* 1 »In i.■ th<\ ;u. 
curved. 

9. Draw a figure corresponding to Figure 17 f>u flu- . ,,i 

a uniform sphere of unit radius Minomided h\ a i "iin oh n 
spherical shell of radii 2 and d respeeftwh. 

10. Draw with the aid of enmpu , ’*cH liar. •. * *!' I .an t.f th, 
cquipotcnlial surfaces due to (wo houmgeuenm uiiiioi- . \Iindn-. 
of equal density whose axes are parallel an*! af a .h 4u». *■ *.( 
5 inches apart, assuming (he radiim of one of tin- r\ hw.l. i ■« t.< 
be t inch and that of the other to be 2 im lies, 

11. Draw with the aid of compasses mn idem »>. h>»u-» ..f 

four of the equipoteiitia! surfaces dm* fo f\\.. no dt h..iu«n*» u. ,.u.< 
spheres of lnass in. and 2 m ivspeeti\rh, wh..*.! i.uiio m, l 
inches apart, ('an equipotentiul sm faces !»• *b nm •»» a-. p. b,- 
wliolly or partly within one of the sphere*.'** \\ h a \ da. .4' ri„ 

potential fnnetion gives an equiputndml mu fa.. d, t p. d hi.< 
tlie figure 8? Show that the value of tin- ichuIUhI i.„,, ,4 ? .. 
point where this curve crosses itself i* />•{<> 

12. A sphere of radius .1 inches and of eumf ml d«-mu!\ f < i» 
Burrounded )>y a spherical shell n<mniii.i uifii ii ..? 1 adu I 
inches ami ft inches amt of density /. r, wiu-m* > i*» lb. dnbm.» 
from the ecu Ire. Compute the valm-r. of flu* nHi:ott.<n nod >4 
the potential function at nil points in spare and dni» . m \«■>. i>. 
illustrate the fact that I' and U f F HI 1* r \ el V VI lute » . »l 41 ;SiO> >ij». 
and that D, s V is discontinuous id certain 

13. A very long cylinder of radius t lllrlir* and • »f 1 * ■!«*»! -ml 
density g is Hurroimded by a evlimliieul sli»*Il 1 .<ii\nd w d?s if 
and of radii (! inches and H iuehes, The .ImiMis ,»f fbr> «>!»• li r, 

invfi'snlv r rmmrt'n u I ft it « uiimm , t «l.. .1, t. .. ,1 


to find the attraction in the direction of the axis of x at points 
within a spherical Hindi of radii r 0 and >\ and of constant den¬ 
sity p. 

Id. Are there any other oases except those in which the 
density of' the attracting matter depends only upon the dis¬ 
tance from a plain 1 , from an axis, or from a central point, 
where surfaces of equal force are also cqnipotential surfaces V 
Prove your assertion. 

Id. Show that the second derivative with respect to x, of 
the potential function duo to a homogeneous sphere of density 
p and radius //, with centre at the origin, is irpr for inside 
points, and j irp/t* (r a • II x 5 *) / >* for points without the sur¬ 
face. Similar expressions give the values of the second deriv¬ 
atives with respect to t/ and Show that the normal second 
derivative of F is | irp just within the surface and f S| vp 
just without. Show that the tangential second derivatives 
are continuous at the surface. 

17. Two uniform straight wires of length l and of masses 
and »* 3 me parallel to each other and perpendicular to the line 
Joining their middle points, which is of length */,. Show that 
the amount of work required to increase the distance he tween 
the wire* to //, by moving one of them parallel to itself is 


3 T'tv W/' + y Wb R V '’ + ." i F* [.Mind, in.] 
1 t- y j if-it i 

IK. Show that if the earth he supposed spheriesd atul covered 



cr on each other Ik* neglected, tin* alliptlcity of the 

dd will he given by the equation, 
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20. If the oartli wore melted into a spin-re *<f h*. m-ar.-uemm 
liquid, what would bo the pressure at tin* e»-uh<* m f * <n > j»*r 
square foot ? If this molten sphere instead **t Uino h.-io.. 
gencous had a surface density td 2.1 ami an .r.et a .*«' d< n if t 
of 5.6, what would l»ti the pressure at the e.utt.- <<o 1 li« up 
position that the density increased prnpfitouiut.U f.. fh*- 
depth ? 

21. A solid sphere of attracting m:tlt«w ft n«.t ■> > ?>i -nut ..! 

radius r is surrounded hy a given mas * M et !■ »•» w iu* !. >4** \ ■> 
the Law of Hoyle and Mariotte. if Ih<- «h.-3> r. i< > .i 

from tho attraction <d' all other mathi. tind t law ><t *1* u- i, 
of the gas and the. pressure on the out ode ,<t t l.e *>p!.< ?. 

22. Tho potential function withm a eh.*>ed .rni.m- ’» «o,, 
matter wholly outside the surface ha * l**r < \tt< no* % iho . t i.r 
extreme values upon A'. 

23. If tho potential function** }' and 1 ' du«* !■*!«*• ■■»-a. uc> 

of matter without a closed surface tin* •..ow \,th,«- «,t ,dt 

points on tlio surface, they will he equal fhifu^Lfu? n.> (.pa* <• 
onelosed hy the snrfae.i*. 

24. Tho potential function ou!*»ide >.f a eh* ., d ■■■n• . do.* 

to mattor wholly within the Mirhn-e h.t. t**r i?-, . % 11 * i .«• < . .. 

two of the following limn* quantmi** .*• t>* and la. - . *:. , .■ 
values upon tho surface. 

25. If lit is luirmouie in the domain !\ fin* a•.* « «.* . { ,«* 

of w on any sphenoid surface wiflnsn /' r* e j i.d e. i . k • . ,■ 

value at tho centre of the surfm e, it a' »■> t 

drawn in r I\ and if /o is not constant, ,»n-i . . « 

values of m are to he found on A* than tut tun t? 

[Answers to Home of tlicHi* jir..lil«>in» <m*l a* .a:*** u •>* t ^ f i * i.v. j-t ?- 
loms illUHtmtivo of the text of tiu» tUpn-r ll>nt I**' f.o.Sni Jirat 11.c t J,4 . ; 
the book.] 



IN THIS (tAHK OF REPULSION. 
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CHAPTER nr. 

THE POTENTIAL FUNCTION IN THE CASE OF 
REPULSION. 

39. Repulsion, according to the Law of Nature. Certain 

physical phenomena tench uh (Im! bodies muv acquire, by 
cleetrillention or otherwise, tin* property of repelling each other, 
and that tht' resulting force of repulsion between two bodies in 
oft fit much greater than the force of attraction which, ac¬ 
cording to the Law of (J cavitation, every hotly lain for every 
otht'r hotly. 

Experiment shows that almost every such ease of repulsion, 
however it may be explained physically, can be quantitatively 
accounted for by assuming the existence of wane distribution t>f 
a kintl of “ mutter," c\ cry particle of which in supposed to repel 
every otht'r particle of the same sort according to the Law of 
Nature," that is, roughly staled, with a force directly propor¬ 
tional to the product of the quantities of matter in tin* particles, 
and inversely proportional to the square of (In' distance between 
their centres. 

Li this chapter vve shall itHHtmie, for the nuke of argument, 
that such matter exists, and proceed to discuss the effects of 
different dUtiihutious of it. Since the law of repulsion which 
we have assumed is, will) the exception of the opposite direc¬ 
tion** of the forces, umthenmtieally identical with the law which 

_ ....... o... ... ..i" ........!•...i.... ......... ....:. i..., i.r ...... 




^fcU. jcorotj fctb AUJ 
Repelling Matter. Two equal ■pt.mtm. * >■! «.p, m, • 
concentrated at, points nt tin* unit did.uc. .4 n : *• > « *n» 4 

‘Mmit quantities’Mviien they are ma-h in- !«• u« o,« iP. t.-n , ,<i 

repulsion between them Mu' unit ('"in-. 

If ilia ratio of tlu> quantity of irpdhm; not vs w .*1. i» t m 41 
closed .surface! supposed drawn about a /’, ;*< \-ume 

of the space enclosed by the surface, appi*'.i. b> • *m t.> u 

the surface (always enclosing /’) i'« ■’iippo’, >i ’ • ’«■ > S -t »4.» 

and smaller, p is callcil tin 1 “ density ” <*f tm »• 4 -> .1 n. m. i 
at P. 

In order to (hid the magnitude at am j •«»:>«* /*•>! • v t.<»,. -in.- 
to any given distribution nf repellum n» <?;>:. :»><•. 

tlie. spare occupied by this matter i<* t.» .in id. 4 ?p. »l! 

elements, mid compute mi nppro\ima?.- v aln> ..r f! ;• s.i . > *p, 

assumption Mint each dement ivprh a umt <|nu«f;!i >.? 
oonccntratcd at/'with a Idjve equal i.« *!*.- .pi n.*,* •. > i s . on « 
in the clement divided by the sqijiiu- of the >P n ut>. i«. . it /• 

and one of the points of the dement. Tl»< hm-.f »j v , .•>>4.4 - n 
this approximate value as the *i/.r of (it, d> ik. nt > «h. 4 ,u»i ,4. 4 

indelinitely is the value requiied. 



Lot Q (h ig. <'!())» win me ctHmltmil 9*n nrr r 


l.„ f t . 





any direction of the force at a point /* dm- !•« :m> diHisi.ntiun 
M of repelling matter i* minus tin* \ulrn ut /' >»! the p;u?ml 
derivative of the function !' taken in t!i:»! »ln. • ti-u. 

'Pho, function rgoes hv the mum* of t!«. \« nI mhuh j>u« uitul 
function whether wo are dealing with :Uti;o inn: •*» i. j.« Hint- 
mutter. 

In the cane of repelling matter, it »** ev tdenf fh.a ?!**• j, mdt .mi 
force on a particle of the mutter at sun j* «uu u ml-, o< «ime is, ,i 
particle in a direction which lead* h * j«»»uh u « Au l* fh. u 

tial function Iuih a lower value, w h«-ri*;i«. m He , > .. ■ -i m U:» 

tion a particle of ponderable m»U«*t at unv |»nnt !<•»«.b mmr 
in a direction along which the potential fim* tens «#* i« v»--, 

41. The Potential Function m r Mint*tins of Work Is i* 

easy to allow by a method like that *4 \ j tu !.■ n»-»f ji,,- 

amount of work retjuired to mme a mui fimiti-; -4 j , {.. Hm- 

matter, concentrated at n jaunt, from t\ «.« i\, m . ,4 u„. 
foreo duo to any distribution M of tin Lm4 ><* us u?,!, m 
Kj, — K|, where I', and ]' 3 are the udu.m -.4 V. ml V >« -;> 
lively of the potential Amotion dm* to If tin- t /' s , 

from the given distribution, tin* «umllct »•> l eH n.. 5, 

1 r s — l^j dilTer from 1",. in fn« t, the v do, >4 ti». j,iod 

function at the [toint wherever it Ilia V t««-, Us, k H»> -5 f It, • >1 k 
which would he required to move the unit qo.uitin .4 m.iki 
any path from “ infinity" to l\. 

42. Gauss’s Theorem In the Cate of Burning Mutter it » 

quantity m of repelling matter is c»»u« ehif »t. ,t -»i •» 

a closed oval surface, the resultant Unt-r du> n. • , . s j 4 , 3 , , (>in{ 
on the Hiirface acts toward tin* outside «»f ti**- >• * j <4 

towards the inside, tut in the mssr of sit!i«« sm- .,,, 11 , : 

Keeping this in mind, we nmv r**jK*Ht tti«- n- ^ ,i> me ><f \? 8 . j«- 


nml partly without u eloned Hiirfuee 7’, ami if M be the whole 
quantity of Hum mat I it endow'd by V, and M' this quantity t>nt~ 
Hiilf 7\ tlx* surface integral over 7’of the component in the di¬ 
rection of tin* rxta'tur iionnal of the force thus to both M mid M* 
in equal to I nM. If I'be the potential function due to M and 
J/\ we have 


i'"- 


»rj/. 


43. Pension's Equation in the Case of Kepelling* Matter. I f 
we apply tin* theorem of tin* hint, arlieli* to the Hiirfuee of a 
volume element cut out of apace containing repelling matter, 
and urn* the notation of Article Mo, we Hindi llnd that in the cane 
of rectangular eubrdiimleH the Hurfaee integral, taken ovi*r the 
element, of the component in the direction of the exterior 
normal w 


,<■1 0 tall * 






■I 7T/# 0 « & i\Z 


C*3»J 


where X in the average component in tin* punitive direction of 
the axis of x of tin* furee on the elementary warfare A//As, and 
where 1* and % have wiiuilar nieauingH. It in evident that if 
the element be made smaller and Handler. X*, )\ and Z will 
approach hm iimilH the components parallel to the coordinate 
axes of tie* furee at /’. Them* rumponeutM are — D, I\ - I \ 
and - so that if we divide [ 1 Mb] by At A//As and then 

decrease iudelluifely the dime imimiM of the element, we ahull 
arrive at the equation 

r 1 r « - t r/i. [ imi] 


Hy UHlug sm-eeHsively cylinder eiHinlinatea and spherical co¬ 
ordinates we may prove the equationm 

'/uOi.r-u [n.'v ui.T---i wp, [oiai 

t‘ t 


ti ? 



attracting or repelling matter. 


44. Coexistence of Two Kinds of Active Matter < . i!:ru 
physical phenomena may lie mod emu rus» nth f i < d. >i n< dhr 

matieally hy aMSUIIlillg the eucMHielier *>! fvm kind >•! mi'l.r 
ancli that any (jmintity of eithm kind i > p» 1 < di u. >n. t ,,f 

the same kind aeeoi'iling to the ).»w "J Vd-.i. , u<d :dfi r» nil 
matter of the other kind ueem dint’ to the ^ mo i.m 
Two quantities of hiicit timlter min he > m. d* s. d . -pa d 
when placed in the same position m n h* Id ..! jl. \ . llr 

subjected to resultant, force** uhirh air *->(»? #1 m n#f> n j% tutd 
which have the same line of netimi. Th<- i«.< *|*j u,*ifj, > ,,f 
matter tire of the same kind if tin- dti. * rent »-s th« «.'.nlh»nt 
forces is the same in the two riinr^, hut "f «!» !. i» id kind . ’»! the 
direetioiiH tire opposed. The umt .pi uif d\ * i•! m d*« * i > 
(piantity which roncciilinlnl at n point w.-id ( 1 «•»!, i} si , 

unit force an eipud quantity "f the haute kind . .o.. . idi d» d •«( 
a point at the unit ilistanee from the lit **i pmuf 
It is evident from Articles H, and to tied *-* nod-* ..f mu 


of these kinds of matter, if mmvuliuted nl a |. 'ml , •, - 
exposed to the action of m v m,, in , ,,, m t nod•> >4 1 1,, 
kind of matter coneeulrated re**peetivrlv id tin |...nd» » ■, 

(•^s* //y, X.j) , (>i’|, J ,) * *•* ( >*'» > '/j , * f \t and **f j h 4 .., i i ( , 

units of the other kind of imdtri mil* ridi id* d i • *tj -i . f i i > 
the points (j* , |, , |, * 4 , j), { # */, 5 , ' t , .», ? >., > 

will lie urged in tin* direction pundhl t«» (h< pmiiti it \ 
with the, force 

* -* < . „ 



» Old 
'■ *UH 

- : ?. 
m „ 

! i a! 
f 

.•! . 

f :t| j 


where 7*| is the distance between tin* [KiutU i 
(«<» ?/„ *<) • 


other by calling out' kind ** punitive " and the other kind “ nog- 
ul.ivc," it. is easy to .sun that, if every m which belongs to positive 
matter l>c given the plus sign and every m which belongs to 
negative mutter the miuuH sign, we may write the hint equation 
in tlu* form 


I* * « 



i \ 




The rcMiilt obtained by making m in [Ulfi] equal to unity in 
called the force at the point (.r, //, ^). 

In general, m unitN of either kind of matter eoueentrated at 
the point (.r, //, i), and expound to the action of any eontiimoUK 
distribution of matter, will be urged in the punitive direetion of 
the axis of / by the force 


X 



fi(x' — j*) tlStlt/W 

■•r) a Tt//*—.Vj’+l*' 


i [tnnj 


iu thin expreMMimt, p, the* density at (.r', //', 2 '), in to be taken 
positive or negative neeording as the matter at the point in 
positive or negative : m is to have the sign belonging to the 
matter at the point (r, //, s): and the iiiuitH of integration are to 
he chosen so uh to iiieliaie all the matter wliieh acts on m. 

With the aaiae understanding about the nigiiH of m and of p, 
it is Hear that the fnree which urges iu any direction *, m units 
of matter i , ojiet , iitrated at the point %) ia equal to m • / ^ I**, 
where P in the everywhere finite, eimtimimiH, and Hiagle-vahied 
fimetiou 



p fix' dy* it* 

* f I*/ - ,«/) 2 +( 



and that m V measure* the amount of work required to bring up 
from “ infinity " by any path to it* present position the m unit* 



lu 10 UJ.UO/J. VXl&U A l, l* W1WM* M .M,, * * • * * 

force duo to any distribution of punitive ami nff’.i! i \ *- tu.iH.-i •>.» 
as to include a quantity of this mutter nlgrlit.uealh e.ju.d t.i f,j, 
the surface integral taken over T of the «‘uni|»Mnnt m the dme- 
tion of the exterior normal of the furee »t the »hffr?rs»c ,4 

the surface is equal tu 4 vQ. 

It will be found, indeed,, that all the i-i|unfnm** and them. m<* 
given earlier in this chapter for the note t4 mio lout! »*f t.j.i Hunt, 
matter may lie used uuchangetl for the nn*e vtlu-n- mid 

negative matter coexist, if wo only give to ft and m thru 
signs. 

It is to ho noticed that PoiNwiu’w Kqimtom m n|q.ltr?sl.|e 
whether wo arc dealing with nttrneting matter or r<j>i dho^ imU* 
ter, or positive and negative matter esiating fogctltrr. 

EXAMPLES. 

1. Show that the extreme values of thr }*4entnd fumtn.u 
outside a closed surface A\ due to n tjuimlUy «4 mutt* t alg. i.rai- 
cally equal to zero within the nurture, ate it* r%it.-n 4 r **|oe* 
on S. 

2. Show that if the {agential funetion tit**- to h *{tntnlt ?\ u( 

matter algebraically equal to r,em ami »lmt m ».* ■>» ftS|f 

face 8 has a constant value all over the surfwc, then thi* i‘«in¬ 
stant value must hu zero. 

8. Show that if tho function <**, whieh ia huttmutt*' fifti 
whcic outaido the finite closed MtirfiMi 1 ,s, tiintaltco .it sjsIhi 
ity, and if r represents tlm ilwt*iiee Iron* llU) I* St {MsSIll, 

rS% (*“ * A>«0 to iitiito* 


CHAPTER TV. 


SURFACE DISTRIBUTIONS, ~ GREEN'S THEOREM, 

45. Force due to a Closed Shell of Repelling Matter. If a 
tpmntily of very lundy-divided repelling matter he endowed in a 
Ihi\ of nuv shape made of indifferent. material, it in evident 
from [ It? 7 | nuil from tin* priuciplen of Section .’IK that if the vol- 
unn' of the bo\ is greater tlrnn the Hpace occupied l>v the repel¬ 
ling mutter, the hitler will arrange itself ho that itH free Hurfaee 
will he eipjipoteutinl with regard to all the active nmtti'r in 
existence, taking into account any then' may he outside the box 
as well as that inside. If in cany to nee, moreover, that we 
shall have a shell of matter lining the box and ettehming an 
empty space in the middle. 

That any such distribution as that indicated in the Htibjnined 
diagram is impossible follows immediately from the rcammlng 
of Section a7. For AIK! and UKF are parta of the mime 


a 



iHjuljKitentlnl free surface of the matter. If we complete ll»» 
«> i . .1 ..... i__• ...i i... i:. ..... ..1...0 
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surface. But in this ease all points which can he reached fmut 
0 by paths which tin not cut (he repelling matter must l„- a{ the 
same potential as ()<, and this evidently iurlitdes sill ♦'pace o>U 
actually occupied by the repelling matter; which in :d>Htnd. 

Let us consider, then (see Fig. a chided shell ..f s. pilling 
matter whose inner surface is c<|tiipnteiilini, that at e\ nv 
point of the cavity which (he shell shuts in, (he tesultuif bun*, 
due to tlie matter of which (he shell is emnpe^-d mid (.» mu 
outside matter there may be, is /,er*». 

Let us take a small portion <o of the huumlum »*ml:nv of the 
cavity as the base of a tube of force which shall uit< «e«*j<t an 



area <u' on an equipoteritial mirfaee which cuts it jirnt nuLdde f!«. 
outer surface of (lie shell, and let n* npph l »uu*h'», Theorem t«• 
the box enclosed by <», mid the tube »<f r»m» l? /' i-> iu,- 

average value of the resultant force i»n the <>nh past n„ 
surface of the box which yields anything t«* tin- amfm «• %uu 
of normal force, we have 

/•’V -J «■/«, 

where m is the (luantity of matter within the . 1 1 Per audit 

ply and divide by oi, this equation mav !«* written 

,,f 4 it Hi M 

1’ - * > is; i 


uiui-1 minuu , null in min i uni' uio II mil, U1 limy DO COUBul- 

<i) 

ered tin- value ut J (>r tin* rate at, which the. matter in Hprernl 
upon Utc mirtuee. If we denote tIiiw limit by <r, we. wind! have. 

[>■>»] 

If li be taken jimt uulHitle the shell, uml if the latter be very 

thin, j evidently differs little from unity ; uml we nee 

that the rewnltanl force at a point just outside the outer sur¬ 
face of a Hhell of mutter, whose inner Hurfaee in etjuipoteutial, 
heroines more anti more nearly equal to I r times the quantity 
of matter per unit of surface in the distribution at. that point an 
the hhell beeomeH thinner ami thinner. 

The rentier may ihul out for himself, if he pleases, whether or 
not the line of notion of the remiltaut force at a point just out¬ 
side such a shell hh we have been eoiiHitleriug 1 h normal to the 
hhell. 

It \n to lie emvfhtly noticed that the inner warfare of a elouetl 
nhell tieetl not he equipotriilinl unless the matter composing the 
hIii'11 \h liitely divided ami free to arrange itself ut will. 

When the shell is thin, ami we regard it hh funned of matter 
Hprend upon its inner surface, <r in culled the “ Hurfaee density M 
of the distribution. and it* value at any point of the inner Htir* 
fare of the sdictl nmy he regarded ns a measure of tin 1 amount of 
matter which must he Hpremt upon a unit of surface if it Is to 
1 m* uniformly covered with a layer of thickness equal to that of 
the shell at the jKilut in question, 

46, SttrfiWi Distributions, It often becomes ncecHMary In the 
runthcmiitionl treatment of physical problems, on the assump¬ 
tion of the existence of u kind of repelling matter or agent, to 
Imagine a finite quantity of thin agent mmh’iimd on a mirjhm 


while the quantity of mutter in it remained unchanged, the 
volume density (/>) of the shell would grow lamer and larger 
without limit, mid <r would remain Unite. A distribution like 
this, which is considered to have no thickness, h railed a sur¬ 
face distribution. 

The value at a point /’ of the potential function due to 
a suporticial distriliutiou of surface detmih e 1 ** the mu fare 
integral, taken over the. distribution, of \\h el e /' In the dm. 
tance from P. 

It is evident that as long iih P does not he r\urtl\ in tin 
distribution, the potential fimetion amt im deui ativrs air uUu\« 
(initc and conliuuoiiH, and the force at any point in sun, dtire- 
tion may be found hv differentiating the potential function 
partially with regard to that direct ion. 

If p were inllnite, (lie reasoning of Article *„»•„' would u>> 
longer apply to points actually in the active matte;, and it n 
worth our while to prove that in the new of a Miifm <- .|>-du 
hution where <r is everywhere Unite, the value at n j«»iut /• ,,f 
the potential function due to the disltihultoti icaiium* ptote, 


X 





la m nAn 4/\ 


i. . i 


the tangent piano. 

If tin* curvature iu the neighborhood of () is finite, it will ho 
possible to draw mi the nurfuee about, (> a dom'd line nueh that 
for every point of the surface within Huh line Hu* normal will 
make an acute angle with the axis of x. 

For convenience we will draw the* cloned line of Hitch a shape 
that its projection on the tangent plane shall he a circle whose, 
centre is at f > and whose radiuH in (\ and we will cut the area 
shut in h\ this line into elements of nueh shape that their pro- 
JectiouH upon the tangent plane shall divide the circle just 
mentioned into elements hounded hy concentric circumferences 
drawn at radial intervals of A», and hy radii drawn at angular 
dihlmiecH of At/>. 

If x, 0, (I are the eofirdinates of tin* point J\ x\ //', s' those 
of u point of one of tint elements of the area shut iu hy the 
eh wed line, and a the angle which the normal to the surface 
at this point makes with the axis of x, the size of the Hiirfaee 

element is approximately where u a i™ 2 ,# 4 * // ,S t and the 

e< w« 

value at /’of the potential funetion due to that part of the sur¬ 
face distribution shut iu hy the dosed line is 


«*'i m ,*(? 


iru (lit 


l\ ks I rl*|» I 

•cu k'p road v (x — x') s 4“ »** 

The quantity 

nil craeoa 

WH a v t* - - *!•')* + «* ^ji + A**- rfAS 


[»«»] 


{k ftlwii) * finite, for, whatever the value of the quantity under 
the radical sign in the last expression may he when x, x\ mid u 
are alt zero, it eimimt he less than unity, and therefore I', must 
he finite even when /’ moves down the axis of x to the surface 
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part of this matter not lying on tin* portion of flu- nut fa.-.* shut 
in by our closed lint*, we have 1 1 i I 1 ,• ;, tel. /* i» a 

point outside the mutter which gives ri-o l>> 1 .. I hi Stftii i 
finite ; so that V is tiuite. 

The reader who wishes to study the propciia-* of tb,- . 1 . m.i 
tives of the potential function, and their i.-latum , s< ?:,«• t--i,, 
components at points actually in a surtuee drunimtioo, u hi nod 
the whole subjeet treated in the* first part of itn-maun', .v t, 
Eledridti'U und Mut/iidintuits. 

Using the notation of this seetiou, it h e.e,\ to «ut» d>«w u 
definite integrals wltielt represent the udii*-,. nt Mo- p*4. tl u it 
function at two points on the same normal, on» on *«n. ,i.i, ,4 
a superficial distribution, aial at n diMamv .1 fs.m, ; j, not !!» 
other on the other side at a lihe distance, and fo mi>,u ?L «r in, 
difference between (.hese integrals limy be made a-. -,m d! «, M , 
like by choosing a small enough. Tim ♦dam * fls.d U». t ,»lu»- > t 
the potential fnnetion at a point /’ dmny. *. * >mtiuu,m> U , a-, 
moves normally through a surface dminimHom ,,f id.sf.- - up. » 
ficial density. If matter could be eumvufi;»»«•,{ uj„.s, .» 

metric line, so that (here should he a Ihufe tpcuiiii* «.f u, »t f»> 

on the unit of length of the line, or if u limn- .pi »n!ti< ,,f m tl f,. 
could he really eoneeiilrated at a {mint. flu- i< Milling tUi 
function would lie infinite on the line itwlf, nod ,it ?}.. 

47 . The Normal Foroe at Any Point of it Surface Distnhu 

tion, In the ease of u Mlrietlv Hupi'iib ml 1 d>v.i. u , S( , 

closed surface where the repelling umiUr u .. 
itself at will, the inner surface of lit*- < .,od j,. , *•«., 

outer surface, which is coincident with 111 r» Mod 

the resultant force at a jHiint // Jmt uiifmil*' si»* 



It in easy, however, to find the force with which the repelling 
mutter composing u superlleiul distribution in urged outwards. 
Kor, lake n Mtiiall element w of tlu* surface' us the base of a tube 
of force, and apply ( uuish’h Theorem to a box abut in by the 
surface of distribution, the tube of force, and a portion «' of 
un rtpiiputcutiul surface drawn just outside the distribution. 
Let /'* anti /■*' be the average forces at the points of <o and «>' 
respectively, tlieu the surface integral of normal forces taken 
over the box is t ,u «u' - /•’««, and this, since' the oidy active 
matter is eoneentrnted on the snrfaee of the box (see Section 
.Ml ), is equal to 'J where tr„ is the average surface density 
at the point* of the element «. This gives us 

F** F 1 J - ‘2ttcv 

w 

Nh»w let the equlpoteutinl surfnee of which w’ Is a part bo 
drawn nearer and nearer the distribution; then 

lifu * rt 1, lim F 1 ~ I »r»r 0 , ami F ss% 2 w(r a . 

F is the average force which would tend to move a unit. qunu- 
tity of repelling mutter eoueeulrated successively at the differ¬ 
ent points of w in the direction of the exterior normal, but the 
actual distribution on w is t.«r n , so that this matter presses on 
the medium which prevents it from escaping with the force 
; and, in geiierai, the pressure exerted on the resisting 
medium which surrounds a surface distribution of repelling 
matter is at any jsiiut •iW 1 per unit of surface, where tr is the 
surface density of the distribution at the point in question. 

We mm imagine a «u|«*rfteial distribution of matter which is 
fixed, instead of is'lng free to arrange Itself at wilt. In this 



normal component; (n the force at a {'onil ju-u «»uimuo Site dm 
tribution differs by 4 mr from the normal eojnpoiirnt, m 
same sense, of tho force at a point just »um>1o t in* di «! i tbuf nm 
on the line of force which passes through fin* hint point. 

It is sometimes convenient to denote tin* •• >:*• ” on a 

small area about a point /’ on a surface dr*fi d<uti«.n b\ j\ 
and the rest of the distribution by J‘\ ami t<< * **** s.h i -.-p;i 
rately the effects of A' ami A". If !\ ami /', .*i»* point > ».n 
the normal to the surface drawn through /’ .uni m* tt tin- 
surface on opposite sides of it; if AY. -V," .»» <* I in* i xiupi.m nf ** 
in the direction l'l\ of the forces at /*, tin** i.* V ,»n.i f" 
respectively, and if Ay, A’V are tin* corresponding • ..«up <m nt ( 
at X\ in the direction /*/'„, thru if /’, and l\ appioo h l\ 

lim [AY b A f ," I AV f V/‘ | J 
where a is the density of the distribution at /‘ I t,.j, «> 


due to A " changes continuously an l\ mm 

"7 |oV 

i .ird 

/*,. 1 " 

>44 <■ 4 «■{ 

small A' may be, so that 





lim JV i" = - lim AV ami iim t Ay 

* A. 

* 

i» t* , 


and, by choosing A 1 small enough, we m 

a\ m. 

t#, *• 

\, I** 


in numerical value as little us we plr*,i«** 

tr»*m 

I ill» 

N, **i 

llOjj! 

2 7 r<r. 





If the surface distributiou is e*pit|mft 

*nl«.»!, 

, *41*’ 

l !l if 

■1 L j|| •! 

in a region of no force, then if /*. t«, su tho* 


V, 

y 

so that AY' and Ay can lx* mud" !« <| 

S If «• 8 

1 1 P 

sft:. , s 

■; » »5t«' 

pleases in numerical value from i* M 

1*4 Jo 

.»h 50 

i 

* 1 n 411 

enough, Let the element of urea mnrjr 

• 1 t»4 

1 ». 

«• «*• 40 

.4 f lo¬ 

surface density of the charge on it «, 


lh«- 

h*J, r 

st ill* 


wind; A 1 is urged in a direction normal u, !h»- i 

is w<r-2 mr within an inlinitemma! «d high, * ,, s .f.- r p s!s 
lliat is, whatever tin* sign of «r, il»«* mt f,». «, 4m! ? ti.vu ,, . Sf n, s 
be said to urge the surrounding nndmm outw u.to 
pressure in force units m*r umt of «rr,i who h /• ? ,, ", ‘ 


Haim* limit, uh /*, and approach /*. 

At any point. /’ of an j»nii*nt.ial Htirfaeo covered with a 
HUperltctal dial ribufion of density <r the normal second deriv¬ 


ative of I' low a discontinuity * of -I rr<r ( ■ I- , - ) whom Ii t 

\ A i 

and A'a am tin* radii of curvature at, /* <d' two mutually per- 
pondioular normal sections of tho etpupulcutiul surface, 

48, Qreen‘* Theoram, llefore proving a very general t,he.n- 
I'l'iu tlm* to tlrrrn.t of whiolt wlmf we havo oalli'd (I miss's 
Theorem in a special raw, wo will allow that, if »V is any (donod 
surface and l ‘ a tunotiou of x, //, and which for every point 
inside S in omit imams, and single-valued, 

.r.r.r !) t r. tU'li/'i? |Y- f) H x . th, [ 140] 

whom tin* lit?**! integral in to include all tho. apace shut in hy 
S, ami tin* second is to 

z 

ho taken over the whole 

surface, and where //***~*\ 

representthe deriva- / N, / 

live of x taken in the ( — -y * - -■ - -- yc — ~ 

direct ion ul the rxtr>- } s **?j - - * y 

ri**r norum). / ( \\f l/C/ 

T.« prove this choose | / t ~ \ A ' -p^ 

the coordinate axes ho . 

that S shall he in the jX 

first octant, and divide yjx * ,u ' 

the apace inside the 

contour of the projection of S on the plane tjx into elements! of 
jii/e titfth. ()n each of these elements erect a right prism cutting 
S twice or Home other even itumlter of t imeH. Let uh eall the 
values of /* at the sueeessive jioiuts where the edge nearest the 


Fan '14. 



axis of x of any one of these prisms ruts ; • i> * j> 1 i. • 
respectively; tlio angles which this edge makes n illi exterior 
normals drawn to S at these points, u, t « J( <t 3 » - »«.„; and t !i*« 

elements which the prism cuts from t 1 m* .s‘ ; 

ds„ .. It is evident that wherever a line {.<ij,<-ndn'nl.tr i,« 

the plane yz cuts into S, the enm-Hpomlmg v .the- «<l ,» t-> 
and its cosine negative, lmt wherever Mieh a hnr eut * »ut ..} »s‘, 
the corresponding value of a is acute and its ne,n»« jHfliinv, 

Keeping this in mind, wo shall wee find nlfhoo.h flu* l.ihr 
a prism is the e.ormnun projection nf all (in’ i t un uf=» wim t u 
cuts from *S’, and in absolute value i* appioxiuiuh U «■ |*s.»1 t.. 
any one of these multiplied by the ron» , *'|»oud)uv' v utm *<f < 
yet, si nee dx d//, r/s t , r/« s , ete,, are all perdue hi ran »u>l »»•!»,• 
the cosines are negative, we luted write,if ««• take a*-, ..ttnf *»f 

dydz = —dn t eosaj • +d.i e ,e«iH«t. •/•'a’Mv. .... 

If the undented integral ion with repaid t<* *• m !!»»• l, ?• st %Ut \ 
member of [MO] be performed and the j*»**}■*-» Intuit ode.-do, . d, 
we shall have 

fff 1} * u,ix,l u ths:t \ \' ,l u th l r > i r > 1 */. ■idtti] 

where the double sign of integration thrert* u* t»> fom, a 
tity corresponding to that in Imuhel* f«»r %'% ff \ j «J I f: til ttllli I, 
cuts tf, to multiply this by the area of the ».* a, i0 

and to find the limit of the sum of nil flu- remits ,o> 
the prisms are made smaller ami smaller. 

Since wo may substitute for tlyth nnv unr «.f «?<, 
mate values given above, we may write U»«- •jssauWi 
the brackets 

j7teostt|dW, *f t r 3 c<mftyd« s f f ‘ s rt»»4,il>. » 

and this shows that the double inirgral ii» r<|Uii uh nl !., ?| a > asjf 


shut in by A', and the second over tlu* whole surface. 

Let /* nr (.r, //, ■«) la* any point. of A', a, /i, and y the angles 
which tin' exterior normal drawn at P to A' makes with tlio 
eodrdiimte axes, and P 1 a point on thin normal at a distance 
A/i front /*. The coordinate** of P' are 


4* 4* A» * conn, if | Am etm/h 2 + Aa * cob y, 


and if ir -/(A //, 5) he any continuous funetion of the space 
emirdlnnte*, 


and 


II t « i J (4*, //, ?) , 

Wp J\s p A a nisti, // -f- Ah eoH/jJ* 2 4* A a cosy) 
c;i /(A „V, %) + A a euH « • l)„f f Aa eos fi • D^f 
*f“ An eoH y /4/+ (An) J fj|v 


IT 


If 


t OHa * +•t’ 08 /^ * cony * /4/d- * Q» 

whence 

tlV IIV 

/»/». 


lim 


/>„ ir 


eoa/J -f eoH y £ 1411J 


If, w* n special ease, II* 4*, we have /<J rt ,r corn*; ho that 
{ 1 4‘2J may be written 


i { { l),V •tUdyilt sa ( U [14-1] 
** |/ */ 


whieh we were to prove,* 

titnt, fnltfiopu vnM) fmm Mitw rwHlllt.. 


may 1m » fated in the following form : 

If ft n ttd J' nre any two functions of the upturn eoPirdinates 
whieh together with their first derivative** with respect to these 
codtdhmfeM are finite, continuous, ami single-valued throughout 
the nt'iaee »hi t hi hv a iv closed surface A’, theu, if n refer** to 






ovor tho oomploto bourularios of tho spaces, aro t.o lio ox- 
tomhul ovor *t' mill im well an oven* A'. Wo must. romombor, 
howovor, that an oxtorior normal to T a at A" points info tho 
tuivity 

If (' ami I* Istth satisfy Laplaoo’s Kquutiou, tho soooml 
momhor of ( 1 IK j is oqual to zorn. 

If within tho ohwml sttrfaoo S tho fnnothms X, (\ uml f 
aro oontinuous, uml if tho first ilorivafivos of U ami V are 
onutiminus (tho iir«t dorivufivos of X uml tho soooml ilorivu- 
tivos of V ami T Iwinn finito), 

f f f\</>,r- 1>J- I 1>,H-l>,t-j, U,li„h 

ffkr nj'tix C f f 

I n.ik-K.I") f [HU] 

■ f fki-!‘j’JS f ff !■{/>,,k-/>,r) 

+ /^{X ' + ) f f>J’ )]*istiffx. 





Ui. v r U4WXVU*. I 

to satisfy Laplace's IC.jualt»m \uiiun S, M * -m.* < .*.!• .•* *| 

is equal to zero. This result .should !«• emu;- ti- : to tor. to , 
Theorem, treated in Section *U, 


IT. If in[Mh]wcnmke /'equal f. 

t J , ! ?u 1 ■ -? < nf .., 5 

■ • !**ll 

duo to any distribution «*(' uuffn. 

.ill i .* 1 ? (/ 

•••• flu- 

general oast 1 , some of this mat tor 

•qr < .ei . = i: h <. 

<•". .1 

surface S (or on a number nf Mi*-h •, 

» IS t 4 ® ' • , * * S. 

J in 

A by two other surfaces, A', and A*-. \ 

u 4 !< iJs-f •. ■ > 

-f fa 

it. Wo may thou apply tlreen‘-» Tb< 

!•* >j * m * * ■ * : . 

' 'f I :,■»* 

space within a sphorieat muI.kv, « 

tf A . 

• • ■ i? 

veniont fixed point ami ratlin •» »■ 1 

!,»! g, > ’s • • * . . 

1 . 'i I?- 

tho wliolo distribution, as dors it'*! 

!;«■ to ! n - :j V 

',4 \ 

This given 



///[tan* i (/<.)■>' • ■/*. 

f to to toe 


«= p*.//„/■. /A* 1 p /I 

f .i<. | 1 /* | 

* 1 

- fffl Wlto/to/,! 

' T - 


■where the first surface integral is i 

11 « 1 * r 1. to t . 

, » 

spherical surface, the serum! nu-r ,s‘ 5i 

‘ . r . ■ f 

'* . ;! 

being understood that «, repii-ento 

,» i->-i* • \ * ... 

* ’ " S’* 

the dirention away from A‘, ami «, .» » 

••I ?! A ‘ ( * .1 , >. 

. « ; i<( 

dirnntion away from A*. Sun ** 1 n ,. 

• to.« % ! 

• . 1 i! 1 

normal derivatives are di»mntn»u..M'> 

M. Ito- t . . r ; 

4 i 4 

by the equation D V t /i ft I i *,», to.- i * . » 1 , 

" 15 > i 

of tin) two surface integral* tokm 4 

* > »• 1 . . ,1 to ... 

‘ . r 1 r 

surfaces approach A’ is 4 *r | 

1 h>' ■, » l . to 1 :? , 



* 9 

sm-faoa integral is equal u , * r to i n,r 

rr tv fp .t 


represents .} w liniyt ^ /’Am extended over all tho distribution, 

miil iliin in H r tiuii'H tho tnitnuaiti energy of tho distribution. 
Tho ih'Ht member of tho equation represents tho volume integral 
of tlio square of tho resultant foree oxtondod ovor all space. 
Wo may writo thin result in tho form 

»■.'./// fi*t bdytl*. [lflQ] 

t II, If in [ Mf»J wo mako U -- f n, any function which 
within tho oIuhimI surface A* satisfies tho equation V a u ™ 0, wo 
ahull huvo 

f f fh'V'l’ 1 it>,nf V{t\u)*yxdiid%^ (V/) K< whS’.[151] 

IV. If in [14KJ V k tho potential function duo to two dia» 
trilmfiouH of active matter, M x inside tho closed surface *V and 

Jh outside it, and if V ** where r is tho distanoo of the point 

t 



fx, y, ») from a fixed point O, we must mmtider separately tit® 

two tautes where O is n»»jlectively without $ and within & 


A. 


face. 


If Ok without 

Also, X*V > 


s, r 



0 for points within the sur- 


4 wp t so that 



Tlio triple integral is evident h >'.pu 
0 of tlio potential i unction due t<» t/ a • 
and notion (sot' [M.'JJ) that lK,*' a? >m\ 
of tlio angle 8 between r and fie* 

j ; * w 1 J , ■ ■* 

If fl is a surface equipment mi w «ih» 

of M x and d/.j, and if we denote In f 
V on S, we have 

/ ; y\, 

and it is easy In show, by I Sir r«'.»n..3i 
that j" (AV (i, whence 

1 /*/«.! 

ll lrJ > 

B. If 0 is a {mint imdde S, 
and if <V is equijKilenf iul w it)< le q.r, ? 


M %x wo will surround it l«> .» f» in 4*1 
radius r' and apply {I In | t.. » s , 

without tlio spherical *urf.i«*e It, 





If S is not oquipoteutial with resju-et \>* Ihe . 1 . 
and JII. M wo have 

4 7 rl\ J’ 7 ^ <ts I i \ 

V. If in [HK j we make V « l««*i«• r m id*' .. 

tho point (;r,//,.?) from a fixed jinml tt, and sf I 
tion harmonic, everywhere within flu- «■!«.,.4 -an! 
shall luivo 



if 0 is within A’, ami 



if 0 is outsidn S. 

VI. Tho dom'd Hiirfaee S e»eh»n«*» a f,- W i.-n /; AU 4 
the mat of spare, 7\, A fourthm I »t> runlm«»<u!j 
fmito first mid Hoound derivatives fim \\ h«-re m ill. 
Grioons I lioorom, I ho first derivatives ufi« * ti n n 
tinuouH except at certain Murfaw*, „v s * m i\ .« s ,| v 
whoro tho tangential derivatives nrr* ct»uisnu«>H j, an I 
null derivatives discontinuous tit the manner sn4j.-at*- 
equation 

V' f K/ ■ g. 

At infinity V vanishes like the Newtonian 
tion duo to a finite distribution of waiter 111 „ t : 



OIIKKN'h Til Knit KM. 
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r 9 wlum O ih in 7' a , ami roproHonfing by n a normal to $ 
pointing tutu 7.j in all cmihoh, wo loam that tbo oxpreHnion 






or 


iff' 


f/.v| 

ly to 



.o>.* 

.('/.Or'’. 


»' *,* r 

^ j r 


/.o 

'jyr:-^ 


/ \ *> £ 
>v 

+r/.r> 

[150 tl ] 


If th»To in no mirlaoi* .S' at. wbioli tbo normal dorivnlivo 
of T tiiHroiitifiuotiN, and if V satisfios Lnplaoo’a Equation 
ovorywhoro within S, tho oxi*ronsi«n 


I? ~ r,* -f- «- 




. 008 (>'ii >l) (l *'u,M ()'jt »> 

and # * ’I 

}’!' £j /» 

In this caso, 

j.rr'U',.., rr 


::J.n >/./ 


so that it is oasy to oliminnte />„/' In nmh 
aquation by tt// { ansi subtmi’ttng ti»r im-uit 
tho iirst liquation. Tim miult h 

, ( % C r ( tw l r i‘ n 1 ’ ** 


-'V 

/;, / jV" 

* 4 wnd d r 

i 

4 wild d ltd I 


4 Wtij d ( H 1 I l..* <|/ s , 

This integral tloterniini ’» l at mni | tl .ii 
ts valuo is givoti at ovary ju»mt >>0 If » 




harmonic without .S', and if it vanishes at ininiity like a ’New¬ 
tonian Potential Function, 


J’f-y 


and T in tin* potential function in outer .space <luo to a mipor- 
t'n’ial dint nlmt iou on .S' of surface density I> n I'/-l tr. 

VII. A function /’ has the value zero everywhere on tin' 
rioted surface .S’,, and the constant. value (’ on the closed sur¬ 
face .V 3 , ?dmt in hy .s',. In the space 7', between .S', and X., /* 
is Uarmoiue. If we apply (ireeu’s Theorem, in V, t.o /* and 
to the reciprocal of the distance from any point () in 7\ we 
learn that 




where Itoth normals point out of T, 

r cn therehne, the potential function due to surface distri¬ 
butions on .S', and S } utiuieneally equal to />„ J\ w at every 
point. 

V111, If the closed surface ,S' shuts in a region 7‘, and if 
the (uuetnuiM /* and I * % which are equal at every point of .S', 
are finite and continuous with their derivatives of the first, 
order at every point of T, and if within /', I* does and V 
does not satisfy Laplace's Kquntiuu, then the integral 

Or ( ( (fi/^rv i * /jiv i (/t r p 




Qr % 





■ i f>ji I >1 


/• l ; 


-.r.r.r- 

\ 1 >' 

> ‘t’J >i 

= Q j/H~ Q,f 




Now, since thn integrands of l,K 

and ;s, ‘’ 

its 

U|...f • >j’5 si. 

and since neither n nor / art* 

i*oir 4 .uil >, 1 

.. «f|i f t 

f „. .sod ' » 4 

positive, so that Q r Vr* 




XX. Thevo cannot ho two different ton. 

> 1 

. II , ,S*I*{ If 

which liavo equal values at o 

\ et \ |.i«snl 

i . f ,S 

III 1 *! * M 

closed surfaces the first of whndt ■dm!•» in 

o 

between these surfaces an* e 

trn H l.eir 

L.u la. 

■ - 1 » : • ! ! ?,< 

suppose, for flic sake of imonm-nt, ib.n i 

I -A • • *,• 

1. h fee 

exist and cull tln-ir dilToronee u 

r, it »’> el*' u 


i. 1 4 >,S !;;• ■!* 

between the surfaces anti tlt.il 

it it .mnlo--. 

a! : 

, a ; ; 1 :« ¥ , 

both (S’! and S % . If, therefore, 

lit | t If* ] w * 

lit *, L J 

/ t : 

we learn that 




Sf f 11 

f f s 

f - ■ V i 


where the integral extends t»vn 

• all tIt*-* >ij<, 

•ee U 

• 4 . . S' 4l! 

S t . Since the integrand cannot 

lie Jie^.jf S'. » 

•, if u 

■4 .' i , , 

every point, so that h t » /»,,« 

11 st 1 6 

1 t I 

' - “ * 5 ’, * \ H 

But it = 0 cm S h therefore j| m 

S« !•' Ill t»"4 i 1 % 

r ;b b 

l5i 

11 




It is eaay to show that u»< 

i fun< 4 s,*ni, 

A ].!e} 

* . 

normal derivatives at even jmint «4 ,u. 

• i s.. 

-»*.i! , e 




sou,* This theorem asserts that there always exists one, but 
no other than this out 1 , lunction, r, of >/, #, which (1) in 
continuous, and single-valued, together with its 11 rat space 
derivatives, throughout a given closed region 7'; (2) at every 

point of the region satisfies the equation V a r .0 ; and (3) at 

every point on the boundary of the region has any arbitrarily 
unsigned value, provided t hat thin can bo regarded as the value 
at that point ol a single-valued function, continuous all over 
this boundary. 

There is evidently an infinite number of functions which 
satisfy the lirst and third conditions. If, for instance, the equa¬ 
tion of the hounding surface S of the region is /»’(/, //, ~) - - 0, 
anil if the value of e at the point (>, //, x) upon this surface is 

to be/V, if % ,t), any function of the form 

♦ (•*•» //. *) ■ /‘‘(a »/, i) i yV, y, x) 
would satisfy the third rendition, whatever continuous function 
0 might he. 

If we assign to the function to he found a constant value (' 
all over S, r t ' will satisfy all three of the conditions given 
almve. 

If the sought function is to have different values at different 
paints of S, and if for « in the integral 

Q f ( j [(/*♦«)“ 1 C/y^ 1 ttsth/flz, 

which is to he extended over the whole of the region, we sub¬ 
stitute any one of ail the functions which satisfy conditions 
(1) am! cif}, the resulting value of Q will he positive. Homo 
one at least of these functions (e) must, however, yield a 
value of g which, though jmsitive, is so small that no other 
one can make (J smaller.t Let h he an arbitrary constant to 

• W, Thomsen, Limeilh'a Jmirmili 1B47 JlirkhM's V-arlmunfflen, 



tion which satisfies condition ( I i .mu i * “ 1,1 •»* .til 

parts of S, then U ^ o /<«■ will lift'd) ••••mhii.-in , l, lKUl \ 
(3), and, conversely, there is n<> iui»eh«*n «)a*-h ihr-,,, 

two conditions which cannot 1 h* writf«*u m ii*r f• jh / •>.< * At#*, 

where h is an arbitrary nmsUut, and «*• -'.m,.- 4;?^ « bi.-h 

is zero at S and which Hitlislir?i condition > I < 

Call the minimum value of V due to >•. y , .u.d th«- * bu«' ».f 
Q due to U, ( t > r , then 


Q lT =Q v + ' 2 hf Yi t\i< * /‘ > f* 

+ 1\} I f » » Z 1 ,! <' 




# V ■! , 


whiohj since /e is zero nt the Ituuntlary <>? 
written, by the help of (hwn’.i Tlmnnou, 


QirQ» ~' 


u 



e »*t <it/ 1! 


$n.ii \tp 




Now, since Q v is the minimum v.»Sn»- .4 #4, »».. ,4 fi.,, 

infinite number of values of y, y !..to.«d - ui.-us.: h 

and w under the cumliliomt ju*4 uam<-4 ..«« 4 s,.-,* ,*s, ( 4.1 
if V 9 ?t were not everywhere 11p1.1l l*» >.» . 5 ].| 

be easy to chouse to so that the r..r ilivs.-ot . ? v a lu 1 . ■ . ., , 
sion for Q r * Q f , should not !•»* /um, «n4 i).«-n 1 , ?, v , 

that Qtf 'Qp should 1 h< negative \ *■ „., r ,,a ?«, t ,, 

throughout 7*, and there always nob .4 h .*4 ,.i.r \u<n 
which satisfies the three rondiMoioi nut«-,| aUo<- i 

ynr. ' 

Xhoie ib only one mich fiinrtiMii ^ fbf 4 ^ 8 .4^ 
another u » p + hw, we Jthmild have, «»<■<' !bc , 3 «„i ,4 a 

is zero when y<> e 3 (t, 


v»ivi i n mmrijvu 


IV l 


it - e, ami there is only one 1 unction which in any given ease 
satisfies all the throe conditions given above. 

XI. The potential lunetiou J\ duo to a volume distribution 
of finite density /» in the region T and a superficial distribu¬ 
tion oi finite surface density «r on tin* surface »N', is everywhere 
continuous, ami it so vanishes at infinity that, if r is the dis- 
tuuee from any liuite {mint, each of the quantities 

r*f> r 1\ 

us r becomes iulinitc, approaches the limit ,1/, where M is the 
amount, oi matter (algebraically considered) in tin* whole dis¬ 
tribution. The first derivatives of /' are everywhere finite, 
ami they are continuous except, cm S y at every point of which 
tangential derivatives an* continuous, while the* normal deriva¬ 
tive is discontinuous in the manner indicated by the ecpiation 

/^f "I /r 4 -rrer, 

where tt i and « a are the normals to the surface* drawn away 
from it on each side. The second derivatives of V an* every¬ 
where liuite, and they art* continuous except at surface’s when* 
p is discontinuous, At any point on such a surface tin* tan¬ 
gential second derivatives are continuous, hut the normal see- 
ond derivative is discontinuous by an amount equal to 4 ir 
tlines the discontinuity in p reckoned in the direction opposite 
to th.it in which the derivative is taken. Everywhere, except, 
at surfaces of discoidiunity in p, /* satisfies Poisson's Kqua» 
turn, V 3 V 4 wp% and without 7", where then* is no matter, 
this degenerates into Laplace’s Equation. 

For a given value of p in the given region 7\ ami a given 
value of »t on the given surface «V, only one function has all 
these projK*rties, Assuming that there are two such functions, 


and even the normal derivative* td u nw >■». 
point of S. At su r fanes of discoid uimt\ m 
of u are all continuous ami « *utHien 
Equation. The limits, *tK r heeium-i « 
are zero. Since « with its first and =<■••■ 
everywhere eontimumH, we may uiwytm* i 
of large radius i\ drawn al«mt uuy j- 

so as to eiudoHo all tlm attracting um <» .v 
Theorem in the form of [151 j to » n»»s*l«- t; 
numerical value of the surface integral 

J* It Jl K iniS 

taken over tlie spherical surface m im 
of the surface (*1 at 4 ) multiplied h\ th- hu* 
u • D f n has on the surface, or 


[greatest value of , t, t ■/* 


If, now, 
;his expresi 


aken over 
s made up 


ft «U|H*rfiHtil distribution .1/,' over S t mu that tlu* Murfuou clmmitv 

, i) i' 

lit every jHiiut ftlmlt Ik* ** • In wluit follows, it in mummed 

4 JT 

Hint we imvu two distribution* nf matter, one inside the oltmod 
Miirfure nud thf other outside. It is to lm carefully noted, how¬ 
ever, thnt I»v putting equal to zero in our equations, all our 
remdt* «re applicable to the cam* where we lmve nn equl|,>otontlal 
surface surrounding nil the matter, which may Iks all of one kind 
or not. 

The vidue, »t any jw»int (h of the potential function dun to 
Ihu Joint effect of ,V s nml the *urfucn distribution Mi% would be 

K.«r,- f&Z.ds. 

If 0 li m mitaldi point, we have, by [158J, 

f f , fi 6 > If 

r 0 *** * i T r |« 







imimm • « <•<"> «»*» level nliriiU.Cn () 1 /»/ H pOlilMltUU 1111101,1011, 

it. is easy tu HIM' that a superlieial distribution on ,S\ of density 
c r f l n r/4 a- would not on a particle witlumt jnat as 
dm*M» and that a similar distribution on *S a would net, on parti- 
tdort outside of .S', as ,t/ a docs. '1'lic aotion of /l/ t on d/ a is tin* 
same as thn resultant, cfTci’t, of the tonsion 2 7 r<r a or (/> n /*) a Htt 
considered as acting all over <S' a , Tim surface integral of 

I>J\ dir extended over any closed surface has been called 
by Maxwell the " elcetrie displacement ” through the surface. 

50. Vector*, Stoke*’* Theorem. The Derivatives of Scalar 
Point Function*. It is frequently convenient t.o define a 
vector by giving the values (tensors) of its eomponents paral¬ 
lel to the coordinate axes; and if for our present purposes we 
call these " the eomponents of the vector,” no confusion will 
arise. The expression l,)^ Q s ) deuoteH a vector, ( t >, the 
components of which parallel to the axes of x, //, ami £ are 
respectively equal to and Q a , '('he direct ion cosines of 

the vector are the ratios of ( t f t , ( t > 9 to \/ Q* { (,{ <p a a * 
The letter which represents a vector is often used in scalar 
equations to denote merely the tensor. Sometimes, however, 
the heavy face letter {Q\ is used to denote the vector, while 
its tensor i*« represented by the same letter in ordinary type. 
Any three scalar point functions can he considered the com¬ 
ponents of a vector point function. Scalar and vector point, 
functions are sometimes called “ distributed ” scalars and 
vectors. Where there is no danger of any misunderstanding 
a vector point function may he called simply a vector. 

The scalar funetnm 1 /h Q, is called the 

i/cMcc of (J, and if this quantity vanishes identically, i ( > is said 
to t«» a a **irnnttiai vector. The force due to any finite distri¬ 
bution of matter attracting or repelling according to the “Law 
of N'ahlte " n-s solenold.il in empty Space. The negative of the 
divergence of a vector is called it s oaicciv/rarc. 


is called,the W of Qi and if these c.mp..mnt , uu.r.it .4 ■ 
point of a tegiyn, Q in said to he humi’ir m fh.*» 
the vector M is the curl of the vector <J- l J ■ ■ u '« ! • 

vetfarpgtv$<d functinti of h\ Tin* >!-.«■ m .* v.n-j, 
..^tributih?of attracting or repelling hm»*. i ; : »n,« !Ua 

and^itli«ttt the distribution, The eml .•» .ru v»-f 
itself ! a^roida]. If two vectors h.uc th.- .*;*.• .ml. 
diffi^tdo in a humdlar vector. 

-^Kie lines of a vector tire a l.uiuU <*s cm >>ue m w 
passes through every point, of space, .net « h >•: « he] 
at every one of its points the direct ion >»t n,.- *, r.s .* 
point. Tito difToroutial equation** ol f h«- Un> ■> >4 ih*- ; 
are evidently tU,Q, <ty V, > ! V 

after the vtduos of (,> v , ton! tp, have i« «-n -ii.. 

have two equations of the form 

<Lr */»/ 

~r - • //, -»t. . v I r . y. - 5; 

(1$ * 

whence we got, hy differentiating. 

(1%j* j/jp 

^ ■ i /'pf* v' ‘ 

d*it , . • /»/ 

7*1 ^ , 8 /'> . 

and, by eliminating y between the in >.i si.-s-l . { - s a; 
and a; between the seeorni am! fourth r.ju.iit-in. ? . r ,» p 

of the second order between x and ? .in4 i.«n 4 n r. 
respectively. The iulrgruU «.f fimw I.m , » t .- 

equations of tho lines of the vid«.r. N.md-.uo-. 
may be separated ut the start, uml th.-j, i.h,- ». . j, 
simplified, Tim lines of the vector f , 1 \ v , . * .*», 
tions y drtf, x log (////) 1, and itiwn ut iLr n . , 

XX 4- 1/X, *1. tl 11 on tint i n« t t fi 1 I i . » 


every 

. j’f 

!••• .1 

*b . 

if Kin 

• a r> 

I h« £| 

1 hi* h 

d L i *s 

* ! hf 

1 mi i i 
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1. Hr 


e-in, 

♦ -Si > 

* I 

!i.r 
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An important theorem dun to Hir George Gabriel Stokes 
may be ntutod as follows: 

The tin*' integral taken around a rimed curve #, of the tan¬ 
gential nan foment of an analytic vector point fu nr/ion Q , is 
vifittti t» the surface integral taken over tint/ surface *V, hounded 
hi/ the rarer, of the normal nan foment of the curt of the rector, 
the direction of integration tu'ound the ctirre forming a rigid- 
handed sere a* rotation tdmiit the normals, or 

») * 4V ,,S 0‘ *) + &*'«*(*. *)]</* 

** J' i 1 1*, if t », Q,) mm (r t n) 

•I C tlfh /^y 8 )o»H(i/, n) 

l {tKQ, «»*(*» [158] 

T» prove tld«. wo may evaluate first*tu tmtuh of the double 
integral ii.» involves Q 0 , that is, 

f f l IK if vm (g, n) I>, Q, • oos (s, n) ] dK 

U<t the arm A* lw divided, into cpwlrikterol elements by 
moans of et|unlly sjmeed planes |»uruUel to the planes of xg 
and jnj resjieetively, and eomdder especially one of tbese 



That corner 01 tuo oiemem. an wmni sm* 
coordinates shall bo the point /*, ;wnl that snlo <« 
which passes through /' uinl is parallel t<* th< 
shall bo represented by X^. Siuee A.p h p*-i p<-s 
to the normal to »V at /* and to the :»**•» «»! a <■ 

and cos (n , Sj) = cos (>, n) ■ cos (a i 1 em. «? 

•+■ n) ■ eon( % a j u. 


Dr 


cos (a, it) ■ cun (". 


eon (//, n) 


e«»* \it. 5,i, 


LI 


kVO /J ( L '■<*(■?,» )ff h(-, * x ) 

t'nH(y, a) 

| | | /V* ; . ' f‘*(‘*i *j) f •('(>«(//, 


// 


/> U. ■ tin, tlx» 


If vvi* perform tin* integration with respect to s, ami intro¬ 
duce the limits, it. will appear that this integral tuny ho found 
hv proceeding arotunl the onutonr » in Hit* tlirnotion indicated 
in tin* theorem and determining tho lino integral of 


t,K 


tin 


Q* * oo« (4*, *) d$ t 

where >ln in an clement of » t If w°e trout in a nimilur mantior 
thono portions ot tho tlouhlo integral which involve Q and 


the theorem will Uo evident, 


According to tho definition used in tho preceding seetioiiH, 
tho numerical value of tho tlirtrfiinutl tlrrivitfirt of any scalar 
point function u, at any jmuhI /*, in any iixod dirootioti /’(/, 
r» tho liinil, m /*y approaches zero, of tho ratio of u (J u,. to 
I'tJ, where t,i »a a )K*int on tho straight lino I't,? hotwoon /* 
and tj\ Tin* <jrn*lirnt A„ of tho funotioii a at /' in tho direc¬ 
tional dorivativo of « at /' taken in the dirootion in whioh 
ft mrr**iPf'!i 1111 mt rapidly. 'Fins direction is normal to the 
surface of constant « which piwMcH through /*, 

hj I /h”) 3 t t /)* 1 (/*,«)*• 

*1*1.0 dtroottoua! derivative of any scalar j«»iut function 
at any |«»int m any given direction ia evidently equal to 
the product **f the valuef* of the gradient and the cosine of 




Ciinou uuu vwvv. « ... 

V al U e (tensor) of thin vector at any point in the gradient of u 
at the point, according to some writers ; other* m,e "gradient ” 
to represent the vector itself. The lines ut the vector urn 
curves which cut orthogonally the surfaces of eonstant ». that 
is, the family of surfaces the equation oi wltieh is u r, where 
c is a parameter constant for any one mudaee of the family. 

If f( X) is any scalar point function, any vector func¬ 
tion the lines of which cut the surfaces el constant / normally 
must have components h' • />,/. A* t> f . when* H is 

some funetion of r, //, and Ttie curl ot thm vector has 
components ./>*/* /'*/' ^«A‘, l l t l*J* f*j 

J) — D x f' l\liy ami the cosine ol flte angle between 

the vector and its curl is zero, so that these tuo vectors are per¬ 
pendicular to each other. If a vector him a cm! w Inch is not 
perpendicular to it at every point, no family of mu laces esids 
the members of which cut the lines ol the v. et.n orthogonally 
at ovory point of space. Every plane vector point luuctmu 
has for its curl a voder perpendicular l«* iH plane, The 
vector (3 yz, xz, xi/) is not lamellar, hut it. is perpendicular to 
its curl: its linos cut orthogonally the t.umh <<{ surfaces 
x»i/z = n, as do the lines of the lamellar veep.* t .S.« V>> x*-„ /*//}, 
each component of which is Z 1 time*. the «Mue?ipumlmg 
component of the lirst, 

If the ratios of the corresponding component?t of two via*tor 
point functions are all etptal to the same walir point function, 
the vectors have the same lines. Two lmmdlnr vector* may 
have tlm same lines, thus: the lines of every vector of the 
form [/(.r), 0, (),] are parallel to the imn of x, ami even, Mich 
vector is lamellar, whatever analytie function / nm represent. 

Wo may doHue the mimerieal value of the «.»»**»»*/ timrim- 
tiue at any point /’of a scalar point fund mu «, taken u ith 
respect to another sealar point fuuetum »*, i»« U- the limit, iw 
PQ a mmohes zero, of the ratio u .. to i* e... \\ here 



lr («, v) denotes urn angle netwoen the directions m which u 
and e increase mo,si rapidly, the normal derivatives of u with 
respect to* e, and of /• with respect to u, may be written 

• eos (n, r) ///,, and //,, • cos (a, v) /h u 

respectively. 1 f h H //,„ these derivatives are equal. 

The derivative of x;/x with respect to ,r + ,y + x has at the 
point (1, <1) the value 11 The derivative at the. same 

point of w b i/ i x with respect to x//x is 11 /*H). 


51. The Attraction of Ellipsoids. 


equation 


sr 

tv 


It 

h* 



If we transform the 


to parallel axes, using a point A 0 , which lies on the surface 
and has the euordimttes ( cr tJ , - //„, x u ) as origin, and then 
denote by & llie angle which any radius vector drawn through 
A„ makes with tin* x axis, the equation of the surface in polar 
coordinates takes the form 


cos a 0 sin 9 Q cos* <f> sin a 6 sin 8 < f>\ 

„ /eus & //„ sin $ cos <j> sin $ 


in $ sin <f>\ 
n 8 ) 


tf A a were at that extremity, A, of the a axis which has the 








divided into elementary “ cones ” in two ways. The. vertices 
of all the cones of one system will he A, and the vertices of nil 
the cones of the other system will tie A 0 . To every eone of the 
first system corresponds a cone with parallel axis belonging 
to the second system, but whereas every eoue of the first 
system yields a positive contribution to the j* three compo¬ 
nent at A, some of the corresponding cones of the second 
system yield negative components to the corresponding force 
component at J 0 . 

We shall find it convenient to write in parentheses after li 
and r' the value of 0 and <f> to which they belong, and to note 
that r'fw-o, jr-i-i/i) = ~ r \o, </ 0 ‘ 

If the values of 6 and 4> which correspond to a given eone 
of the first system are and <j > 0 , the values of 0 and </> which 
belong to the corresponding eone of the second system may 
be either 0„ and or tt — 0 U and ir + 0„. The eontrilmtion id‘ 
any cone of the first system to the x component of the force at 
A is 

, cos 0 

r 2 sin 6drdQd<$> - - j,- = p ^ sin Q eos OdOticfi, 


and the contribution of the corresponding eone of the second 
system to the x component of the force at ,!„ is either 


pr'( 0i ^ sin 6 cos $d&d<f> or pr\ n „ Bi * , w) siu 0 eos OtUh/Q, 


as the case may be. 

If, now, wo group together two cones of the first system 
corresponding to ($ m j, 0 ) and {0 m r + </g respectively, we 
may write the positive eontrilmtion coming from this pair m 
the form 


P 


sin 6 o d0d<f> 


4 OOB a 
a • ll (0 m 4*11) 


The values of 6 and <f> for the oormtponding eories of the 



Tho two values of 0 and <f> of either of these pairs give equal 
and opposite values to 

///„ sin 0 nos <f> z n sin $ sin cf>\ 


ho that the positive eontrihutiouH of this pair of cones of tho 
second system is 

• ami, '1 ^1) 0OH a 0„ 

ftm s ‘ lie,l *a^r(o7ty 

This contribution to the x component of the force at A (l is to 
tho contribution of the corresponding cones of the first, sys¬ 
tem to the corresponding force component at A as x„ to a. 
Therefore, the x component at A„ of the attraction due to the 
whole ellipsoid is to the corresponding component at A as tr 0 
to a. 

If, then, we know the values (X u Y u Z{) of the attraction 


at points on the surface at the negative extremities of tho 
semiaxes a, />, e, we may find the numerical values of the com¬ 
ponents parallel to the coordinate axes of the attraction at any 
point (- x m i/ m *,,) on the surface from the equations 

a " t /1 o !h\ 1 l /^i ; " 2a/*\J ( '’ 

The attraction A\ at A can he easily found * by adding 



/»ir /2 r*l 2 

= 8 a& 2 c 2 pJ sin 6 cos 2 6 d6 


u + v cos 2 </> + w sin 2 </> 


u + v cos 2 <f> + w sin 2 </> 

•r <*+*)+<•+»)? ’ where * “ tan *• 


2 V (u + v) (u + w) 

Hence, 

J ^ir /2 

. . r-r 

9 V<7> 2 cos 2 9 - 


sin 6 cos *$dQ 


Jo V( b 2 cos 2 0 -h a 2 sin 2 6) (c 2 cos 2 0 + a 2 sin 2 0 ) 

or, if s — a 2 tan 2 0 , 

Xi 2 a Scirp I ~ ; riTT/FTI i 7 , 2 \'iya /„ i „ 2 M/ 2 f 
»/o 


(.s + a 2 ) 8/2 (s + 6 2 ) 1/2 (s + c 3 ) 1 ' 5 


r o = 2 a&c vp x 0 j 

Jo 


0 + a y/2( s + ^x/ 2(s + C S)l/3 

— 2 a&c 7 rp x 0 K 0 — x 0 K 0 ', 

Y 0 = 2a&cwpy 0 £ ( s + a 2 ) 1/2 (s + 6 2 ) 8 ' 2 (s + c 2 ) 1/2 
= 2 abc vp y 0 L Q = yoA/j 

Z 0 = 2 a&Ovpz 0 £ Q, + a y*2( s + b y/2( s + 0 y,a 

2 abc 7rp ZqIUq « 


At the positive ends of the axes of the ellipsoid the force 
components are — X v — Y v — Z v If the ellipsoid were made 
of matter of density p, repelling according to the “Law of 
Nature,” the force components at the positive ends of the 
axes would be ■+- X u + + Z v 





The polar equation or an mipmimiu sun are oi Mcunuxes a, n, r, 
when the origin is at the centre anti 0 is t.ht* angle which any 
radius vector through the origin makes with the <t axis, is 


' >x l/V cos 9 0 4* //V J sin 9 0 en,w' J tft | trh 1 sin' 4 (I ain a 0 
aVrr' 

u 4* a (f) w sin 3 if> 

0 * 2 w r>i 

I r sin Oi/th/ifuti' 

I */it 

= 4 aW P C'UwOt/O .f* 

Jit J,I u | C vmrtfi i tr MU a 0. 

Using the method of reduction already cmjdoyerl m finding 
the value of Ji u wo learn that 

a = r _ ' h 

° J { 1 (« + \ t>' 1 ) {ri {H I i '*)* / ^ 

Q 0 is an elliptic integral of the first kind, A,„ and d/ (t are 
elliptical integrals of the second kind. If ,t * A • e, 


(.? 4- « a ) > (* + /' a j > (‘V -{ r 3 ) and A‘„ - /.„ . J/ til 
and, unless « is zero, 


(s 4 - « a )/(.« + W) < "*/!>* UJul (* \ It 1 ) [h j r ! t . /. J v. 

The equation for J r may he writ fen in f he i».rnt 

a* 9 v 4 * 4 

. — 4- —J.- I - t 

K - v /; r r„ r 8 

A 0 (thevp f^tilit'yrp M n ,i!u- ttp 

so that the ecpu potential surfaces within u houingeiteno'i eSIip 
soid are a set of ellipsoidal surfaces coaxial w iih fl„- gton 
ellipsoid and similar to cadi other. The ,* m ,f„, 
same order of length as are those of the «*!Si|e ltn ,!.tl t,„? 

are more nearly equal. I he outer surface t ,j f| g ,. ,ii i raei tnc 




and the x component of tlm attraction uue to ( t f at urn point 
P on S corresponding to 1” is 



The quantities in the parentheses arc equal, by Ivory’s Then- 
rem, and the two attraction components arc to each oilier as 
be : b'c'. If the wholo space inside S' is iilled with hnnioge. 
neons matter of density p, tlioV component at any point. /", 
on S', of the attraction of so imndi of the mass as lies within *S’ 

is equal to the product of and the s component of the 

attraction of the whole mans at tin* inside point /’ which lies 
on S and corresponds to /". We have already lomnt an 
expression for the last-named force component. 

To find, then, the attraction at tin' outside point, /“f.r', 
due to a homogeneous ellipsoid of density p bounded by the 

P* ,.a «a 

surface S, or “5 + 75 + ~ a — 1, we must first find the positive 

, a ' C P u ' 1 * '* 

value of X which satisfies the cubic „ | j 1 

«* I A h* t A di A 

and tlius determine the axes of the ellipsoidal mtrluee ,s" 
through confocal with S, If we cull this value of a, A\ the 


point P on S which correspomls to /*' on S' 1ms the eoordi- 
, / ax' bt/ 1 rz‘ \ 

Mtes U..+X-’ V^+X' V,MxO’ ,, "‘ lu, '’- r .. 


of the attraction at P duo to an ellipsoid of density p bounded 
by S' would be 



tin 

a'yr A (n | { 


jM 4 


If wo multiply this result by Iw/bP, we shall get the result 
sought. If we substitute « + X for * in the integral ami 
lemember that xme 1 a; a\ ww may write the s pnmjHturnl 
of tlie attraction of the «11 ilium*! tif f* - ' * 



' *A‘ (x -h tr ) 1111 {x 4- 

2 ttbrrr(){/' L -™ ij vii/' L, 

„ , r‘ <lx 

* m " Jy \x f- ,/ ,J )‘/a(aT.p ’y/a 

2 uht'wnx' M --- - S nix' I\I. 


Wo know that, if wo substitute in tho equation 




1 ^0, 


v ' ( i° h X />“ + \ (■“ + x ~ ’ 

tho ouhrdinatoH of any point in space, tho largest root of tho 
equation corresponds to an ellipsoid passing through tho point, 
and in negative, zero, or positive according us the point lies 
within, on, or without *S'. Following Dirichlot, let uh imagine 
a function u of the space coordinates, which shall have the 
value zero at every point within or on *S', and, at every point 
outside of *V, shall he equal to the positive root of the equa¬ 
tion F(\) • 0 which belongs to that point; and let us con- 
aider the integral 

„ . rV, x* t/ ** \ 

V « ir afap I [ l - 7 ~— - -~P-r= ■ - 


8 4" 8 4- /) a 8 4’ V % J 

th 

^ 4* r*)*/** 


w is zero, r is identicml with the value just found for the 

I 



but, from tli g definition of u, tbo c*.nt*fTi(*it'iit. of I\u vanishes 
when u is positive, so that the integral alone remains and gives 
the valne already found for tho j* component, of the at traction 
at an outside point due to a homogeneous ellipsoid nf density 
p bounded by S. At A, J r is continuous : V gives every¬ 
where, therefore, the value of the potential function dm* to a 
homogeneous ellipsoid of density p bounded by «V. 

If we note that 

rf_i_. + jl. + _lA_ ''■* 

J \s + Cl a 8 4* b* 8 + 0 / (8 d‘ | 

.... o 

(jf d°* i ^^ ^.*? d* /dj ’ ^^ ‘ ^ ^ 

and that the equation ™ 0 yields 

X) u — 2x / ( ** d -** ^ 

1 (a 1 d- ')(■) ' \(u a + «)* (h* 1 up* (r 3 d tt)'*) 

(with similar values for J) y u and /> s ti), so that 

r]> r u y/>.« -•/>,« 

fld d" u /d d“ tt r 8 d- it “ 

for an outside point, and zero for a point, within S, it is easy 
to see that V satisfies * Laplace’s Mrpiatioii witlnmt ,V and 
Poisson’s Equation within A, as it should. 

52. Logarithmic PotentialPunotiom. When & distribution 
of mattor attracting or repelling aceording to tin* ** Law* of 
Nature is sue,h that by a proper ehuiee oi axes of rei**rcuee 
for a set; of orthogonal Cartesian coordinates the demot v can 
be made to depend on two of these* eoordiuatrH mdv. the di« 
tribution evidently extends indefinitely far in both directions 
parallel to tho third axis. Hueli a distribution in nouietimen 
said to be “ columnar.” Any infinitely long cylinder the 
density of every filament of wi inli is tl, * HUlttt* ll.t-.... 


may liavo dmereut densities, is a columnar distribution. II 
wo choose for z axis a lino parallel to these filaments, the 
components of the force taken parallel to the, x and // axes at 
any point involve x and y only, and there is no force compo¬ 
nent parallel to tin 4 axis of z. Since the z eodrdinate will not 
appear in any of our equations, we may represent a columnar 
distribution by its trace in the xi/ plane, if we keep in mind 
the 1 fact that the distribution itself extends to infinity in both 
directions perpendicular to this plane. 

It is evident from tin* work of Section (> that a fme, homo¬ 
geneous filament of cross-section A// u made of repedling matter 



of density p,, urges a unit mass at. a point at a distance r from 
the filament, with a force of 1 * 1 absolute kinetic force 


r 

units. It follows that if the trace of a columnar distribution 
in the xy plane is an area ,/$, tlm force components at the 
point, (x, y, parallel to the axes of x ami y are 


r ,„ r r : x 0 r/ :h , 

J J xf 1 (//t Ilf 


rr -/*i(.v 

J J {x x xf -t (y, ijf % 


where p, is the density at any point the x and y coordinates of 

which are x t ami y, respectively, and where the integrals are 




extended over A is oauou imm m> »nm i;.*• (•‘d.inutinifl 
potential function ” Mongim: t<< th>- di iuh .n.m. an.I 

x ■ i i\ r, y ? i \ i . 


In the general ease the columnar d; *: tlmfne 
.sidereal to be made up partly «<! lil.net>--m . *<s j 
and partly of filumeiifs id' negative m »m- i, -• »1 
is positive for some value.'* id .r and v and n. • t? 
Under these eireumstanees ,\ and ) t*-j.». 
pouonta which would net. uu a unit .pianist * «»! j 
eoneentrated at the point //, • i. If « d! 1 
denote the amount of matter i lerhnu. d a!.;. hi, 
unit length of a columnar didnl>ufi u ia 1/ 
that at an inlinite diMunee j m the * v i !en , *j 
of a columnar distrilmtnni the !«<,;.mi\n.o- p.a, 
hoeomes inlinite, unless .1/ m /no, while the ?... 
vanish in any ease. 

It is easy to prove that, it 1/ I '4 ,T*U i», | -.j * \ * 

at infinity in the .17/ plane that, it n. ihe m. 
finite point in the plane, rJ’ and 1 7' I *, 

r increases imlelimteh. If M 1 > mu | h, 

at infinity in such a » a v that t he , t 

(r>J>,.V- 2.1/), (r r b, r I t/- 1 ...; • . : I 

all approindi the limit ,vi»> « h« n r i«-. ,. 5U ,. , ; ■ 
A] F, and T are finite at every tins!.- j:„ 

outside of is evident ; that »<• <*n. .d t!,«■ S14 , , , 
point within can W prmrd j** ft«!. 
whioh tlelino them to j«»I ar et.ordiis.tf* ma* 
point as origin, 

If n is the exterior normal «.f ue, > ho,. 

Jilouo, ftnd t the ilistiuiee from anv U * «,.i j., 
the line integral id emj n , rp r t d<-n 45 
zero, r, or 2 v, umirdnig m n v> a i!h.. < 

From this it follows that the hue p 


le.ii } j,,. 

' ■ jf 1 • e in,if 

*> { he •!« n*i{y 
*t • 1 1 ' *1 hef.s, 
1 *' * Ml < e e,, Iu . 

<« . 1 ? n e matter 

’ eos.-nt to 
'■* »Uj at the 

1 ? 5-»4 idelit 

* * h .l. r ,( t 
1 ^ • 1 * I ! i: ><'f ),i)| 

■■ 'lle|itl 


e ’» Itlfllllte 
ti-'iu any 
hfuSt'i ,|,1 

' infinite 

1/ h*g n, 

bit 
*• that 

f v plain* 

s! *' at any 

I'll 

•eoijM'i'Ird 


• ft j 


lh«- 


sif i 1 

1 t i 


* l !i ! ||(« 

*« I hr plane, 

n * 'fia! t« 

•.* wsfhan «, 
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positive) mass would have given rise to a negative pot.rut.ial 
fmu*,turn, and this might liavt* caused confusion. 

XL' a portion of a columnar disfriliulion consists of a surface 
charge on a cylindrical surface, we may convenient 1\ construct, 
a small (piadrilate.ral in the. xif plane by drawing two normals 
across the ends of an (demented’ the tract' of the cylindrical 
surface and two very near curves parallel to tin* trace element, 
one on one side and tin' other on the other. If, then, we apply 
Gauss’s Theorem to this quadrilateral, we shall learn that at 
every point of the trace the sum of tin* normal derivatives of 
V taken away from the curve <m each side is l mr. 

If a closed curve .s’ he drawn in the ay/ plane no as to 
include the trace of a portion of a columnar di-.t rilmt ion the 
lines of which are perpendicular to that plane and to exclude 
the trace of another purl,ion, ami if /‘j and J\ reprfM*ut the 
parts of the potential function (" belonging to these two 
portions of tlm distribution, we may apply Green's Themvm 
to V and the logarithm of the distance from a fixed point f) 
in the plane. If n represents a normal pointing outward from 
s, we shall find that 


f'< cos (//, r) 




tf* 


j /j„ r ■ log r tin 


is equal to the value at 0 of 2 ir I' a , if (> is within and to 
the value at 0 of -- 2w F u if (t is without x. 

If s happens to he a curve on which r is constant, 



log r ■ tlx 


is equal to the value at () of if 0 In without *, or of l\ 
if 0 is within x. 'flu* reader may eomparc these results with 
those given in equations [ I fid ] and [ 157 j. 

If a function //) 1ms the value zero at- c\ erv point of 


jUAAVTWi tuAJ. uw M ivmi ua&\j AUilAU UJl UUU UiO OfcMJLUO UUJU U, JUA.UU 

point 0 in the piano and prove that 



log r- 




log r • ds a , 


whore the normals point outward on and inward on s a , is 
equal to 0 , the value of in at O, or according as 0 is without 
Wj, between s l and % or within .f 2 . Surface charges, of density 
■■ f) n< 

" > applied to and .f a would, therefore, give rise to the 

•1 TP 

potential function in between ^ and % 

If a function u< /(.r, y), harmonic, at all finite points, has 
tin' constant value n on a closed tuirve s in tin' *>/ plane and 
becomes infinite at infinity in this plane in muds, a way that 

limit (a* U/tlogr) 0, or limit. (/ log r • I> r m in) = =0, 


where /x is a given constant, then at all points without a, if n 
is an interior normal, 

j " ( log r • th, 

and w is the potential funct ion due to a columnar distribution 
of superficial density />„//•/4 tt on tin* eylindrical surface 
of which a is the right section. The amount of matter in the 
unit length of this eylindrical distribution is fx. 

If within the closed curve n in the xy plane, w /(jr, y) is 
harmonic, we may apply Green's Theorem to w and the loga* 
ritlim of the distance r from a fixed point G u within using 
as field the region within # and without a small eircumforonce 
drawn around () t . This yields 

2 »«'„! „ t - :1 f O' • />„ log n ~ log r t • />„m] ih % 
where n is the exterior normal to a, If a, is the distance from 



* W 


* n v * / * * " 


or ZirW^o^J "n 1 

If s is a circumference of radius <i with centre at. ( , and if 
Ox and 0 2 are inverse points such that 

COx » lx, ao ,« 4 , 44 • • «*, 
then rj/rj, is constant all over *, 

JJ) n w ih = J* f Wf/a* r/#/ - 0, 

and 2 7 rw> ftt ^ - j ir[/>„ log r t />„ log M' 1 '** 

Moreover r x • J) n log )\ — cos (r Vt »), '*a ■ l> n lug r 3 cos (rj,, «), 


4 a = « a + r 


, 9 „ U 


(//•, COH (/*j, »)• 


4 fl = a a + V ■ - 2 f//‘„ cos (r g , «), 
and the value on a of r,/^ is l x /u % ho that 

1 rw(lx* u 8 ) . 

= ~ a ;J 


w. 


taken around the circumft'renee. 

If we introduce polar coordinates with origin at the centre 
of s and denote the coordinates of O t by 4 ami $ t , we shall have 


l_ r 2ff _ «'(4* «*) d<t> 

2 tJd 4* + u 8 2 «4 cos (<£ 


[im] 


This is sometimes called “ Poisson’s Integral.*" 
At the oentre of the circumferenee where 4 3 0, 


w 


2 


L. 

rrtt 
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uni*, 


EXAMPLES. 

1. If the potential function dim to a certain distribution of 
mat r i <ri e eoual to aero f r nil mu inn n irivmi 


Wiuiiiu n , uuuru in nu minin' wibUOUli A't, mere 18 a BUpemCUU 

distribution nf surface density 

"■-■rrivw’+V'.*)'+(.'>■*)*? 

upon aV, and tho volume density of tho matter within $ is 

P s = - 4- l>?4> 4- / V J <A]- 

[Thomson and Tait.] 

2, Bhow that, if u> is constant on tho closed surfaoo »V and 
is harmonic within A, if is constant in tho space enclosed by 
aS'; and that if IT vanishes at infinity and is everywhere har¬ 
monic, it is everywhere equal to zero. 

II If two functions, u\ and u\ t which without a closed sur¬ 
face aS' are harmonic and vanish at infinity, have on aS* values 
which at every point are in the ratio of A. to 1, A being a con¬ 
stant, then everywhert' «*, ^ \tt< r 

4, The functions u and e have the constant values «, and i\ 
on the closed surface *S', and the constant values ?/ a and e„ on 
the closed surface S t within ti v Between aS', and *V a , a and v 
are harmonic. Hhow that 

( 11 ~ «i )0‘i ' *’t) — ('* -- -■ «i)* 

5, Outside a closed surface ,S\ //•, and w t are harmonic and 
have the same level surfaces, w, vanishes at infinity, while 
u\ has everywhere at infinity tho constant, value (\ Assum¬ 
ing that a scalar point function v is expressible in terms of 
another, u, if, and only if, 

/V7^V 

show that u\ is of the form /he, \ (’. 

tl. Show that there cannot lie two different functions, W 
and IV\ both of which within the space enclosed by a given 
surface S (!) satisfy Laplace’s Equation, (2) are, together 
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surfaces, tliere cannot be two different functions, If and fl'\ 
which without these surfaces (1) satisfy Laplace's Fqualion, 
(2) are, with their first space derivatives, continuous, (,'!) so 
vanish at infinity that rll] WT', r/{JI , r/* r Il wlu>rc /• is 
the distance from dny finite fixed point, have finite limits, and 
which satisfy one of the following relations : (I ) at every 
point on tlio given surfaces JF-= If, (2) at every point of 
every surface D n W = 

8. At every point of a portion (or the whole) id a (dosed 
surface $ (or of a set of (dosed surfaces) the functions //•, and 
w 2 have equal values, and at every point of the remainder of 
S these functions have equal normal derivatives. Outside 
and on A both functions are harmonic, and they both vanish 
at infinity in some maimer not more closely defined. Much of 

the integrals f]\v V W, / lias evidently the same 

finite numerical value when taken over S or over any other 
surfaco which encloses A'. Show that tv, and are identical. 

If the values of w, and at a point. /', the coordinates 
of which referred to any fixed point as origin art* (/•, ()„ <f>), 
instead of approaching zero as r is nuuh' to increase imhdi 
nitely, both approach the limit /(0, </>), / being a continuous 
function, when, with any values of 0 and </>, r is made iniinite, 
Wy and w a are identical. 

9. The given closed surface A', shuts in the given closed 
surface Ay. The given function tv is harmonic between A', 
and Ay. Show that no other function than iv, harmonic be¬ 
tween A\ and A y a , lias tlio same value that tv has at every point 
of Sy and the same value of the normal derivative at every 
point of A 3 . Show also that any such function which has the 
same value of the normal derivative at every point of A', uml A a 
that the normal derivative of w has differs from tv at most by 
a constan . IsT ( I or f Hit n than /«.. lumt onin bi<t.w . <i, .St 


I u. 


I illl 


UM 


Mmr.uniu wiiinmu viuuttiu^ iih imuiiuy 

that;, if ;* is the distance from any lixed finite point, the limits 
of r 10 and >'*/>,, ir are not, infinite, has an open zero level sur¬ 
face *S', as well as a series of (dosed level surfaces of which one 
is X,. Show that in the region 7’, between X, and X,, in is 
the potential function due to surface distributions on X and 
X, defined by tin* equation -I mr /> n io, where, n points out 
of 7'. The whole charge on flu* two surfaces is zero. 

11, Outside the closed surface X upon which its value is 
given at every point, the function in is harmonic except, at 
certain points, l', p etc., where it, becomes infinite in 
such n way that, if n k represents flu* distance from J\, 

in m k j r k is harmonic, at l\ y 

where m k is a constant belonging to tin* point l\. At infinity 
in vanishes like a Newtonian potential function. Prove that 
in is unique. If in is a Newtonian potential function, what 
do you know about tin* distribution which gives rise to it 7 

12. The functions X, fl\ M, a with their first space deriva¬ 
tive's an* continuous, everywhere without a given closed sur¬ 
face X, and they vanish at, inliuity like a Newtonian potential 
function dm* to a finite distribution of matter. X and have 
the same values at every point of X hut outside X X, (-), and 
U satisfy Laplace’s Equation and IT does not. The surface 
integrals of the normal derivatives of (-) ami O taken over 
S an* equal, but to lms the same value all over X and O a 
continuously variable value. Show that, if the integrations 
embrace all space outside X, 

f } [»'!')*(,Is'h/'t .r 

. 


given surface 8 is least when the arrangement is oquipo- 
tential. 

13. Everywhere within the dosed surface 8 the two scalar 
point functions Faiul V are continuous with their iirst deriv¬ 
atives. Over a given portion of K I' and have equal 
values, while over the remainder of »S' both !> n V and 1> H C' are 
equal to zero. Tho vectors y aud y' have the components 
XZ> x V, XD y V, Xl),V and XJ^V', XP y i'', XPJ n respectively, 
where X is a positive analytic scalar point function. Show 
that, if q is solcnoidal and y 1 is not soUnioidal, the integral 

fff x ^ l> ' iry +( !> - r)>+( r> - r )J J ,/t 

extended over the whole space within 8 is less than the integral 

extended over the samo region. 

14. Gravitating matter of given uniform density is etndlned 
within a given closed surface, but its volume is less than that 
enclosed by the surface. Prove that its potential energy is a 
maximum, if the matter forms a shell of which tin' given sur¬ 
face is the outer boundary, while the internal boundary is an 
equipotential surface. 

15. Let £ s /, (#, y) and y ^ /„ {jr, y) be two analytical 
functions of x and y such that the two families of curves 

/iO> //) « ^ M *>//) : * 

are orthogonal. Let V he any function of jr and y which, 
with its first space derivatives, is continuous, within and on a 
closed curve s, drawn in the eohrclimite plane. Let h t and h n 
be the positive roots of the equations 

V - W + (AO*. V “ U'.i)* + (/>„*)•. 


over the area enclosed by ft, is equal to the line integral taken 
•around a of V eon (£, ?/.), whore n is an exterior normal and 
(£, ii) represents the angle between n and the direction in 
which $ increased moat raj (idly. 

Show that the eorrcajiondiug theorem in three dimensions 
may be expressed by the equation 

JlfMA ' "*(), ['^'r ff re»(«, n)HH 

10. The operator [(/V) 8 H (/\) 2 H- f/> # ) 3 ] ajqdied to any of 
the quantitioH x :i Vlf, x d: it/ Vi} ± etc., yielda zero : 

is every analytic function of any one of these quantities 
harmonic ? 

J7. The product of two harmonic functions, n, v, is itself 
harmonic if, and only if, the level surfaces of u and v are 
orthogonal. The product of three harmonic functions, it, /*, •//*, 
is itself harmonic if, and only if, the level surfaces of u , v, 
and iv are mutually orthogonal. 

18. The function w of the two variables x and >/ is har¬ 
monic in the xy plane everywhere outside of the mutually 
exclusive closed rurves and % Upon these curves iv lias 
given constant, values. At infinity, %v becomes infinite in such 
a manner that, if r is the distance from any finite point in 
the xi/ plane, 

(r h’gr. D r w - w) » 0. 

Show that tv is the potential function without s, and * 9 , due 
to superficial distributions defined by the equation 4 wit - 
upon the cylindrical surfaces of which s, and » t are the traces. 
In the formula just given the normal points outward at #, 
and s r 

II). The function tv of the two variables x ami y is bur- 



U.k V V} Wj VW H' Ml) » ' ' * J ***•'*’ **■'' **'* « in 

distance from the origin w so becomes inlinite that , 

rTt ( r ’ lo ff r * " "'J : (); 

show that on either side of s, w may he considered as the 
logarithmic potential function due to a distribution of clce- 
I) U' 

tricity of density <r — — ~ r on the infinite cylindrical Htirfaee 

•1 7T 

of which .? is a right section, and to distributions upon lines 
normal to tlm ay/ plane, which cut the plane at so many of the . 
P points as lie on the chosen side of s. 

20. If the normal component of a vector is zero at every 
point of a closed surface .S', and if within and on .S' t he vector is 
everywhere solenoidal and lamellar, its components arc 4 equal 
to zero at every point within .S'. If the normal component of 
a vector is given at every point of ,V. and if everywhere within 
fi the curl and the divergence have given value's, tin' vector is 
determined. If y and </' are vectors the normal components 
of which vanish at every point of .S’, and if within S, y is 
solenoidal with curl k % while' y' is lamellar with divergence 
J), where k and J) are. given scalar pond, functions y j y» j fi 
the unique vector, the normal component, of which is /cm at 
every point of .S', and which within .S' has the curl k and the 
divergence J). 

21. The normal derivative of u with respect to r is 

(J>,m • f) x ii -b f) y tt . J) v v q 1) 4 U . 

22. If u lh xi/z, ?«- ; 2.r -p ;/ •(' », the values at {1, I, 1) ,,f 
D v u and D )t r are 2/d and 4/d. 

2d. The gradients of n and r are numerically equal at every 
point, though not in general coincident, in directum, if. and 
only if, u + i> and it ■ n are orthogonal functions. If |] M . 

<*yv»n /I ■! ftn hft r* P .. ,» kJ l .. . i . . 
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24. If tlm components parallel to the axes of x and y of 
the solouoidal vector (a, c, 0), which has no component parallel 
to tlm z axis, arc independent of z, a vector, directed parallel 
to the z axis, which ban for its intensity any partial inte¬ 
gral (<A) of ii with rcHpeet to // which satisfies the (condition 
DJJn >\ is a v('etor potential fune.tion of tlm original 
vector. Thun: (0, 0, x'\i/ d //* x v ) is a vector potential func¬ 
tion of (.r -i | d //■*, D vf" 2 ay/, 0). Tlm value at tlm point 
(x, y, z) of tin* derivative td' (,h, taken in a direction perpen¬ 
dicular t.o tlm z axis and making an angle «, T 1)0“ with the 
plane of s.v, in ■ roe (a 1 '.)()“) h />„(,>« • niii («• T 90°), 

• com a IKQ . ' *dn m or it cos a p r Hin a, and thin is the 
resolved part of the vector (w, e, 0) at the 1 same point in a 
direction parallel to the xy plane and making an angle «, 
with the plane of x.v. We learn, therefore, that the numer¬ 
ical value at any point /* of the derivative of (,> s , taken 
in any direction h parallel to the ay/ plums is equal to the 
component of the vector (?/, e, 0) in a direction parallel to 
the ay/ plain' and perpendicular to h. Show that the inter¬ 
section of any plant' parallel to the ay/ plant' with a cylin¬ 
der td' tin' family (,>„ constant is a line of the vector 
(a, c, 0). Show also that /W. I /yk t y (/> f e /yu), 
tin' negative td’ tin* component, parallel to the s axis td' the 
curl of (n, i\ <t). 

2o. A vector parallel to the x axis of intensity indepmnl- 
cut of z and etpml to the negative' of a partial integral of //* 
with respect to //, and a vector jHirallel to the // axis of inten- 
sity imlepeudent. of * ami equal to a partial integral of w 
with respect to x, arc vt'cior potential functitins of the vector 
(0, 0, »/•), provith'il ir is independent of t. For example : the 
vectors [ y 1 ,'t x*y f 0, 01 and pi, x a 2 ay/ I $(//), 0] 


wnere j\t) — — j^ r L v / x *— 

original vector. Is this original vector Holcnoitlal 

27. If the lines of a vector arc straight lines parallel to the 
xy plane and emanating from the z axis, and il the intensity 
of tlie vector is a function /(r) of tlm distance /• from this 
axis, f(r) must be of tlio form r./r if the vector is solenuntal. 
A vector with such linos as these cannot be soleunidal if the 
intensity at every point is a given function of the angle which 
the line of the vector through that point makes with the xs 
plane. 

28. The lines of the vector [j* •/(**•» >/). //■./’(•'*« {, | are 
straight lines parallel to the xy plane ami emanating from 
the z axis, and its curl is of the form (0, 0, y • />,/ x • l\f). 
If / is expressible as a function of the angle tan 1 {y/x) % 
y • J) x f— x • I) y f is also expressible as a function of this 
angle, but if / is expressible as a function of r vV 4 t y* % 
y • l) x f — x • J\f vanishes and no vector of the form 

[>•/(>*). y ■/(>% «] 

can be a vector potential function of the vector [<), 0, </>(r) ]. 
If tho ratio of y to x bo denoted by /x, and if /(/*) 

~ tbo vector [> •/(/*), ;/■/(/*)> () ] is a vector 

potential function of the vector [0, 0, </>(/*),)■ 

29. The lines of the vector [ y \f\x, y), x ./(j\ //), 0] are 
circles parallel to the xy plane with centres on the x axis, and 
its curl is of tbo form (0, 0, 2/+• jr. !> t f 4' ,y* !>„/). Show 
that if f is expressible as a function of r, tin' distance from 
the z axis, so is 2/-f ^ • /> x f 4* y ■ t) v f % and tlmt, if 

m- ’./'••xw*. 

[-?/• x<F(r), 0] is a vector potential function of the 





(u, V, w), and three values oi n {/t u . aim, u \m- sum 

stitute «, v, and w successively for A. in tin* equation /■'(A) 0, 
we shall get three linear equations in .r 9 , y\ from which 
we may obtain expressions for ;r, //, z in terms oi u, r, m. 

h t ? = - 4[(« 9 + if) (A 9 + it) (/■“ 4- w)'l/l' C" <r) ], 

and h* and hj have corresponding values which, substituted in 




-\- l) 


//„ 
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ik r 


^ 1 a„a, !> " 


0, 


gives Laplace’s Equation in terms of the orthogonal curvi¬ 
linear coordinates (;q />, //'). Prove tlmt if we assume that, a 
solution of this equation exists which involves in only and 
vanishes when w is iulinite, the equation which determines 
this solution takes the form 


A,4C(« a +<o)(AM "')C' ,,4 '1 <>. 


so that V =(.!'-( 




if in 


(n J |- //•) 1 * f w) 1 r4 (r" | w ) 1 


- c f\. - . 

Jw (a a 4’ /r) ,/a (A' J | in) l,) (i ii f ir) u * 

% 

Hence, show that a set of eonfoeal ellipsoids arc possible 
external oquipotonthil surfaces, and that if .)/ is the muss of 
the corresponding distribution the potential function is given 
by the last equation, in which, since a very large value of m 
corresponds to an ellipsoid little different from n sphere of 
radius Vm>, C is to he determined by the equation 


limit 
10 — 00 


V Vin 


M. 


Eind the density of a superficial distribution on a nurture of 



«n, im '.uii v/i u*u* \ iu i v/i a m/umumai yuuuuj. ouuii uuttu ujiiu 

three functions which give the strengths of its components 
parallel to the coordinate axes satisfy Laplace’s Equation 
vanishes. If the lines of a vector are all parallel to a plane, 
and the vector lias the same value at all points in any lino per¬ 
pendicular to the plane, the vector is perpendicular to its curl. 

dfi. A. certain vector, the tensor of which is f(jr, y, «), is at 
every point directed exactly in the direction of the straight 
line which joins the origin with the point in question; show 
that the vector is not necessarily lamellar, but that it is per¬ 
pendicular to its curl. If all the components of a vector aro 
functions of .r and y only, or if all are funetions of .r only, or 
if turn component vanishes and the other components are 
funetions of x, y, and », the vector may or may not be 
perpendicular to its curl. 

If {(,)„ V.) ar° the components of a vector Q, 

(A ( , ft, i, t 1 ]) tin* curl components, (A u , y, g , v a ) the components 
of the curl of tin* eurl of Q, and so on, 

/>„V. X, « /> r (IMv Q) - 

\ a Y'%, X* - - V a X # , and so on* 

1 low are these equations changed if Q is a solenoida! 
vector 7 

;i?. If Ihi* harmonic function /(x, y, z) represents the x 
component of a vector which is both solenoida! and lamellar, 
the if and z components must be of the form 

V j 1 /^(//. «). % ** f t\f' (y, »), 

where i/r(y, ,t) is a solution of the equation 

/W i /'.V ■ *>J' 

,*W, A certain vector (.V, 1*, %) is not pcrjtemlioular to its 

, t. i • l- . *1 ihii uotft )hm fIftti If* r}nfa^ 


which, added to the lirst vector gives a now vector porpeiwlio- 
ular to its curl. Is this equation always intcgrablo ? 

39. A vector Q t with components ((/,, (J u , (h), is continuous 
except at a certain .surface S. In each of the regions sepa¬ 
rated hy S, J) X Q V - /yd,, I>A >, ; ^AK> /yd. />JA< »<] f-luit 
at every point within these regions the curl of (,> vanishes. 
Investigate tho value of the curl of (,) tm 8 when the normal 
(or a tangential) component of Q is diseont.inuous there. 

40. Unless V 2 /=- 0, a vector the x component, of which in 
f(x, y , z) cannot he both lamellar and sohmoidul. 

41. Matter spread uniformly in a superficial distribution 

on a circular portion of a plane forms a “ circular surface 
distribution.” Two such distributions, each of radius o, urn 
placed parallel and opposite each other at a distance S apart.. 
If tho density of one of these he + <r and that of the other 
— ar, and if S bo made to approaoh zero and <r to increase in 
such a manner that the product of tr and £ is always equal to 
the constant y., tho resulting value of the potential function 
is said to bo duo to a “ circular double layer " of radius h, and 
density fx. Hliow that the limiting value. ttf the potential 
function at a point P on fclm axis of the double layer and at 
a distance x from its plane is ± 2 7t/a(1 • x/ Vo' 4 i x 3 ), where 

the positivo sign is to bo used if P is on one side (if the double 
layer, and the negative sign if /* is on the other side. i« the 
potential function discontinuous at the double layer V Is the 
force discontinuous '( 

42. Assuming tho surface of the earth m defined by the sea- 
level to bo a spheroid of olliptioity «, prove that the maun of 
the earth in astronomical units is tf 0 ty tt (l 4* c § w), where 
ffo is the force of gravity at the equator, u a tho equatorial 
radius, and m the ratio of “centrifugal foroo" to true gravity 
at the equator. 
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chapter y. 

THE ELEMENTS OF THE MATHEMATICAL THEOKY 
OF ELECTRICITY, 

I. ELECTROSTATICS. 

53. Introductory. Having considered abstractly a Tow of 
the ohametoristio properties of what has heon called “the New¬ 
tonian potential function,” we will devote this chapter to a very 
brief discussion of some general principles of Electrostatics and 
Electrokinetics. By so doing we shall incidentally learn how 
to apply to the treatment of certain practical problems many of 
the theorems that we have proved in the preceding chapters. 

In what follows* the reader w supposed to he familiar with 
such electrostatic phenomena as are described in the first few 
chapters of treatises on Statical Electricity, and with the hypoth¬ 
eses that are given to explain these phenomena. 

Without expressing any opinion with regard to the physical 
nature of what is called electrification^ wo shall here lake for 
granted that whether it is due to the presence of some sub¬ 
stance, or 1 m only the consequence of a mode of motion or of u 
state of polarization, we may, without error in our results, use 
some of the language of the old “ Two Fluid Theory of Elec¬ 
tricity ” ns the basis of our mathematical work. 

The reader is reminded that, among other things, this theory 
teaches that: 

(1) Every particle of a body which is in its natural state con¬ 
tains, combined together so as to cancel each other’s effects at 
nil outside |K»int«, equal large quantities of two kinds of elec* 
trieiti/ with properties like those of the positives and negative 





charge is of positive electricity, tin* body is said to lie pus* 
tivoly electrified ; if (lie charge is ueguti\e, negutmdy electrified. 
Either kind of electricity existing uueouibiued with nu etpuil 
quantity of the, other kind, is culled /<’»r electricity. 

(;j) When a charged body J is brought into the neighborhood 
of another body If in its natural stale, the two Kinds ot elec¬ 
tricity in every particle of />’ lend to separate troui cadi oilier, 
one being attracted and the other repelled by ,f\ elutige, and 
to move in opposite directions. 

In general, a tendency to separation occurs in all parts of the 
body, whether if is charged or not, where the resultant electric 
force (the force due to all the free electricity in existence) is 
not zero. Thin effect is said to be due to «.«, 

In our work we shall assume all this to be true, and proceed 
to apply tlie principles slated in Section il to the treatment of 
problems involving distributions of electricity . We ’.halt Uud if 
convenient to distinguish between rnmlminrs, which offer prac¬ 
tically no resistance to the passage of electricity through their 
substance, and uoiirond mint's, which we shall regard as prevent¬ 
ing altogether such transfer of electricity from puif to part. 

54. The Charges on Conductor* are Superficial, When elec¬ 
tricity is eommnnicaU'd to a conductor, a state of ojuiiiht iutn is 
soon established. After this has taken place, there can be no 
resultant force tending to move any portion of the charge 
through the substance of the conductor, for, by supposition, the 
conductor does not prevent the passage of elect! ieit\ through 
itself. 

Moreover, the resultant electric force must be zero at all 
points in the substance of a conductor in electric ciptilibi iutn; 
for if the force were not zero at any point, electricity would 
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the substance of any single conductor in electric equilibrium, 
w lu'lher or not the conductor he charged, and whether or not 
there, he other charged or uncharged eoiuluetorH in the neigh¬ 
borhood. Different conductors existing together will in general 
he at dill’erent potentials, but all the points of any one. of these 
conductors will be at the. same potential. 

Wherever 1” is constant, Y a r~:(), and hence, by Poisson’s 
Kquution, />. O, so that there can be no free electricity within 
the substance of a conductor in equilibrium, and the whole 
charge must In* distributed upon the surface. Kxperiment 
shows that we must regard (lie thickness of clmrgcH spread upon 
conductors as inappreciable, and that it is best to consider that 
in Htieh eascH we have to do with really superllcial distributions 
of electricity, in which the conductor bears a rough analogy to 
the cavity enclosed by the. thin Hindis of repelling matter de¬ 
scribed in the preceding chapter. 

The Hiirfuee density at any point of a superficial distribution 
of electricity shall be taken positive or negative, according as 
the electricity at that, point is positive' or negative, and the force 
which would act upon a unit of positive eleetrieity if it were 
eoneenlraled at a point /’ without disturbing existing distribu¬ 
tions shall he culled “the electric force” or “ the strength of 
tin 1 electric lleld at /V 

It is evident., from Sections ■In and dti, that. the. electric force 
at a point just outside a charged conductor, at a place where 
tin* surface density of the charge is ir, is -1 7 nr, and that this is 
directed outwards or inwards, according as tr is positive or nega¬ 
tive. 

In other words, the derivative of tin* potential function 

in tin* direction of tin* exterior normal, is equal to — *1 irir, and 
fho v tl i > of I r iiL a i hit /’ i mt ltsi 1 < t o con 1 'tor is imoitce 


surface. Wo Hluill hooii meet, with eases where lIn* electricity 
on a, conductor's surface is nl some points posili\c and at others 
negative, mul with other cases whore (in* sign of the potential 
function inside and on a conductor is of opposite sign to the 
charge. 

It is evident, from the work of Section IT, tlmt the resistunee 
per unit of area which the noneondueling medium nhotit a con¬ 
ductor has to exert upon the conductors charge to prevent it 
from Hying olf, is, at a part where the density is ir, 'Jmr 

55. General Principles which follow directly from the Theory 
of the Newtonian Potential Punotion. If two different distribu¬ 
tions of electricity, which have (lie name system of cipiipofeu- 
tial surfaces throughout a certain region, he superposed ho as to 
exist together, the new distribution will have the mime eipdpo- 
tontial surfaces in that region as each of the component*. For, 
if and 1 y, the potential functions due to the two components 
rospe.etively, he both constant over any surface, their sum will 
he constant; over the same surface. 

Two distributions of electricity, which have densities e\ er\ - 
where equal in magnitude hut opposite in sign, ha\e the same 
system ul oquipotcntial surfaces, ami, if superposed, ha\e no 
effect at any point in space, 

I wo distributions of electricity, arranged sueressn elv on the 
same conduclor so that at every point the density of the one 
is vi limoH that of the other, have the same system of equipo* 
tontial surfaces, and the potential function due to the Hist is 
everywhere m times as great as that due to the second. 

If the whole charge of a eomluetor which is u**f exposed to 
the action of any electricity except its own is / e r**, the super* 
Ik ml density must he zero at all points of the surface, and the 
conductor is m its natural state. I 1 or if »f is nut e\ ervw Imre 
zero, it; iru nt 1 « ‘ un nn I,t«„.,io.. 


...t * 


the conductor, values higher and lowor than K u , its value in the 
conductor itself. But this would necessitate Honiowliere in empty 
space a value of the potential function not lying between I o and 
0, the value at infinity ; that is, a maximum in empty space if 
I',, is positive, and a minimum if ho is negative; which ia 
absurd. 

A system of conductors, on each of which the charge is null, 
must be in the natural state if exposed to the action of no out- 
aide electricity. For, by applying the reasoning just used to 
that conductor in which the potential function is supposed to 
have the value most widely different from zero, we may show 
that the surface density all over the conductor is zero, ho that 
no inlluenee is exercised on outside bodies; and then, suppos¬ 
ing Lhia conductor removed, we may proceed in the same way 
with the system made up of the remaining conductors. 

If a charge M of electricity, when given to a conductor, ar¬ 
ranges itself in equilibrium so as to give the surface density 

far (In 

<r /(.r, y, z) and to make the potential function T r 0 =* j 

con a taut within the conductor, a charge — ilf, if arranged on the 
conductor so as to give at every point the density — y 1 z) 
would he in equilibrium, for it would give everywhere the poten- 

tial function I K„ und thin la constant wherever I# 

J r 

is constant. 

Only one distribution of the same quantity of electricity M on 
the same conductor, removed from the influence of all other 
electricity, is possible ; for, suppose two different values of sur¬ 
face density possible, <r t »/, %) and <r a ^f 3 (.r, jy, z) , then 

— rr,j ms — /■A 1 *'* //% z ) a possible distribution of the charge — M. 
Superpose the distribution — (r„ upon the distribution <r, so that 
the total charge shall he equal to zero; then the surface density 
at every point is <r, — cr a , and this must be zero by what we have 



easy to boo that if the whole quantiiy of electricity ott any eou¬ 
duetor bo changed in a given ratio, tin* density at onoh point 
will 1)0 changed in tin 1 Hiuno ratio. 


56. Tubes of Force and their Properties. Wi- 1ms u seen that 
a unit of positive olootrioity ooiiooiitratod at a point /’ just out- 
side a conductor would ho urged awns from the conductor or 
drawn towards it, according an that point on tin* conductor \\Inch 
i» nearest 1* in posit ivcly or negatively cirri rilled. If vs r regard 
lines of force drawn in an electric Held a- generated hy points 
moving from places of higher potential /«» places of lower poten¬ 
tial, wo may say that a line of force t\<>m every point 

of a conductor whevo the surface density is positive, ami that a 
lino of force vnih til, every point of a conductor where the sur¬ 
face density is negative. No line of force either leases or 
enters a conductor ul a point where the surface deimitv is zero, 
and no line of force can start at, one point of a conductor where 
the eloetrilleation is positive and return to the same conductor 
at a point where the eleetrilleution is negative. N‘o line of force 
can proceed from one eouduetor at a point eteetritlrd in Hits way 
and enter another conductor at a point where the elect rillentiou 
lias the. flume mums as at tin* starting-point, A line of force 
never eutfl through a conductor so as to conn* out at the other 
side, for the force at every point inside a eouduetor is /mo. 

Lines and tubes of force are sometimes called in electrostatic', 
lines and lubes of “ induction.” 

When a tube of force joins two conductors, the charges ty,, 
Qa of the portions jS'j, *S' a which it cuts from the two 'airfares are 
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and closed at tho, ends inside tlio two conductors, the surface 
integral of normal force taken over the box thus (brined is zero, 
for the part outside the conductors yields nothing, since. tho re¬ 
sultant foree is tangential to it, and there is no resultant foree 
at any point inside, a conductor. It follows, from (iauss’s 
Theorem, that (he whole quantity of electricity (+ f^..) inside 
tin 1 box must. be. zero, or -- Q.^ which proves the theorem. 
If <r, and ir.j are tho average values of the surface densities of 
the charges on and respectively, we have <r, and 

ir a <S’jsd^, whence 



The integral taken over any surface, closed or not, of the 
force normal to that surface is called by some writers the Jin in 
of J'orvo across the surface in question, and by others t hi* tnrfur- 
tinn. through this Hiirfuee. 

If we apply (iuuhh’s Theorem to a box shut, in by a tube, 
of force and the portions iS',, X, which it, eats from any two 
equipotentiul surfaces, we shall have, if the box contains no 
electricity, 

C.v-". Inin] 

where l<\ and !’\ are the average values, over S x and S., respec¬ 
tively, of the normal force taken in tlit* same direction (that in 
which 1' decreases) in both cases. In other wohIh, the How of 
foree across all equipotentinl sections of a tube of force con¬ 
taining no electricity is the same, or the average force over an 
equipotentinl section of an empty tube of foree is inversely pro¬ 
portional to this area of the Hcelion. 


tors a conductor large enough I" close hs •'**•* ‘•'•nipletrly, a 
charge w will he fouml i»u the • tr jm-t Millleient to reduce 

to zero the How of force (/) through the tube. 1 hat in, 

/ 

J n 

Tt Is sometimes convenient to consider an elertiie th-hl to he 
divided up hy a system of tube* of buw, mi chosen that the flow 
of force across any equipnlenliul MUtuee of «*ae!i tube shall In* 
equal to -1 it. Hue.h lubes are called mi if fuh> , * bu w herever 
one of them ahtitH on a conductor, there in a In a\ •» fb r unit ipinn- 
tityof electricity on that portion of the enndmtoi’s mu fmv u lueh 
tlie tube intercepts. In home treatises on < l«-, 1 11 , u\ tie- i%-j*n 
“line of force" in used to represent a tnul tube of f,<n r, an 
when a conductor in said to cut a eeitain nuiubei of “ lines of 
force.” 

It in evident that m unit tubes abut on a mu fa* e ju t outside 
a conductor charged with in units of either hind of eh eh j. uv, 
if the Bupertleial density of the dialge has r\ o V w in So the same 
sign. These tullCH must he regalded as *<> ..a >oi i ><•/ at the eon. 
duetor if m in positive, mid in < /»«*/ th> i, a ... i. m eitive. 

If a conductor is charged at some phiet s with j»<stti\e eier- 
tricity and at others with negative eh-rheat *, t»d« n of form 
will begin where the eleetriih'ntion i« ]Hi»iti\r, amt of/«rs will 
end where, the elertnSiratnui ia negn 
tive. 

It is evident that no lube of force 
win return into itself, 

57. Hollow Conductor*. When the 

Pm. 42. noneouduetiiig rai it \ , shut in l*v a 

hollow eoiiduetof f\ , Fig iL*., eontallH 




quantities, o l electricity (in u m a , m a , etc,., or 2 , m) distributed 

in any way, but insulated from K, there is indueed on the 
walls of tlie cavity a charge of electricity algebraically equal 
in quantity, but opposite in sign, to the algebraic sum of the 
electricities within the cavity. 

Call the outside surface of the conductor A Y a and its charge 
71/„, the boundary of the cavity A'< and its charge 4/<, and sur- 
round the cavity by a closed surface A', every point of which lies 
within the substance of the conductor, whore the resultant, force 
is zero. Now the surface integral of normal force taken over 
A' is zero, so that,, according to (iaiiHs’H Theorem, the algebraic 
slim of the quantities of electricity within the cavity and upon 
A' { is zero. That is, 


]\l J ~|n 7^1 “f” VI H " 4 ” W>) " 4 ” ’ • 





and this is our theorem, which is true whatever the charge on 
jS„ is, and whatever distribution of free electricity there may 
be outside A”. If the distribution of the electricity within the 
cavity bo changed by moving va h etc., t.o different positions, 
tin 1 ili'Htrihidimi of M, on S t will in general be changed, although 
its value remains unchanged. 

If A" has received no electricity from without, its total charge 
must be zero ; that 1 h, 



If a charge algebraically equal to ,1/he given to A', 




The combined effect of 



the electricity within the cavity, 


and M ( , the electricity on the walls of the cavity, is at all points 
without A'< absolutely null. For, if we apply [l/»tl] to A', any sur- 



but^ 7 may l»i' drawn as nearly coincident with .\ a, m- ptniHe. 
Hence our theorem, which shows (hut, so lar u-> j 1 m■ \alu<* of tin* 
potential function in llio suhstiuicc of tin- conductor of outside 
it, and ho far as the arrangement of l/„ and of .1/', any five 

electricity there nmv he outside h\ an* nmrenird. 1/, and N (,„ ) 

might he removed together without chutudne au \ thing, 'I'lie 
potential funetion at tdl points outside is to In- found l»v con¬ 
sidering only J/„iuul 

If Si happens to hi* one of the etpiipnlrut ial mu faces of N ( H< ) 

Jkmmmd 

considered hy itself, M t will he itintii'trd in the -.atm' ua\ as a 
charge of the same magnitude would uin»ui*e it-. t If on n con¬ 
ductor whose outside MUrfnee was of the nlmj-r S,, if icniouat 
from the aetion of all other free elect nett \. 

The potential hmetion ( l‘ ; ) due t<* l/„ and l/‘ is constant 
everywhere within S'„; for if we apph | Idl„ | t** » Mtifucr „s\ 
drawn within tin* substance of the conductor h;» near »V B uh we 
like, we shall have 

r.- - j:, ti, 

which proves the theorem. 

The potential funetion within the euufv is i iptal to I* } j* 

where 1^ is the potential function due to l/, nnd^S t f!l j, nr these, 

Fj is, as we have seen, constant f!*ron^ia»u? A and t|n< enutv 
(Section Ill) which it enelum*?., while ! , h t*> »fiif* i« ut vjiltic** m 
diflerimt parts of the cavity, and *s /no w it Inn ti,.- unbtUunee of 
the conductor. 

Suppose now that, hy means of an el«-< -tn.■ al iiri* l,me, sioim* 
of the two kinds of electricity evistiuc » omf*ui, d !»>;'. ?!n-j ut a 
eonducU>r within the cavity he wepanifrd, and r.pj.d »pj:uifttn h 
(tf) each kind he net free and di**t i it mt. < t s n an\ iimutirr 
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quantity of matter in the cavity in unchanged, lining now, alge¬ 
braically considered, 

Z ^j—\ 

{>») + 7~~7 = / y ( m ), 

bo that M ( in unchanged, although it may have been ditferently 
arranged on *S' ( , in order to keep the value of F, Hero within 
the, substance of the eouduetor. If now a ]»art of the free 
electricity in the cavity be conveyed to A', in Home, way, the sub- 
Btance of the eouduetor will Htill remain at the Name, potential uh 
before.. For, if / units of positive electricity and n iniils of 
negative electricity be thus transferred to .S',, the whole quantity 

of free electricity within the cavils- will be J (in) - - / |- », and 

jLs 

that on .S', will be M ( -(- / — n : lint these are numerically equal, 
but, opposite in sign, and the charge on .S',, if properly arranged, 
Hulllces, without drawing on .)/„ to reduce to Hero the value of 
Ti in K. Since .1/,, and .1/' remain as before, F a is unchanged, 
and the conductor is at the* same potential as before. So long 
as no electricity is introduced into the eavity from without A", 
no electrical changes within the cavity can have any client out¬ 
side A' ( . 

Most experiments in electricity are carried on in rooms, which 
we can regard as hollows in a large conductor, the earth. F s , 
the value of the potential function in the earth and the walls of 
the room, Is not changed by anything that goes on inside the 
room, where the potential function is F-~ f F 3 . Since we 
are generally concerned, not with the absolute value of the poten¬ 
tial function, hut only with its variations within the room, and 
since r a remains always constant, it is often convenient to dis¬ 
regard I r s altogether, and to call F, the value of the potential 


zero, aiul A is huh! to have been put i<> ntrth. 


58. Induced Charge on a Conductor which is put to Earth. 
Suppose tliafc there are in a room a number of conductors, viz. : 
A x charged with 3/ t units of electricity, and .t , .1,. ete., 
connected with the walls of the room, and therefore at die po¬ 
tential of the earth, which we will take for our /.cm. If tin* 
potential function has the value p x inside „l„ even point in tin. 
room outside the eonduetors must have n value of the potential 
function lying between p x and (I, else tin' potential function must 
have a maximum or a minimum in empty space. If /», is posi¬ 
tive, there can he no positive eleetrieity on the other conductors ; 
for if there were, lines of force must start from these conductors 
and go to places of lower potential; hut there an' no such places, 
since these conductors are at potential zero, and all other points 
of the room at positive potentials. In a similar way we may 
prove that if p x is negative, the eleetrieity induced on the other 
conductors is wholly positive, 

Now let us apply [15-1 „] to a spherical surface, drawn so as 
to include A x and at least one of the other conductors, hut with 
radius a so small that some parts of the surface shall lit* within 
the room. If wo take the point () at the centre of this surface, 
we shall have 

47rF a «i V CV'h. rifnVI 

aJ uV J 

If M is the whole quantity of electricity within the spherical 
surface, there must bo a quantity — M outside the surface, either 
on the walls of the room or on conductor* witluu the room, 
Tho value at 0 of the potential function, I' jt due to tin* elec 

tricity without the sphere, is less in absolute value than 

a 

for it could only he as great n» this if all the electricity outside 
the snhero were, hrm irht uu to its surface. 


therefore, 


[1GG] 


j V(U = A rra \_M-\-a Fa] . 

Now, if il/i iH positive, the integral in positive, for all parts of 
the spherical wurface within the room yieltl poHitivo differentials, 
and all other parts zero, ho that the. noeond wide of the equation 
in powitive. But a )” a i« of opposite sign to J/, mid in less in 
aliHolute value; lienee, M is poHitive, and the total amount of 
negative! eleetrieity indueed on the. other eonduelorH within the 
spherical surface hy the eharge on Jj, is numerically Ichh than 
tliiH elmrg(>, uuIohh Home one of thane conductors HiimmiulH J t ; 
in which cuho the induced charge comes wholly on tliiw conduc¬ 
tor, while the other conduetorH, and the wuIIh of the room, are 
free. Some of the tubcH of force which begin at end on the 
wallH of the room, provided theHc latter can he reached from 
Ai without panmug through the substance of any conductor. 

59. Coefficient* of Induction and Capacity. If a number of 
iiiHulated conduetorH, ^l a ,**1.,, etc., are in a room in the pres- 
ence of a couduetor J, charged with M l unitH of electricity, the 
whole charge on each in zero ; but equal amounts of positive and 
negative eleetrieity are ho arranged by induction on each, that 
the potential function is constant throughout the substance of 
every one of the. conductors. 

Let the values of the potential Amotions in the system of con¬ 
duetorH be p t , p s , p„, etc. Since each eonduetur except *t, in 
eleetrilled, If at all, in Rome places with positive electricity, and 
in others with negative eleetrieity, Home linos of force must 
start from, and others end at, every such eleetrilled conductor, 
ho that there must be points in the air about each conductor at 
lower and at higher potentials than the conductor itself. But 
the value of the potential function in the walls of the room is 
zero, and there can be no points of maximum or minimum paten- 

... .. i. , a .... . i* .i ... .. .... 


ccpt - in less than J/j. 

Letp u 1m tlm valtu 1 of tin* potential function in a conductor 
jrlj charged with a single unit «•!’ H.** frn if \, mol standing in 
the presence of a mnnlu'r of other eomlm-bu > all uncharged 
and insulated. Then if pm p n , etc.. ate, utnler these cj r „ 
cumstanees, flu*, values of tin* potential hunti• *n^ in tin* other 
COIltllU'foi'S, elw, J ;n *1 4 , ell’., the potential filin'! imis in these 
conductors will be .1/, p t; ,* M, /*,,, ete., if 1, he charged 

with J/| unilH of electricity instead of with one unit. This is 
evident, for we may superpose a number of di^inlutfnois which 
arc singly in equilibrium upon a set of comlm t*u s, and get n 
new distribution in equilibrium uheie the detenu is the muu of 
the densities of the component distribution**, and tin* \ due of 
the resulting poteutiid funefioji the sum of the value* of their 
potential funetious. 

If /lj he discharged ami insulated, ami a < lunge 1/. he given 
to ^l;j, the. values of the potential ftim-lnm > m ihe ilstfrienf nun 
duetors may he written 

*1L p.-i< M. }<■:■> If; /* >. W. p ,, ete. 

If now we give to ,1, ami >h at tin* ‘.ante time lln* charge* ,1/ ( 
and J/y respectively, and Keep the otlot * oinlnetm » titstiiafed, 
the result will he equivalent to stipi ipomme tin second dmiiihu- 
lion, which we have just considered, upon lln* !h ?, amt the eon® 
duetors will he respectively at potentials, 

d/, p u T .l/ypg,, I W;/* - l'i ‘ 1/ v . ' t*. \ t j 

If all the conductors are Miimilfmn-omh . long. *1 « ith quanto 
ties ;ir„ ,!/„ ,1/ Jt .l/ 4 , 0 tc., of eleeti leit \ lespr* In ctv , fhr value 
of the potential function on J, will he 

1 *« MiPu + M.'Pn 1 d/,/», | ••* s 1 f,j tt « 1/., /• ,, | 1 »’.* j 

Writing Hum in tin* for 11 I*. i 1 f n.,. t... 
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the charge of A k raises the value of the potential function in 
it by unity. If we Holve the »■ equatiems like [l(!b] for the 
elmrgeH, we hIuiII get n eepwitions of the form 

™ I , f/ u -(- 1 a f/y* + I a 7:i* +•••-(- V k <} Kk -T •• • ■+-1« 7„*, [1CU1 
where the. </'h are fmmtiouH of the, p'n. 

If all the ronduotorH exempt J* are oennmcteel with the earth, 
M k ™ 1*7**, and q a is evielcnlly the charge which, under theno 
eireiunnfnnooH, iiuih<; be given ’to -,'1* in order to raiHe the value 
of the potential function in it by unify. If in to be noticed that 
i I 

7** and are in general different. 

Vkk 

The charge which must be given to a conductor when all the 
eondueforH which Hurround it are in communication with the 
earth, in order to mine 1 the value of the potential function with¬ 
in that conductor from zero to unity, Hindi be called the 
cupavihj of the conductor. It in evident that the capacity of a 
conductor flaw defined depeudH upon it h shape* and upon the 
ahape and position of the conductors in its neighborhood. 

60. Distribution of Electricity on a Splierioal Conductor. 
CoiiKiderulionH of symmetry hIiow that if a charge 1 M be given 
to a conducting sphere of raditiH r, rmnoved from the inlluence 
of all electricity except its own, tho charge will arrange 1 itself 
uniformly eiver the 1 surface, ho that the* Hupertlcial density Hindi 
M 

be everywhere er ‘ . 

•1 rrr 

The value, at the 1 eemtre of the sphere, of the potential function 

M 

due to the charge 1 M on the surface is * , and, since 1 the potential 

r 

fi nothin ih in I iiiMi Ii> ft cl urn* »d enndneftn'. (Ii‘m m inf. bo 


evident from the discussion ot mmuroid* tti ( hapter I. ilmi a 
charge of electricity arranged (on a conductor! tin- I’onu of 
a shell, hounded b,Y ellipsoidal surface* sunilur t>* each oilier 
(and to the surface of tin 1 conductor), and similarly placed, 
would be in equilibrium if the conductor weic lvunnod from the 
action of all electricity except its own. Wo mn\ use this prin¬ 
ciple to help ns to find the distribution of a gi\on charge on a 
conducting ellipsoid. 

Lot uh consider a shell of homogeneous matter bounded by 
two similar, similarly placed, and eoneenttic ellipsoidal surfaces, 
whose semi-axes sliati In* respecti\el\ o, /», ., mid (1 j ,*)u, 
(1 4-a) ft, (I 4- a) e. If tlllV line be ilniH 11 fo<m lb.' . litre of 
the shell so as to cut both surface*, the tangent plane* to these 
two surfaces at tin 1 points of intersection mil hr pm ailel, and 
the distance between tin* planes is />.», nhrte i* the length 
of the perpendicular lei fall from the centre upon the neat er of 
the planes. 

If p is the volume density of the matter of ulm-h the shell j* 
composed, the mass of the shell i* .1/ \ - >ii<> ; t t j , ( p l 

and the rate at which the iimftrr is spread upon the unit of sur¬ 
face is, at any point, >r /.a, where o e« the lhn l,in s 'H ( ( f the 
shell measured on the line of force a hu h passes fhmtigh the 
point in question. Klimiimtiitg p from these e.pmtton*, we hate 

* ^ A With*' \n f ,d J )*„ \ ^ '"J 

If, now, in accordance with the hypothesis tint the tlin ktiesH of 
the electric charge mi a conductor i* mappie. mi.h , v\e make a 
smaller and smaller, noticing that a dittei * fiout y*.» b\ an iutlui- 
tesimal of nu order higher than the lh«t, «,* shall lum- for a 
strictly surface distribution, 


and 


IsB* 

\'a* 


+ ?/!+*’ 


A ' 


V \ 


?r 


-4- 

6 '* 


*•{- 1 


'ar* 


?/ a 

ft a 


n 

p \ \<r try cr 

This last expression bIiowb Unit, ub <: in made smaller and 
smaller, <r approaches more and more nearly the value 

M 

[172] 


4 7 r(tb 




fVtJj « 

«»—6* 


and this gives some idea of tho distribution on a thin elliptical 
plate whose semi-axes are a and b. 

For a circular plate, we may put a = b in tho last expression, 
which gives 


M 

4 7Td _•/ 


[173] 


for tho surface density at a point r units distant from the centre 
of tho plate. 

Tho charge M distributed according to this law on both sides 
of a circular plate of radius a hunch the plate to potential 


Y~ 


M /*“ dr 7 T M 

a Jo 2 a 


ho that tho capacity of tho plate is 

2a 

7T 


[174] 


62. Spherical Condensers. If a conducting sphere A of radius 
r (Fig. 43) be surrounded by a oonccMitrio spherical conducting 
Hholl B of radii r, and r a and charged with m units of electricity 
while B is uncharged and insulated, we shall have 

( 1 ) the charge m uniformly distributed upon the surface 




(3) a charge (.sinct* the total charge of H is zero) ue* 
formly distributed on aS'„, tlu* outer surface of H, 



The value at; the centre of the sphere of (hi* potential function 

due to all those distributions in IV m m f >H , ami thin is 

/* /■, >' . 

the value of I' throughout the conducting sphere. The value of 

the, potential function in ll is l’„ 

If now a charge M he eomniunieuted to lh will add itm-lf 
to the, charge, in already existing on S tit and the charge mu ,S* ( will 
be undisturbed. T'hi*. values of the potential functions in the 
conductors are now 


in 


VI 

i\ 


in 1 ,1/ 


and J‘ 


, 1 / 


If now li he eonneeted with the earth ho uh to make \\ u t 
the charges on *S’ and will lie undisturbed, hut the charge on 

iS\ will disappear. \\ is now etpnil to m l ", 

i' t\ 

If A wore uncharged, and H hud the charge ,V, this eharge 



u wore pm. 10 eamn ny means or a imo inHuuu.au wire 
passing through a liny hole in IK and if li were insulated and 
charged wil.li M uniI h of electricity, we, should have a charge x 
on S, a charge — .»* on .S',, and a charge M + .r on S u . Tu lind 

we need only remember llud )', - - — 11 4-'' 4. ^ = 0, whence 

.)• may he obtained. 1 >l >u *" 

If li be pul to earth, and A bn connected )»y means of the (inti 
wire just. numlioiK'd, with an electrical machine which keeps its 
prime conductor cousin,ally at potential I. I will receive a charge 
1 / and will be put. at. potonlial To Had //, it. is to be noticed 
dial there is a charge --// on .V,, and no charge on A'„, which is 
1/ 1/ 

put. t.o earth. V A — ‘ ■ ~ :.= 1whence,// may be obtained. 

If r -- U!> lnilliinetei'H and r r -• 1(H) lniUhneterH, // ; t)t)0t) I”,. 

If a Hphere, equal in Hi/.e to .1 but having no .shell alaml it, 
were eonneeted with the same prime conductor, if too would 
receive a charge z Hullleicnl. to mine it to potential r t , and z 

would be determined by the equation I \ " • If r = Ui>, we have 

1’ 

£-:!)!> I', ; lienet' we see that, el, when surrounded by li at 
potential zero, is able to take one hundred times ns great a 
charge from a given machine as it, could take if /I were removed. 
In other words, li increases J’s capacity one hundred fold. 
A and li together constitute, what is called a c.oiuirnucr. 



*., 


y y| aU( i y p will now 111 - lit lilt' Miiur potent sat j i ami .1 will 
have tlu 1 eluirgo jv umi .1' tin* Av.uyv ’/. Tin- tuna quantity of 
electricity on A 1 ut ili'Ht was r l\, "" tlmt x } // >• I and 

it x .<■ 

r 9 ■ , . i , * 

wlience .r anti >/ may la* loiunl. 

The romler may Htialy for himself the ••lcrti «*•:»! condition of 
the dill'ereut parta of Hvo cqiml nj.hmirnl eoudniH.-m (Fig. 4 ft,, 




#, £ 


of which lire outer Hitrfnee of tmr vn umiu-. tr«| vntU an elec- 
trie machine at potential P,, and tin- in>ndr of the other, S\ {« 
connected with tin* earth, Tim two roudm-mi»ln« !» me »ttp. 
pOBtni to he ho far apart in* to l*c rnwnrd It mu each other* 
’influence, illiiHtrate the cam* of two lajdin jm» amuignl in 
cascade. 

63 . Condentsrt aide of Two PamlUrf Condtiattng Flutat 

Suppose two infinite condnrttstji plane* A ami H to l»r parallel 
to each other at a ilktnmm *» apart ; clu «»«*»* a point of the 
piano A for origin, and take tin* u\i» of <- pipudnuhir to the 
planOH, iO tlmt their eqtmtlofi» «hall hr ,r H and r *i I ,et the 
planes ix* ehnrged and kept at |H*tinin«U P, met P, ie*jie«iiveiy. 
It 1 h evident from cnn*dtlerntion* of *\ mmrtn si* it t!»r potrntM 



.Liapiacc s liquation gives, men, 

1)*V— 0, 

whence J) x V — <7, and V= Ox + T). 

If ;<:=(), V— V A ; and if x = a, V— ; ho that 

V=(V,-V i )* l + r i , iirnl Ji,V= V ‘~ r V ‘'- 

The lines of force arc parallel between the planen, and the 
Hiirfacc dcnHiticH of the charges on A and H arc 

^ A ~~ —' and ^ - A respoetivelv. 

A 7 T(l '1 7 T(l 

If wo take a portion of area A' out of the middle of each plate, 

i/ i' \ 

there will be a quantity of electricity on A, equal to • - ' , 

‘ *1 7Tlt 

and an e<pml quantity of the other kind of electricity on *S'„. 

The force of attraction between A, and A'„ will be 27^* A', or 

H t r (t a 

Ii A Y „ be put to earth, the charge that uniat be given to A' 4 in 
order to raise it to potential unity is 

A 

A 7r« 

In other words, the eapueity of A'., is inversely proportional to 
the distance between the plates. 

In the ease of two thin conducting plates placed parallel to and 
opposite each other, at a distance small compared with their 
areas, the lines of force are practically parallel except in the 
immediate vicinity of the edges of the plates ;* and we may infer 



from the resultH or tins section mat me capacity a condenser 
consisting of two parallel conducting plates of urea .V, separated 
by a layer of air of LhiekneHs it , when one of it .s plates is pul, (o 

earth is very approximately ' ^ for large values of 

64. Capacity of a Long Cylinder surrounded by a Concentric 
Cylindrical Shell. In the ease of an infinite, conducting cylinder 
of radius r,-, kepi at. potential I', and surrounded by a concentric 
conducting cylindrical shell of radii /•„ and /•', kept at potential 
K, we have, symmetry about the axis of the cylinder, so (hat 
I),I, F= 0, and Laplace's liquation reduces to the form 

, . i>,v 

1 -g ^ 0, 

whence, for all points of empty space between the cylinder and 

lts shell, ij. / i i /11 

’ r-f'f/Mogr. 

Hut V=V t when ?• = ?•„ and 1' V„ when r- r M , 
r,iog r>g • 

hence i [ I 7 fi J 

l‘V? 




so that the eharge on tlio unit of length of tho cylinder is 


V . — r 

— - --i and tho eharge on tho corresponding portion of tho 

2 log 7 " 

innor Hurfac.o of tho shell is tho negative of this. Wo may 
find tho capacity of tho unit length of the cylinder by putting 


V 0 — 0 and i\ -= J, whence oapao.ity 


2 log r " 


If r„ in this expression is made very largo, tho capacity of 
tho cylinder will Iks very small. 

In the ease of a films wire connecting two conductors, /•, will 
Iks very small, and there will Iks no conducting shell nearer 
than the walls of tins room, so that the capacity of such a 
wire is plainly negligible. 

65. Charge induoed on a Sphere hy a Charge at an Outside 
Point. The value at any point 1* of tins potential function due 
to nil units of positive electricity concentrated at a point 
.-Id and w a units of negative eleetrieity concentrated at a point 


M| 


. where r. ./,/* and r. 


It is easy to see that if is greater than w 3 , so that 
w, Aw 8 

where \> 1, V will be equal to zero all over a certain sphere 
which surrounds A a . 

If (Fig. 48) wo let A x A t - A % 0 Sj. Of) r, 
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If PR ropreHonts the force /, due to the electricity ul and 
PQ tin* force,/’, due to Hie electricity at .1 , the line of action of 
flu; romiltunf force/<’( reprcMcuted 1>\ /*/,) must puss lhroi).r| l 
the centre of the Hphere, ninee liie surface of the hphere i« njni« 
potential. 





The triungloH A^PO tmd A ; P(t arc mutunlh r»jumugu!ur, for 
they have a common angle .1,0/*, mid the sides including that 
angle are proportion'd ( r *v\). Hence, IVoju the triangle* 
QPL and A\ /M a , hv Ihe Theorem of sine*, 



x t i ' 1 

Hill ft] hitlUj 

Will | >t; -- 

"i/ 

[177] 


J[\ _ /•* 

aituty niuit, 

a 

«i)’ 

CO*] 

whence 
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lion of the interior normal to the sphere, we shall accomplish 
this if we make. tin*, surface density at every point equal to <r, 
where 

4mr«s— F** ~ "*» ' - ■- < V - ; [ 1 HU] 

»Y‘ rr i ,] 

and if we now take away the charge, at Jo, the value, of the po¬ 
tential function throughout tin 1 , space enclosed by our spherical 
surface, and upon the surface itself, will he zero. If tin* spheri¬ 
cal surface, were made conducting, and were connected with the 
earth by a line wire, there would bo. no change in tin* charge of 
the sphere, and we have discovered the. amount and the distri¬ 
bution of the electricity induced upon a sphere of radius r, con¬ 
nected with the earth by a line wire and exposed to I lit* action 
of a charge of vi t units of positive 1 , electricity concentrated at a 
point at a distance from the centre of the sphere. 

If now we- break the connection with the cnrlh, and distribute 
a charge m uniformly over tin*, sphere in addition to the present 
distribution, the potential function will be constant (although 
no longer zero) within the sphere, and we have a case of etpii- 
librium, for wo have 1 superposed one cast 1 of equilibrium (when 1 
there is a uniform charge on tin 1 sphere and none at J|) upon 
another. The. whole, charge, on the sphere is now 


M — m - - iii.j m ■ - 


v ), r 
*1 ' 


and the value, of the potential function within it and upon the 
surfaee, 


If the eondueting sphere were at tin 1 beginning insulated and 
i :1 anre L w > si o d have M ~ (I. ai < t! wefti* 1 



density 


it)' 


(&i“ r) m i 
»*«" 


is: 


It is easy to see that Mu* sphere ;ui<l its charge will Ik* 
attracted toward , 1 , with tin*. Cum' 


Vi i )' f III i^|" I ) 

8 , \(^i u ' ,3 ) a *i 
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and the student should notin' that, under certain ei remind a uers, 
this expression will In* nn/u/irr and the have repulsive. 

If vi x ~ 1)1$, the surface of zero potential is an infinite plane, 
and our equations give us the charge indueetl mi a conduct mg 
piano by a charge at a point outside the plane. 

The method of this section enables us to fuel also the 
capacity of a condenser composed of two conduct in;-: e\ lindrieal 
surfaces, parallel to each other, hut eccentric; for a whole set. 
of the omnipotent,ial surfaeex due In two parallel, infinite 
straight lines, charged uniformly with equal quant it ies per 
unit of length of opposite kinds of electricity, are eccentric 
cylindrical surfaces surrounding one of the lines, and leav¬ 
ing the other line, d,, outside. We may Iherehnv ehoo«e two 
of these Hurlaees, distrilmte tin * charge of ./, mi the outer of 
those, and the charge of on the inner, h\ the aid of the 
principles laid down in Section •III, so us to leave the values 
of tho potential function on these surl'nees the same as hclojv. 
These distrihutious thus found will remain unchanged if the 
equipotential surfaces are made conducting, 

'The reader who wishes to study this method more ut length 
should consult, under the head of Kleefric Image*, the treatises 
of (Jumming, Maxwell, Museart, Tarleton, and Watson ami 
Burlmry, as wall as origiiml papers on the subject in Murphy 
in the Philimpkirttl Mtitptzhit', 1 Hh.’l, p. iJfiH, ami by Sir 


capacity (7, removed from tin’s notion of nil electricity except its 
own, 1)0 charged with M v unitH of electricity, so that; it is at 
M 

potential Fi = - tho a,mount of work required to bring up to 

the conductor, little by little, from the walls of the room, the 
additional charge A/1/, is A IT, which is greater than 1] > AM or 

^'•A/lf, and less than ( F, + A* F)- A/I/ or Ad/. 

If the charge he. increased from M x to d/ a hy a constant flow, 
tilt 1 amount of work required is evidently 


i‘ M * MtlM __ M,? - d/, a __ (1 

Jir t "*V/~ *<J "~" : 2 


!?)• 


[!«■»] 


The work required to bring up the charge M to the eonduetor 
at first uncharged is then 


MV 

2 a jT* 


[IHfl] 


This is evidently equal to the potential energy of the charged 
conductor, and this is independent of the method by which the 
conductor has been charged. 

If, now, we have a series of conductors , 1,, T,, vl; t , etc., in the 
presence of each other at potentials I',, I r a , I'.,, etc., and having 
respectively Hit* charges d/,, M a , d/.„ etc., and if we change all 
the charges in the ratio of x to 1, we shall have a new state of 
equilibrium in which the charges are .rd/j, x d/ a , x.^lf^ etc. ; and 
the values of the potential functions within the couduetors are 
x r,, /!; .rF„ etc. The work (A IF) required to increase the 
charges in the ratio jr-f-Aaj instead of in the ratio x is greater 
than 


or 


(M t Ax) {xV) + (M, Ax) (^r a ) + ( M u Ax)(x I+ oto., 
xAx[M t F, +• M.j F* + d/ 3 F ;1 + etc.], 


’-[^r, + ^r, i .i/,r» i |. ( ik<;] 

Jj 

If in this equation wo put uq --- 0 and ,r 2 I, wi' got for the 
work required to charge the conductors from the neutral state 
to potentials V u V 3 , 

W = * [i/ x Y x 4- M % F fl 4* M t V t \ ■ • « • ] i]T(d/r), [ t ST J 

a particular ease of the general formula stated in Section 27. 

The work required to make any combination of elmuges of 
charge on any system of iixed eondueturs is evidently equal 
to the difference between the intrinsic energies of the system 
in its original and final states. If /**, !'/ represent the initial 
and final potentials on the /.’ill conductor, and r t and s/ the 
original and final charges, 



Since the final energy is independent of the manner in which 
the elmuges are produced, we may suppose that the elmngcH 
take place gradually and at the same relative rate for all the 
conductors, so that at any instant the charge of each conductor 
has received the same fraction of its whole increment or 
decrement that every other conductor has received, it being 
understood that in the general ease Home charges will he in¬ 
creased and others decreased. At the instant when the change 
accomplished is to the whole change a« a*: 1, the charge of the 
/cth conductor is e k -f x(<t k - <q), and the value of the poten¬ 
tial function in this conductor is f\ 4 r( t\). In order 
to increase x by Ax, the charge must he iDemised by the 
amount Ax(e*' — e k ), and to bring this up from infinity an 
amount of work equal approximately to 

(V-«*)[n + *(fV- U)]Xr 



work is y ^ (e k — e x .)[ V k -\-x( V k — F x .)] Aa:. To find the work 

required to bring about tho whole oliango, this expression 
must be integrated with respect to x between tho limits 0 
and 1. This process yields 

./s' - je = *£(k* + * 7) (v - «*). 

and by comparing this with the result stated above wo learn 
that wo may also write 


We learn incidentally that / c k 1\, = / c k J V, and we see 

dmm*/ Am 


that if all but two (A u A a ) of any system of conductors are 
either put to earth or are insulated and without charge, 


<h'l\ + t\'V % e x l\' + e a /’ 


If e x ” 1, c a = 0, e 9 '^l, r 8 ^/V, and if /”, * 1, 

F 9 ~ 0, /V = lb /V “ h f \' " H0 tlmt a unit e.hargn given 
to Ay, while A a is uncharged and insulated, raises A a to the 
same potential that A t would have if it were uncdiarged and 
insulated while /l g had a unit charge; and tho same quantity 
of electricity is induced on A a when it is put to earth, while 
A x is charged to potential unity as would be induced cm A x if 
it were put to earth and A s charged to potential unity. Using 
tho notation of Heotion 59, this shows that p rk ~/q T and that 
'hk ~ Vcr i wo may write, therefore, 

k r 

“ h (Pn 6 * + Pm®* + Pm 6 * + • • * + p m e*) 




+ P\t p \ 6 i + PitVn !••••+ 4- Pa <%«,, 4- • * * 

“* k (VnY* + ( Im V* + q m + • • • + q m V*) 


Sualiu, we Ill ay lOiMU liwm .tv-*, . I.U.U., 

if all tho charges lmt e k . arc* kept constant, l \, ami if 

tho values of the potential fune.tiou in all lmt one of the 
conductors (the /,'fch) art' unchanged /* r t A’ 'V 

LI! the system changes its configuration, the p’s and */*s are 
in general changed, and wo learn that if the charges are kept 
constant during tho change, 



but that if by suitable changes in tin' charges the potent ials 
are unchanged, 

A"/',’. .1 7 !', Ay,,. 


In the latter ease, A 1], or^ 

< i 

)^A(e, }> u ) 

th so t hut ) e,A l\,nr 
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2.Zd' vvA ' v ‘ 

1 n Pt k A' 1 , 

1 ^ f, Af j li 

or ‘J A'A’ | ‘J A"/'/ 

1 ^ 0, A/>,, AC| It. 

If, therefore, c/j is any i 

coordinate, 

which defines the (’tin- 

figuration, 




limit, f A 1 /'/ 


limii ( A”/-.' 


nr />,'*' I 1 >*“/■: 0 . 


A system of conductors with constant charges when left 
to itself tends to obey the urgings of the reciprocal forces 
between its parts, and therefore to diminish its intrinsic 
energy. If, in this ease, the single coordinate tf> is free to 
change and is increased by A<f>, the energy alter the eltunge 
is./i'+A'A', where A'/'/ is really negative. The mechanical 
work done by tho forces is / > ljt K ■ A$. If, now, ift had been 
changed as before by the same small increment, A</), while the 
potentials were kept constant hy twinging up to each coin 


tk! Jv is really positive. Tlio energy has therefore increased 
by an amount practically equal to the former loss. .Practi¬ 
cally tho same amount of mechanical work has boon done as 
before, .and enough energy lias been introduced from without 
to do this work and to add an equivalent amount besides this 
to the potential energy of the system. The contribution, 
therefore, from outside sources is about 2 A "A’. These, state¬ 
ments applied to a iwutU ehange in <56 are. based on tin' exact 
equation I^'/i = — proved above. 


67. If a series of conduetors A u J !t , etc., are far enough 
apart not to he exposed to inductive action from one. another, 
and have on parities (/,, ( a , (7,„ etc., andeluirges ,1/,. JA,, J/.„ (do., 
so as to he at potentials lb J r n, e.l.e., where d/, l'|, 

3A, = ('4^’L'i 3/.,= f/il’i,, etc., wo mnv cenneet. them together hv 
means of (hie wires whose capacities we may neglect, and thus 
obtain a single conductor of capacity 

(f { ~f-f 4 “h f \\ 4* ■ • • ( O) • 


The charge on this composite conductor is evidently 


and if we call the value of the potential function within it K, wc 
shall have 

y. 


Yto-vw, 


whence 


^r,4-^r, + ^r»+ 

( -(- Ay -f> ( 


D HH ] 


a formula obtained, it is to he noticed, on the assumption that 
the conduetorH do not inthumce eaeli other. 

The energy of the separate charged conductors before being 
connected together was 


Mu "h ' •') {I \ t ^ a J a I I * • •) 

~ ^-hYm# f ••• 

^(^4 -.^-i- Ms + --y } 

(\ + o* + c» + • • * y ^ ( • j 1 ,! 

Jmmm/ 

which is always loss than K unless tin* separate ennductors 
were all at the same potential in the beginning. 

68. Specific Induotive Capaoity. In all imr work up to 
this time we have supposed conductors to hr separated from 
each other by electrically indifferent media, which simply 
prevent the passage of electricity from one conductor to 
another. We have no reason to believe, however, that, mielt 
media exist in nature. Experiment shows, for instance, that 
the capaoity of a given spherical condenser depends essentially 
upon the kind of insulating material used to separate the 
sphere from its shell, so that this material, without conduct¬ 
ing electricity, modi lies the action of the charges on the con¬ 
ductors. Insulators, when considered as transmitting electric 
action, arc sometimes called dielectric*. 

Given two condensers of any shape, geometrically alike 
in all respects, with plates separated in the one ease by a 
homogeneous dielectric,, A , and in the other ease by another 
homogeneous dielectric, li 1 the ratio of the capacities is 
found to he the same whatever the shape or dimensions of 
the condensers when these same two dielectrics are used. If 
this ratio is unity, the dielectrics art' said to have the same 
electrical inductivity or the mime «pec(fic inductin' capacity. 
If the ratio of the capacities of the first and second con¬ 
densers is ?i, A is said to have an inductivity n times tut great 
as that of Ji. The aloetrinsl indent! vt tv »!«• nt tlm 



positive quantities which m me case or any one specimen, 
though somewhat dependent upon conditions of temperature 
and pressure, may bo considered independent of the electrical 
stress to which the substance may be exposed. Tho letter p. 
is often used to represent tho inductivity of a medium. It is 
generally assumed, for the sake of definiteness, that outside all 
the material media upon which wo can experiment, tho ether 
extends indefinitely in all directions and the inductivity of 
the ether is assumed to be sensibly tho same as that of air 
under standard conditions. We cannot expect that a non- 
homogonoous dielectric will have tho same inductivity through¬ 
out, so tliat in the general ease we must assume that p is a 
function of tho space coordinates. The vector formed by 

multiplying the force by the scalar quantity f" is sometimes 

ealled the (Uxjdnmnmt. The force is occasionally called 
the electrical interna tty, or tho elertromotiiw intern it i/. 

Wo may best sum up the results of experiments upon the 
behavior of dielectrics in electric fields by stating some gen¬ 
eral equations which may be used in solving any problem. 
We shall find it convenient to write down first, for the sake 
of comparison, the simplified forms of these equations which 
wo have shown to be characteristic of the electric field about 
any distribution of electricity when air is the only dielectric. 

If X, Y ) Z ftt'o the force components parallel to the axes, 
and if V is the potential function, so that 

x = — d x v, r =s-» d v v, 

we know that when 

(1) T) m X + D v Y+ I) a Z « + 4 t rp, 

except at surfaces where p is discontinuous. 

(2) The surface integral of the normal (outward) com¬ 
ponent of the force taken over any closed surface is equal 




the force tiro continuous, nut: uu 1 normal t'l.mpiminn.H are dis¬ 
continuous in the manner indicated by tint equation 

JVft* A'a I d m r, 

where N x and iV a represent tin' normal force components taken 
away from the surface on both Hides. If the churned Hurfae.o 
is not oquipotontial, the lines of force which cross it an' in 
general refracted; for, if <£, in tin* angle which a line of force 
in reaching the surface makes with its normal, </>,, tho angle 
•which tho same line makes with the normal <m leaving tho 
surface on the other side, and, il 7\ and T. x are the tangential 
components of the force, 7' t A ^ tan </» t , i\ A* tan 
and since 7\~7’ a , A^taiu^ 1 A\ tan </>, t), or, since tho 

normal component is discontinuous, 

(4 ttct Ah) tan </» a 1 A j tun </»j 0 , 

(4) V so vanishos at infinity tiiat /• V and r*/>. V have 
finite limits. 

If we now introduce a new vector (called the inti notion) 
equal to the product of tho scalar point function ft, and the 
force, we may write down a set of equations, vevy like those 
which we have just enumerated and equivalent to them when 
jx = 1 , which will give the force components and t in* potential 
function in terms of the charges when p is different, from 
unity and (in the general case) determined hy different 
analytic functions of the space eodrdinateH in different por¬ 
tions of space. 

In general, 

(1) J),faX) + J\(p Y) + DJpZ) i 4 [ HU J 

at every point in space, except at surfaces where either p or p. 
is discoutiuuouB. Since in all eases A* D, \\ V t> ¥ V, 
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In a dielectric of uniform inductivity it becomes 

- 4- 7rp. 

(2) Tho integral taken over any closed surface, of the out¬ 
ward normal component of the induction is equal to -17r times 
tho amount of matter wil.liin the surface, or 

fit Ndti « 4 icM. [l‘).T] 

’(3) I f the surface of separation between two different dielec¬ 
trics which are in contact with each other lias a charge of 
superficial density, <r, all the force components tangent to the 
surface are continuous. 1 f/q and y, a are the inductivities of 
the two media, the normal component of the induction is dis¬ 
continuous in the manner indicated by the equation 

- I- /liH'Va • - 4- 4 7TO-, 

or IM I)„v -\ It.,/>„ t r ■ - • 4 mr. [UM] 

If this surface has no charge, <r “ 0, and the normal component, 
of the induction is continuous, though the normal force com¬ 
ponent iH discontinuous: evidently, the law of refraction of 
the lines of force is, in this ease, tan <f > t : /q fan </> a : /i a . 
Whether or not <r is ze.ro, ,\\ fan | A’ a t.au - 0. At a 
charged surface, where the dielectric is continuous, 

fi (,\\ 4- Aa) - s 'I 7 nr. 

(4) /"is everywhere continuous, and if so vanishes at infin¬ 
ity that /■/' and />,.!' liave linifc limits. Tin* first derivatives 
of V arc everywhere continuous, except at. charged surfaces 
and surfaces where the inductivity is discontinuous: lien* the 


4 l 




n w* 


problems. 

It is easy to prove with the help of [ MU j a series of theo¬ 
rems coneorning the potential function analogous to those 
already found for the ease where /*, 1. hor instance : if the 

closed surface shuts in the (dosed surface there cannot 
be two different functions, /’ and J", which ( 1) between .S', and 
$ a satisfy the equation 


/>„&!>„»•) 1 /Up./MM o, 

where fi is a given, everywhere positive, analytic, function of 
the space coordinates, (2) are continuous in that region with 
their first derivatives, and (d) are etpml at every point, of A, 
and S a . Assuming, for the sake of argument, that two such 
functions oxist, we may call their difference u and note that 
?uind its first derivatives are continuous between .S', and .S' a , 
and that u vanishes at every point of tiiese surfaces. Since 
u satisfies the equation 


between and we may conveniently make A ft, V f' -u 
in [149], for both integrals in the second member of the equa¬ 
tion vanish, and we learn that 


fffrfVW' + i'W* ni>,u)-‘i'U,i,„h 0 

when extended over the region in question. Since /* is posi¬ 
tive, and the integrand enn never he negative, 

Dji » D v u D t u s 0, 

and u is a constant. But u ^ 0 ou A, and hence V and P 
are identical. 

If, while satisfying oomlitions (1) and ( 4 J), V and V are 
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With given values of the volume density in given regions 
of space, and with given values of the superficial density on 
given surfaces, the. force components and the. potential func¬ 
tion art 1 , in general, different when /x 1 and when /x is dif¬ 
ferent from 1, and, if the dieleetrie is heterogeneous with 
surfaces of discontinuity in /x, not equipotential surfaces, the 
forms of the lines of force are very different in the two east's. 

If the dielectric of a given condenser, the plates of which 
arc tint surfaces and *Sh, is air, and if those plates have given 
charges, V must satisfy Laplace's Equation between *V, and S a , 
while at every part of the condenser plate l) n f~~ •—•l m r. If, 
now, a homogeneous dielectric of inductivity /x he substituted 
for the air, the new potential function f' 1 satisfies Laplace’s 
Equation between W, and iS u (since /x is constant and p is zero), 

and at every poiijt of A Y t or *V a , />„/'' — ^ rr<r > Wow V f \x 

[X 

satisfies all these last conditions, and since two functions 
which do so can at most differ by a constant, we may write 

r = V/fi+ C. 

The force in any direction at' any point in the dielectric is 
1 //x as great in the second case as in the first. If xV, and *S B , 
instead of having given charges, had been kept at the given 
potentials and r s , the density of the charge at any point 
of either plate would have been /x times as great in the second 
case as in the first, while the potential function (and the 
force) wovdd have had the same value at every point, which¬ 
ever dielectric was used. The capacity of the condenser is, 
in this case, equal to 


H.lK*'Wr+K l 'iK*r » K?-K i r » 

+ />,./’• V-/' i />„,)'• Wj 


+(./)„r. n,.u -I- />,./’■ /v i A,./' - 

(/>„/!.. />," i />,./*.• /-».!■ i />„/* • />,"*) 
+ (A«r- i> u « -i /;„/■•/>,/ i ^v"*» 
(I> H li-/> u u i />,./*• /V > 


+ (./;„/'• R// -i- />,/'• /v i /*, r* />.*•) 

(7^,,/A • /h// I I />„ /l • /^//‘) -i 7T/J. 

If fi is a function of out' of the coordinates, //, only, the 
family of surfanes on which it is constaul an* possible equh 
potential surfaces duo to a distribution of electricity in this 
dielectric, provided flu' special form of .the equation just 
stated, obtained by putting 

— />„,/* •• • />,.!* P tl J' p b, 

that is, provided the equation 


V 


Y'h/ 


!K» 

h 


fL r o, 


involves only it. Now /> 1 i( u.//a is, by hypothesis, a function 
of n only, so that the. condition is that, the rutin uf V J u to fij 
shall he independent of c and u\ and this in the cundition 
(Section 3, r >) that must he satis lied when the dieleetrie is uir, 
in order that the snrfaees upon which u is eotrUant uiuy be 
possible ecpiipotential surfaces. 

It is (>.asy to see that if the space between Iwn equiputen 
tial surfaces in air ahout. a distribution of elect rieity be tilled 
with a dieleetrie the inductivity of which is either constant. 

.... ... 1 .i.i .i.. .. • 11.. i* . » ■ 




aiawiuuuiun ujl luccbruuby, uuu u vv« maite a g, wu may appiy 
tlio equation to all space after wo have enclosed by pairs of now 
surfaces all surfae.es of discontinuity of g, p, or I> H F, and 
learn that the intrinsic energy of the distribution is equal to 

-k'vt 

oxtondod ove.r all sjiaco. 

When the potential function, F, due to a given distribution 
(p, (r) of electricity with any given set of dielectrics has been 
found, we may ask what distribution (/>', <r') of electricity 
would have given this same potential fune.tion if all the 
dielectrics had boon displaced by homogeneous air. The dis¬ 
tribution (p 1 , ir 1 ) is culled the a/i/unruf. rlutrt/e to distinguish 
it from the distribution (p, rr) whie.h is sometimes called the 
real or the iihhunein r/iart/r., From the apparent charge when 
found, V might ho caleulated by means of the familiar integrals 



When V is given, the. quantity p' is determined at all points 
where the equation has a delinite meaning by V u /' - 4 7 rp' 

and the (pvantity <r‘ at all surfaces where the normal derivative 
of V is discontinuous by the equation A r , -j* A f „ ; •{ th r 1 . 

Now I) ir (p.D je V)4r D v (g I> v I’) d- />„(g FJ’)- ' *1 Trp, 
or gV a r-b( I ' . />,gd- />„}'- H yl i *h /> g F’ IK /a) • 4 Trp, 

or ~4 7 r/Ap '4 (f> x F > /f r /A"-l • /^gd />, / ’ • /bg) ■ d 7 rp,[*ti)f»] 
and this defines p\ In every region wliert' p, is constant p' p/g. 

In the most general ease of a surface where the normal 
derivative oF F is discontinuous, there is a discontinuity in g 
at the surface and a charge, < r, on the surface so that. 


no discontinuity in the dielectric, in which ease o' 0717 or 
there may bo discontinuity in tin*, dielectric with no real 
surface charge, in which case 

cr' = A\ Cu-I ■■ ■ 7171, .V 3 (/*, /i.,). j 717/,. 

The difference (/>' p, tr' tr) bet,ween the apparent charge 
and the intrinsic charge is sometimes called tin* inttnnut 
charge. 


The solving of one or two simple problems will Huillee to 
illustrate the use of the general equations which determine 
the potential function w'lmn the dielectric is not. homogeneous. 

I. “A condenser consists of two concent vie eomlneting 
spherical surfaces of radii a and (> separated hv a dielectric 
the inductivity of which at a distance, r, from the common 

centre, 0 , of the spherical surfaces is ' 1 • The inner plate, 

of radius a, has a charge A’, The outer plate is at potential 
zero. The potential function in the dielectric b, evidently a 
function of r only; what, is its value 

Since the induction through any closed surface in etpml to 
4, Tr times the intrinsic charge within, we may imagine a 
spherical surface drawn in the dielectric with centre at <> uml 
radius equal to r and then assert that, if /*’ h the {over, 


r 


4 vr A’ ho that. F 


ik r 


F. 


and V 
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1 , ^ + e) 

l og • 


»te f r) 

'I'he capacity of the condenser in 

, h (a + c) 

3 l0 f? (l ^^ ’ Ihe apparent Hurface density on the inner 

plate is o-' s= Ay [4 7rrt(« + r)J, the intrinsic stir face density is 
^/4 7r« 3 , and the density of the charge induced at the inner 
urface C f the fliftloef-vm tu 


IfV f.l 


,<? 2 , oi dielectric ol thickness a, h, and r. respectively, and of 
inductivity 3, /a, and 1. What is the capacity of the con¬ 
denser per unit area of one of its plates ?” 

Take the axis of x perpendicular to the faces of the plates 
with the origin in the first plate, which shall be kept at 
potential /.oro. It is ovident that the potential function is a 
function of x only, so that D* V = 0 in each slab of dielectric 
and V must be of tho form Lx. + M. Denote the functions 
which give tho potential in the three slabs by 

F t = ilpr F 9 = L % x + il/g, F a = L n x -f M n , 

When * = (), = 0. When x = a, - //,. + /* />, V % - 0, 

and V\ = F a . When x + 0), — p.]) K F u 4 ./I* / a ™ 0> and 
F a = F 8 . Wo have, therefore, P\ = Lpc, 

F a = il* (.'« 4" c/a — a) //a, F b ™ ill (/a a + — /v/a) jfX, 

When x = 0, F = — 4 wer «= JCi, and, if F 8 = 1 when 


jk := a -f ^ 4* o, wo got cr = 7 -7- , 

4 7T (/u,rt 4 */a« + c) 

and this is the capacity per unit area of the first plate. 


69. Polarized Distributions. Imagine two homogeneous 
bodies, P and N, of equal lint opposite densities, p and — p f 
of the same dimensions, and occu¬ 
pying at the same time the same 
space, in which, of course, tho 
resultant density is zero. If P be 




be imagined to increase without limit, so as to keep the product 
ph always equal to a given eonstant /, 

/ | i " u { , ) Ah/A eos(A, n), 

and wo have in the limit merely a supertlrinl ilist rilmi.itm, of 
density <r -■ / e.os (A, it), on the houmlary of (he spare originally 
occupied in u.umman by I* and A'. Since the direction of A is 
fixed in space, and >i is an exterior normal, the distribution 
consists partly of negative matter and partly id' positive matter 
in equal amounts. The surface density is equal to /em at 
points of contact of the distribution with tangents parallel to 
the direction of A. 

If this distribution he divided up into filaments parallel to 
7g it is clear that the charges on the ends of own, filament 
aro equal and opposite, ami that, each is equal in amount to 
qT } where e/ is the eross-seethm of the filament tu question. 
It is easy to see from this that, if the distribution were 
placed in a uniform field of force of intensity /\ this fadd 
would exert upon any such filament of length / a eoitph- of 
moment A-sin (A, P) • y//, and upon the whole distribution a 
couple of moment, /•'■ sin (A, !•')•! times the volume of the 
space enclosed by the distribution. / is, therefore, numeri¬ 
cally equal to the moment of the couple, per unit of volume, 
per unit Held perpendicular to tin* direction id A. The dis¬ 
tribution just described is said to he a unihj foiurixni 
distribution. / is called the hitt nsit;/ th, /4,,lnri .uthm. 

If, for instance, P is a sphere of rad in< u with centre at U, 
and if r a ,r a T // a -f T 4 , the potent ini funef ion, 
due to its own mass, has, as we know, the value 1! npin' 3 ^ P) 
at inside points, and the value -I vp>P .’5 r at unhide pilots. 
After P has been displaeed through a dittanee A parallel 


jV, the valuo is 2 ir<t*ph (2 x — A) /3 r n . The limits of these 
expressions (d irlx/',\ and A mtPlx/W r”) give the values of the 
potential function within and without a sphere uniformly 
polarized to intensity I parallel to the tr axis. Within the 
sphere the oqtii potential surfaces are planes perpendicular to 
the x axis, the field is uniform, and since .V “ - J> X V, the 
lines of force.are parallel 
to the negative direction 
of the.r axis. Consider- 
ations of symmetry show 
that the lines of force 
without the sphere are 
curves lying in planes 
through the axis of x. 

From the expression for 
V at outside points wo 
learn that, if 0 is the 
angle whieh the ratlins 
vector drawn from the 
origin to any point 
makes with the x axis, 
the equipotential sur¬ 
faces of revolution with¬ 
out the sphere may be 
considered as generated 
by plane curves whieh 
belong to the family 
cos 0( r 9 1 = (\ Curves of 
this family lying in a Km, no. 

plane are out orthogo¬ 
nally by curves iu the same plane which have the equa¬ 
tion r— k • sin a 0, and this evidently gives the lines of force. 
Kig. fiO shows the forms of these Hues and the direction of the 




explained, as a little simple computation will show, hy tin 
fact that at any superficial tlisirihutiun of density e vt»ry 
tangential component of tin 1 force is coniinuou.s, hut |,| u 
normal component is discontinuous by 4 wtr. 

The potential function belonging to a uniform field of furer 
of intensity A'„, the lines of which are parallel !<♦ (he ,v axis, in 
— JV"„.r, and if into such a held a sphere id' radius n, uniformly 
polarized to intensify I parallel to the ,r axis, is brought, and 
if we deline the constant ^ by the equation ,V„ 4 tr/% d, the 



potential function, referred to the centre of the sphere tm 
origin, will liavo the value -I rt!x( I d at points within 
the sphere, and the value -I Ttlx[u* ( dta*-* j tf f .* y/•< ^/dj 
at outside points. The lield within the sphere is now it, uni¬ 
form field of intensity 4 vJ( x I )/‘d directed parallel to the 
a: axis : if^—this force vanishes. The equiputenf ial mtr* 
faces of revolution without tin* sphere could lie generated hy 
the revolution about the* x axis of a family of curves the 
equation of which in the x;/ plane is 4 *!x[n* f d r* x /d} e, 
where r a lh a; 9 + tf, Tito equation of the family of curves 


and this represents the lines of force. These lines may he 
easily plotted for any value of hy assuming in succession a 
scries of values of r and computing the corresponding values of 
y. Figs, fil and 512 show two characteristic forma which 
the lines may have. In the first y ~ ~|~ 1, in the second 
X~ — 5. Some slight theoretical intercut attaches to the 
case for which x and the reader may care to plot 

for himself the corresponding curves. He should indicate 
the direction of the force at various points hy arrows. 

The value, at inside points, of the potential function due 
to a homogeneous ellipsoid of density />, with axes coincident 



with the coordinate axes, is given on page 121. If wo call 
this p • 12 (a*, v/, *), we may write 

12 (a*, //, *) - - L»y* ~ Af„z*), 

where G 0) K 0) L 0i M Q have the same values at all points of the 
mass. If, now, wo consider an ellipsoidal distribution, uni¬ 
formly polarized to intensity /, in a direction a, it is easy to see 
that the value of the potential function within the distribution is 

~ / [7)^12 • cos (#, x) 4-/i„12 • cos (//, h) 4- T> g 12 ■ cos (,?, «)] 
or 2 ubcwl [ K^t, ■ cos (a 1 , x) 4- L a y • cos (y, x) 4- AT t & • cos (4, a)], 

and that, if we regard the polarization as a vector and denote 
its components hy A, II , and C, the force components are 
- 2 t rabcAKn. ~ 2 tt abrltU ~ 2 irahrCAL. 











really a sphere), or unless the ilinvthm of polarization euin, 
cities with that of one of the principal a\cs of the ellipsoid. 
In certain cast's the elliptic integral 


f, 


tin 

(,V ( | //“)‘ / J 




ancl the corresponding integrals A„ ami ,l/„ cart lie easily 
evaluated. If, for instance, u h <\ the>e tpmntities evi- 
dently have the common value 11 d 

If the ellipsoid is a figure of revolution, we may iinti the 
values of A",,, /, 0 , with tin* help of the integrals 


r ds 

J (.v -(- / 9 ) (,s H 


or 


(.s -(- / 9 )(.S + W 9 ) 1/,J 

^ 1 . /(,v | (w' J /-Ji/a\ 

(;a s - /'■*)'/« ° K \(« f wh 1 * J t (/«» ) 

(it } m * d ^ J 


Jc 




ih 


It. 


(s + ^) a (.s + w 3 )'/ 3 

__ 1 /(x 4 " //i a ) 1/3 

/ a - * m* \ s | /* J * 

_ds _ 

(vS -|~ Z 9 ) (7+”?a 3 )*/ a 

t / o 

w 9 f m -y /J * J ( M j p n « f 

In the case of a prolate ellipsoid where u - /», /, lu „j 

e v/ el * h 1 /*t, 


' f/,S 

(.¥ f /h (* | 


tin 


and the force components within the ellipsoid are 


j i 0 ■ f,i ) ( 1 i 1 4* <’ 1 i 

4 vA ^ -. 1()g -- 1 ), 

•<»«| ^ + - 2 (JI - - 1 »K] + ' i. 


" •I-' 1 ., .''--loR 1 —" 


1 -|- r) 


If, while b is constant., a 1m increased without limit, c 
approaches the limit unity, (1 • c u ) • lo£[(l -f c)/(I c) J 

the limit ze.ro, and the ellipsoid becomes an infinitely lontj 
cylinder of revolution, for which the force components are 

0 , ■ - 2 7r/l, ■ 1 2 tt<\ 

In the ease of an oblate ellipsoid when' a < b, b -- c, and 

6 = V// J — a*/b, 

K . 2 1 HiirhX 

.Vi Vi ' " ' « / 


t I f siir l c /, 

/v t i • - /I/,, ^ - vl c 

and the force components within the ellipsoid are 


4 irA 


I V I c 8 . 




,n 


sin V p 


»,,/%/1 ■ . i * e 8 

2 ir/> ( . . - L -Him b* . 


2ir(' 


Vi r' 


Hin“n 


b. 


If, while b and c are constant, a is nnuU« to approach zero, a 
approaches the limit unity, the limiting values of the force 



density throughout, had consisted ol two homogeneous por¬ 
tions of densities p, and /o, to the left and In the right, of 
their surface of separation, il the density ol ,\ had been 
at every point equal and opposite to that of /\ ami if the 
limits of p/ and pJi had been the constants /, and /, ;t the 
resulting surface distribution, on the boundary of the space 
occupied originally by X and /’ conjointly, would have had 
the density <r-~ / t cos (//, a) to the lelt of the original posi¬ 
tion of aS’j and the density c r ■ ' / a e os (A, //) over the rest of 
the surface. There would have been on S a surfaee density 
cr = /, t!os(//, •»,) d' / a eos(/o where // t and n 3 represent 
exterior normals to the regions in whieh /* had the densi- 
tie.vS p, and p a respectively. This distrihution is therefore 
equivalent to two distributions uniformly polarized in the 
direction of h, and laid together ho as to have the common 
surface 

If, again, the density of /’ had been given by the expression 

ft - - />„ •/(.**< //, ,t), 

where p 0 is a constant ami / an analytic function of the space 
coordinates, then, if /’ hud been displaced parallel to the x 
axis, there would have been, (1) a region common to V and 
N in whieh the density would have been 

po[/(* - 7f, lh ~) /(A //. a) ] or pjt !>,/ 1 r 4 

where e is an infinitesimal of the same order us //, pj > a region 
of density p 0 f(x -- h % //, x) where /* extended beyond ,\\ ami 
(3) a region of density p„/(>, //, a) where ,V extended behind 
I*. If the limit of p {l /i had been the constant. ,i„, and if 
A •/(*, y, «) had been denoted by ,1, the resulting distri¬ 
bution would have had a surface density cr ,1 enapr, ») over 
the boundary of the space originally occupied by ,Y and /’ 
and a volume density p -- - - /p./ inside this boundary. This 
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surface integral of A cos (.r, n) taken), over any closed surface 
is equal to the volume integral of + J> X A taken through the 
space hounded by the surface, so that the whole amount 
of matter, algebraically considered, in the distribution just 
discussed is zero. 

If such a distribution as this were placed in a uniform Held 
of force of intensity I<\ perpendicular to the x axis, it would 
encounter a couple of moment 


x-tffv.r.aii+rfff*.'.* 

s= rf j*x> A • cos (x, n) dS F 

*= F fff UKd>A) - * • JV] dr 


Here, again, the volume integral of the intensity of the polar¬ 
ization is a measure of the moment of the couple which 
would be exerted upon the distribution, if it were placed in a 
uniform Held of unit strength perpendicnlar to the x .axis. 
The intensity of the polarization at any point in a polarized 
distribution has been called the moment per unit volume, of the 
distribution at the point. If a distribution polarized in the 
manner just described parallel to the x axis were placed 
in a uniform field (X 0 , Y a , Z 0 ), not perpendicular to the x 
axis, it would experience a couple the components of which 
would bo 
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where e is an infinitesimal of tin* same order as h. As h is 
decreased and p u so increased flint />„// is always equal to . 
the potential lunation at (.r, //, due to the resulting distri¬ 
bution becomes— f> x V- Thus, i I /’is a sphere oi radius a, 
the density of which is proportional to the distance irom its 
centre, we have p — p 0 r , /'™ ?r/>„(-l u 8 i' s[ ) t 'A if r * ti, and 
F— 7 rp,/t‘‘/r it' r > a. The polarization in the resulting 
distribution is J a r } wliere *•!„ is a eonslant to be chosen at, 
pleasure; the potential function has the value rr, i, r er within 
the polarized sphere, and irJ 0 <t A .r/r n without if ; the moment, 
of tlie sphere is irA a d*. 

Imagine six coincident bodies, /’ )( A',, /*„, A' s . A’*, of 
densities pj\(^, //, h), —//, ~), p„/j(.i\ //, •:), />„./:.( .r, //, 

pja (x, V, «). -pM*,!/,*) respectively. Imagine /*„ l' T f\ 
displaced through distanees h parallel, respi'etively, to the axes 
of x, ■>/, and s, then imagine h to decrease and p lt to increase 
in such a way that p n h is always equal to a constant . 1 /. If 
Mf x (x } y, «), y % »), ty, x) lie denoted hy .1, /*, and 

C respectively, tho resulting distribution has a surface density 
cr = A cos(;r, n) H- li cos (//, it) -1- f 1 cos (.v, 11 ) on the houudary 
of the space originally occupied hy the six bodies, and a volume 
density p = — (D X A -p 1> U II T IK ( ') in tin* region enclosed by 
this boundary. <•/, //, (’ are usually considered ft) In' the 
components taken parallel to the coordinate axes of a vee 
tor, 7, so that or ~ J cos (>q I) and p { I tivergenee of / ), 
The whole amount of matter in tin' distribution h zero. / is 
called the jxilarhntion, and the direction of / at .any point 
is tho ilireettan. at that point. <>J‘ the fm/oelxnt!mi. Tin* lines 
of the vector / arc (Mined hy the equations 



poui.rizauov,. i ms proeuuvc or mo eross-secmon or a very 
slender tulm of polarization at any point, and the value 
at that point of is somedimes called the strmir/th of the 
tube. The matter in a slender tube of polarization con¬ 
stitutes a polarized Jilament. If the vector ,/ is adenoidal, 
the distribution is wholly superficial, and the strength 
of every tube of polarization is constant throughout its 
length. Uniform polarization is a special ease of solenoidal 
polarization. 

If is evident that the generally polarized distribution just 
mentioned may be regarded as formed by the superposition 
of three distributions polarized parallel to the axes of a*, //, 
and .. respectively, and it is easy to see that a uniformly 
polarized distribution in a uniform field (A'„, /£„) will be 

acted on by a couple the components of which are the prod¬ 
ucts of the volume of the distribution and the quantities 
m 0 ■ <!V W </A' u - 


A short, extremely slender, right prism, uniformly polar¬ 
ize! I in flic direction of its length, forms a simple kind of 
/mhtrim'd rtrmrnt. If 15/ is the ’length of such an clement, y 
its cross-section, and I the intensify of its polarization, 2 7 // 
may he called flu* moment of the element, for it represents the 
moment of the, couple which would net upon the. (dement if it 
were placed perpendicularly across the lines of a unit field. 
This product of the volume of tin 1 clement and I we may 
denote by ftl. We know that the Field of force' due to the 
element is mathematically accounted for by a superficial 
negative charge', 7 /, on erne end of the- prism anel an eepial 
positive charge on the utlmr end. Led ( ( > he any point distant 
>*, from the ne'gative eml and /' a from the positive emd of the 
axis of the prism, anel r from its centre. Let. (r, /) Im the 

o nrln lw»l Ufort 1 1 lo f 1 f ill? '1V! f T f »1 t llf.l * 1 1 HU 1 1 fJl.VV T1 


the value at Q of the potential function dun to tho element 
is y/(l/r 2 - l/>\) or 

— r 2 2 ) /?y 2 0 ’i + >\ j) or - I'iif • <’on (r, /) f' ; a) 


The limit, M- nos (r, ./)/>», of the 
called the potential function dun. 



expression just, found in 
to a uniformly /tn/ari.xnl 
r/nnru /, or to si xjiurr 
dnithlvt. It will appear 
from tlm work which fob 
lows that a similar result 
might have been obtained 
from the urn 1 of a gener¬ 
ally polarized (dement of 
any form. The lines of 
force dun to a polarized 
element are shown in 
Fig. 53; they are the 
same as the external linen 
of force in Fig. 50. 

before we attempt to 
find an expression for the 
potential function dun 
to a generally polarized 
finite distribution, it in 
well to notice Unit if 
tin* vector / is discon¬ 
tinuous at any surfaces, 
the distribution may he 
considered as made up 
of a number of contin¬ 


uously polarized portions abutting at these surfaces: wo 
may confino our attention, therefore, to mmtimumsly polar¬ 
ized distributions. If a given distribution of this kb l has 



whore r is the distance from. the point (x 1 , y\ «') in the volume 
or surface element to the point (;r, //, rS). If /' is the value 
of the polarization at (x' t //', A), and if wo substitute the 
values of p' and <r' in terms of./' and its components A\ C' } 
wo have 


V - jjt A '^ )S ^ + Ji ' floa (!/> ' + (> ' os (*'» 


/// 


/h.,/r + /*' +. c" 


dr’. 


Since 

wo may write 

-Iff*? 


IK - 1 


IK-A' A'-lK-r 


dr’ 


fff 

fff 


A 1 - D^r-dr 1 


A 1 ' 

JK- ( — )dr' 


A' 'l) r ,r-dr' 


fff 

(x 1 , n) dS' } 


with similar exprosHions for the other torniH of the triple inte¬ 
gral, all the double integrals are cancelled, and wo have 


-fff A ~ 
•fff 


A 1 ■ /K- r + W - I^-r + (" - /hr 


dr' 


A' (jrj- x 1 ) + W Q[ - - I/') + C (* - A) 


dr 1 


J (*>)+//'cos r) + (? cos (x\ r) ^ 


r r r/> cos (r. t>\ ... 
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is, as wo have just; scon, the potential 1 unction •hie to an 
element at (*', //', in which the polarization is /'. 

If the polarization is solenuidal, the volume integral of p v 
is equal to zero and a surface integral alone remains. 


Wo have soon that a polarized distribution is completely 
detined when tho form of its boundary, S, and the values id 
the components of the vector / within it are known, and that 
its potential function has the same value (at least, at. outside 
points) ms that due to an ordinary distribution tit matter made 
up of a certain volume, distribution within .S' ami a certain 
superficial distribution on .s'. What we usually call a polar¬ 
ized distribution is supposed to be quite different, however, 
in its physical nature from this ordinary dislrilmtion, which 
may be said to he mathematically equivalent to it. A simple 
illustration will make the diameter of this difference clear. 

If a number of small rubes, all uniformly polarized parallel 
to one. edge, with common intensity A were placed together, 
with their directions of polarization parallel, to form a larger 
cube, P, superficial distributions of equal and opposite den¬ 
sities would come in contact, ami the resulting (listributiou 
would appear to consist, only of a positive charge uniformly 
spread on one face of the larger cube and an equal negative 
charge spread uniformly on the opposite face. That is, the 
potential function, at outside points, due to /\ would be the 
same as that due to an indifferent body, /“, of tbe same 
dimensions as J\ charged with a superficial distribution of 
density + / on one face and a superficial distribution of dein 
sity — /on the opposite face. If, however, we define the force 
at a point within a distribution to ho the force which would 

urm in if i i uu .in i tiOt.tif,..I d,». : i* .... .. ..i 
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the cavity, while if an excavation were made in P by remov¬ 
ing one of the very small uniformly polarized cubes of which 
it is made, up, the surface charges on the adjacent cubes would 
appear, and, however small the cavity might bo, these, would 
bo found to modify the force very appreciably. We must 
regard such polarized distributions as occur in nature as made, 
up of wo/crulcs , so that if any portion lm broken off, 

across the lint's of polarization, from a body in which the 
pola.rizji.tion is deliued by the vector /, each portion is a 
polarized distribution deliued by the same vector as before :it 
every point, so that a surface distribution appears on each of 
the new laces formed by the fracture. ICvcry magnet; appears 
to be a polarized distribution of magnetic, matter, .and prob¬ 
lems in magnetism, as the reader who has some knowledge 
of magnetic phenomena will see, can be conveniently jittaeked 
by the analysis of this section. 


If info a field of electric force a conductor or a mass of 
dielectric different in nature from that which it displaces be 
introduced, the Held becomes changed in ft manner completely 
explainable on the assumption that the conductor, or the 
dielectric,, has become electrically polarized, and that the 
surrounding dielectrics are now and were polarized. Indeed, 
results of experiment compel us to assume that space which 
seems to bo empty of ponderable matter is still occupied by 
a medium, the ether, capable of transmitting electrical fore.es. 
We must -assume, also, that every medium with which we are 
acquainted, whether it he solid, liquid, gaseous, or ethereal, is 
susceptible to electrical and to magnetic form's, so that if a 

n _ __ • i. •.1* .... i... „ t.......i .. it..i i ' ..t 


including that which belongs to the polarization of the 
medium itself. The ratio of the intensity of the pohirr/a» 
tion induced at any point of a. medium by fbo resultant Ions' 
at the point is called the ttuscrjifi/ii/itif nl tin 1 medium at the 
point under the given circumstances. Uvery medium has 
both an electrical susceptibility and a magnetic susccptdiility, 
and these may be represented by very different. numbers. 
The susceptibility of a medium to mut/nrtir influences often 
depends upon tlio intensity ol the inducing have; we may 
consider, however, that, if a medium is homogeneous, its r/,r. 
triad susceptibility (/,*.) 1ms the. same value throughout. A 
medium in a field of force may have an htfrhmh' /in/urlxatinu 
as well as the polarization induced in it by the held. A steel 
magnet in the earth’s held illustrates this possibility. 

A given region may be at once a field of magnetic force and 
a field of electric force, so that any medium, when placed in 
this region, becomes both magnetically and electrically polar¬ 
ized. Since the two polarizations are similar, we need speak 
in what follows only of one, if we keep in mind the fact 
that two quite independent polarizations may coexist. We 
shall represent susceptibility ly /,• ami inductivity ly /<, with 
the understanding that different numerical values must be 
assigned in general to these quantities according us we are 
dealing with electrical or magnetic phenomena, 

In the most general case of either electrical or magnetic 
polarization wo may imagine that an isotropic medium It as 
(t) an intrinsic volume charge of density p„, where ftl , is a 
scalar point function, (li) superficial intrinsic charges over 
certain surfaces, and (d) an intrinsic polarization /,„ with 
components A m B n , (7 0) which may or may not. In* everywhere 
continuous. In addition to this it has (-1) an induced polar¬ 
ization which, as wc have seen, has the direction of the 
resultant force coming from all the apparent charges in 



of tho medium, but not upon the intensity of tlio resultant 
force (A, V, Z). Tlio whole apparent volume density, accord¬ 
ing to the statements just made, is, in the general case, 

p«p#-[A^o4-AA + AA] 

-[A(^4-A(*-J') + 

and this is equal, according to Poisson’s Equation, to 

- V a r/ 47 r, or to + J) u V + ])„%) /4 7 T. 

If wo denote 1 + 4 7 rk by /a, this equation may be written in 
several interesting forms, and may bo regarded as a general¬ 
ized Poisson’s Equation. 

A(^V)4-A(W + AG*£) 

+ AA + AQ]» 

A (/^-A 4" 4 7 rZ 0 ) 4" A (/U P 4" 4 w/f () ) 4" (/*Z + 4 7r f f 0 ) = ‘1 7rp 0 , 

A [AT +4tt (/cA r + A,,)] 4~ ./>„[.T-Mtt(A:P 4 - /*„)] 

4- A [# 4- 4 7 T {kZ + r 0 )] = 4 7 rp 0 . 

The vector, the components of which are (/a A' + <1 tt A a ), 
(fiV 4- 4 7r //„), (/a+ 4 ir f '„), or, what is the same thing, 
(A' 4™ 4 7 r/l) f ( P + 4 rr If), (Z + 4 r ('■), where ;1, If I 1 are the 
components, (kX 4 - /!„), (k Y 4- /*„), {kZ + (of the resultant 
polarization arising from the superposition of tho intrinsic 
and tho induced polarizations, is called the (/moralized induc¬ 
tion, At a charged surface, tho sum of the normal compo¬ 
nents of tho generalized induction, pointing away from the 
surface on both sides, is evidently equal to 4 7rcr„. The sum 
of the normal components of the force, pointing away from 
the surface on both sides, is equal to 4 irer, while every tan¬ 
gential component of the force is continuous at the surface. 

If in a homogeneous medium incapable of being polarized 
inductively, where there is an intrinsic polarization /„ (with 
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force clue to all tiro active matter in existence, including the 
polarization masses, and if tlu' intensities of the polarization 
and force- have every whore the constant ratio A, llu* divergence 
of the polarization is evidently equal to A times the diver¬ 
gence of the. force, and Poisson’s Kipiutum becomes 

, 7 ) x x + n y vx n z ■ -irAt/h-v t />., r t /> Z), 

so that the force and the polarization must- he solcunidal. 
The converse of this theorem is evidently not. true. 

Inductive bodies which are incapable of being intrinsically 
polarized are sometimes said to he elect riealh or magneti 
oally soft. Most inotropic substances seem to he electri¬ 
cally soft. Bodies which can he iutrinsie.ilU polarized, hut, 
which art*, assumed to he incapable of being polarized by 
induction, arc sometimes said to he elect rirally or magnet i 
cally hart/. No absolutely hard media are known to exist, 
hut the magnetic susceptibilities id' Home permanent magnets 
arc comparatively small. 

The generalized Poisson's ICipmtion becomes 

/>,. (/a J ) -f- f(fi P ) | l> {ft./ ) I ff/i„ 

in the case of a body which has no intrinsic poiari/a!ion, 
and the generalized induction becomes the suufde vector 
(ixX, fiV, /iZ) discussed in the last, seetimi. Tin.*' \ eetor coin 
cities in direction with the resultant, force at e\ery point. 
At a charged surla.ee which also separates two media of 
different inductivities, the tangential components of the 
force are continuous, hut, the product of the tangential 
component of the force and the inductivity is clearly not 
continuous. The normal component, of the force is dh.ron 
tinuous by 4 v limes the. apparent density of the eharue on 



induction ooincido with each other close to the surface on 
both sides of it. 

If k- is independent of the intensity of the resultant force, 
the volume density, ■ - [/^(/.--V) -|- l> lt (/r F) -|- /t,(/r//)], due to 
the induced polarization in a hoiitaijoitiunts medium, jnay he 
written /,• (/h-\'d- /^F-|- IKZ), or and this van¬ 

ishes at all points where there are. no intrinsic, body charges. 
We must., therefore, consider homogeneous dielectrics about 
charged bodies to he. solenoidally polarized. 

If a mass, J\I, of a soft homogeneous medium of induc¬ 
tivity he introduced into a given iield of force in an 
indelinitely extended homogeneous medium, of inductivity 
which contains no “real” charges at a Unite, distance from 
d/, the two media, become solenoidally polarized, there is an 
“apparent” charges c 1 , at the. surface. »S\ of d/, and the poten¬ 
tial function J” is now the sunt of the given potential func¬ 
tion F (|) which dtdiued tins Held whim the place occupied by 
M was Filled with medium of inductivity n v and the potential 
function P, which might he computed from the expression 
Limit ^(//e'/r), since it is equal to the, potential function in a 
medium of unit inductivity dm 1 to a real charge, <•'. If » f and 
?/ y are normals to S drawn respectively into and out of M, wo 
have at every point of /V, 

* • C„, r I Ih ■ /»„ r - o, />„ r„ + r„=» o, 

fiiuij x r Ai *■ * 

i /gr + (x 

in which A is positives and, since F n is giving the hist, term of 
the first member is a given function, /(.r, y, -•). f" is con¬ 
tinuous at *V, it is harmonic within and without »S*. and it van¬ 
ishes canonically at infinity ; it is easy to show that, all these 
conditions determii e P fund, therefore. P ill 5/ii el v If’/ r 5 f 



Equation within ana wunmu a. v m r>, /a, • ~r /a s • / f H3 u u. 
If, now, wo apply [Mb] to u, choosing fur A. of that, aquation 
the value /a, in the Hpauu within 8 and the value ^ in the space 
without A, it is evident that tt must have everywhere the 
value zero. It is to he noted that changes in /a, and /x. J( which 
did not affect their ratio, would not affect 

If the strength of the given Held hud been greater in the 
constant ratio w than it was, the potential function duo to 
the apparent charge on 8, would have been larger in the same 
ratio, for [Mil] shows that the difference between the two 
functions V" and vi I' 1 (both of which vanish eummieully at 
infinity, art! continuous at A, are harmonic within ami without 
8, and at 8 satisfy an equation of the form 

+ + /*•/(*, !/, *)««)» 

is identically zero. 

If, when a hard body, M y solenoidally polarized intrinsi¬ 
cally, is placed in a held of force in a lunnogemumn soft 
medium of indue.tivity unity, the directions of tin* polariza¬ 
tion and of the resultant force arc found to coincide within 
M } and, if the ratio of the intensities of these vectors is equal 
at every point of M to the constant h\ the potential function 
within and without M is the same tut if M were a homogene¬ 
ous, perfectly soft medium of susceptibility k and imhje- 
tivity l-Mir/r, polarized inductively by the original field. 
To prove this wo have only to compare the properties of the 
potential functions in the two eases. Let A* bo the Imunding 
surface of M, let n x and w 3 represent respectively interior and 
exterior normals to 8, and let V n bn the potential function 
due to the original field; then V u is harmonic within 8, and 
on 8, where V n is continuous, />„, F p 4- V a w 0, Let V tw 
the polarization in the hard body M. and V the polarization 



direction at any point within are respectively equal to 
— k tilings the derivatives, at tho point, in tho given direc¬ 
tion, of r„ + F' and F 0 -)- F". Tho density t r' of the real 
charge of /S' in tho cane of tho hard body is -- /'-e.os^/,, /') 
or k F„ + F') and tho density <r" of tho charge which 
would be. induced on /S' if M wore displaced by the soft 
medium, is — J" • cos (n„ I") or k • J), n ( F„ 4 - F"). On S, 

A, ('; + n + A, (F () + F') = - 4 (F 0 + F'), 

and (1 + 4 t r/c) • ( F„ + F") + ,/>„ a (F„ + F") = 0, 

or (1+4 Tr/r) • F' + F' = - 4 *k • P >n V w 

and (1 + A irk) • J> n V" + J) ns V" = •— 4 vk • I>, n F 0 . 

Tf, now, it y-i V — F", u is harmonic within and without 8, 
it vanishes canonically at infinity, and it is continuous on /S’, 
where (1. + 4 tt/c) • J) ni u + J> n ^t ™ 0. It is easy to prove, with 
the help of [149], that under those circumstances it must be 
identically equal to zero, so that V and V" arc identically 
equal. 

Wo know from work done earlier in this section that when 
a uniformly polarized sphere is placed in a uniform field of 
force of intensity X w so that tho direction of tho polarization 
and this field coincide, the resultant field within the sphere is 
a uniform Held of intensity X 0 — 4 ir//3 in the direction of 
the polarization, and that the ratio of the polarization and the 
force is the constant k — 3 //(3 X u - 4 vr/), or 3/4 rr(\ ™ 1), 
.so that T = 3X 0 [(l + 4 irk) -• 1 ]/ 4 tt [(1 + 4 irk) + 2]. We 
infer from this that if a sphere of soft medium of inductivity 
fx were placed in a uniform field of force of intensity X n in 
a soft medium of unit inductivity, the sphere would become 
uniformly polarized to intensity 3 X a (g, - 1) /4 7r(/i + 2) and 
that the uniform field inside the sphere' would have the 



that, if a soft sphere of inductivity /i, wore planed m a 
uniform field of intensity X„ in a soft medium of inductivity 
Hz, the sphere would become uniformly polarized to intensity 

3 A (l (//.j //x.j - 1) /*! 7r / fin b *■<)« 

or 3 X 0 (fly — /Ay) /d 7T (/X, d- 2 /Ay), 

and that the intensity of tlm uniform resultant field within 
the sphere would ho 3 X {) /(fiy/fL, -H 2) or 3/Ay A „/(/*, 1 2/y.). 
That part, ’.I;(/x, - /Ay)/(/ a, + 2/Ay), of tin* field within tlm 
sphere which is due to the polarization alone, is negative, if 
fiy > fi 2 , and is then called tlm m'/j-t/r/>nfari'r:in>j force. 

If we note that in tlm analysis accompanying Pigs. 51 ami 
52, x was defined by the equation -V„ -I Wx '3 and that, 
consequently x ^ (^/ih + 3) /(fiy/fh 1 ). wc may apply to 
our present subject all the work there done. These figures 
represent the lines of force for the eases /q/p,, '/; .and 
i^i /A4 “ i respectively ; the first corresponds t.o a jierfeet, 
conductor in a uniform electric field, or (approximately) t.o a 
sphere of very soft iron in a uniform magnetic field in air. 
The theory of the polarization by induction of a soft sphere 
in a uniform field was first given by herd Kelvin, and this 
theory, with diagrams for ^ //q, • 2.H ami /q//A a 0.-1K, may 
be found in his It a print of I'opvi'n on Kh't't I'ontatim mttl .1 lay- 
natism. Very interesting figures, drawn for eijuul intervals 
of the function m and corresponding to /*, //q, 3, fiy/fi^ oc, 

are given on pages 373 and 374 in Professor Webster’s Theory 
of Mactricity and MaynetUm. 

If an ellipsoid, made of inductively bard material and uni¬ 
formly polarized [/ (A , ft, (•')]» be placed in a uniform field 
of force (X n , Fj,, Z„), tlm resultant field within the ellipsoid 
will evidently bo uniform and its components will be 

JT 0 — 2 irtibcAh w K 0 - 2 7re/jr///.„, % u - 2 vahr ( Mf (t » 
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A — /cA oy / (1 -j- 2 trubf'hk.^j 
Ji =5 k yj,/(l + 2 irabekL^, 

G=kZ,/( 1 + 2f«W^), 

where /»•- is any constant. I f the intrinsic^ polarization of the 
ellipsoid satisfies these conditions, the ratio of the intensities 
of the polarization and the held is Ic. We infer from this 
that if a homogeneous ellipsoid of inductively soft material 
of susceptibility k he placed in a uniform held of force in a 
medium of unit inductivity, the ellipsoid will become uni¬ 
formly polarized and that the components of the polarization 
will have the values just given. Tho resultant held within 
the ellipsoid will have the components 

A;/(l •+• 2 Tru/WrA',,), Y u /(l T 2 vrV(1 + 2 nalMQ 
and the self-depolarizing foree the components 

- 2 Tcuht'KnA, ■ •• 2 v rabt'LJi, -- 2 irabcAIJ!. 

These results may he expressed in terms of the induetivity /x 
of the ellipsoid by writing (/x - 1*) /•!■ ir for and if, then, 
the ratio /x,//x,, he substituted for /x, tho formulas will corre¬ 
spond to the ease of a soft homogeneous ellipsoid of indue¬ 
tivity /x, in a held of foree in a homogeneous medium of 
inductivity fi r « 

If we remember the expression already found for the 
moment of the couple which a uniform held exerts upon a 
uniformly polarized distribution in it, wo shall see that in 
tho present ease the components of this couple are 

4 W>r(/^ (l - CY a )/‘A, 4 Tr«h<'.(CX t) - AZ a )/Z, 
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ind it is'to be noted that, according to the reasoning of page 
1 . 22 , if a>b> n, ,/v 0 < L {) < /)/„. If tlm lines of the field iu 
blie air make an aeute angle with tin* plane of aw and am 
perpendicular to the r: axis, Z t) ■ - 0 ami .V„ and 1*„ are positive, 
the axis of the (maple is the axis of the moment is positive 
(even for such negative values of A* as oeeur in nature), and 
the ellipsoid tends to turn so that its long axis shall have 
the direction of the held. 


for perfectly hard, intrinsically polarized bodies the gem 
eralizod Poisson’s Equation becomes 

J) x (X + 4nJ tl ) 4* ■/>„ ( I' "1“ d 7T IQ f /h (Z | •! TT < • *1 7Tf) tl , 

and if p„ = 0 , as iu the ease of a bard magnet, the induction 

(X d~ 4 7r /i,„ )' -}* 4 7 r //„, Z I -I rr ('„) 

is sohmoidal. Unless the intrinsic polarization happens to 
have the same direction as the resultant force, or vanishes, 
the lines of force and the lines of induction do not coincide. 
In sonio cases, the directions of the forns and of the polariza¬ 
tion are exactly opposed, and the lines of force and of induc¬ 
tion are opposite in direction. Outside a hard magnet, where 
the intrinsic polarization is nothing, the lines of force ami of 
induction are identical. At*llie surfueo of the magnet, where 
there is no intrinsic charge except that which belongs to the 
polarization, the normal component of tlm form* is discontin¬ 
uous, while tlm normal component of tlm induction is con¬ 
tinuous. It is convenient, therefore, to regard tlm lines of 
induction as closed curves, Tlm lines in Fig. fid represent 
both lines of force and lines of induction, hut it is to 1 m 



tangenuai components oi tno lorce are continuous at tne sur¬ 
face of a magnet, those of the induction discontinuous. The 
normal component of the induction just within the surface is 

(X + 4 7 rd 0 ) cos (x, n) + ( Y + 4 tt /*,,) cos (//, n) 

4* ~f* 4 7r (7 0 ) cos (z } ?i), 

or the normal component of the force plus 4 tt times the 
density on tho surface belonging to the intrinsic polarization. 

If we make a small cavity inside a generally polarized hard 
body, the force at any point of tho cavity is tho original value 
of ./'’(that is, tho negative of tho gradient of tho potential func¬ 
tion at the point), minus tho contribution due to tho volume 
charge removed, plus tho force due to the new surface charges 
which appear on tho walls of the cavity. If the volume of 
the cavity bo made smaller and smaller, tho contribution due 
to the volume charge removed can be made as small as we 
like, while the offout of the surface charges may remain finite. 
Lob the cavity be of the form of a piceo of a slender tube of 
polarization lying between two near orthogonal surfaees. In 
this ease there will bo surface charges on tho ends of the 
cavity, hut none on the Hide walls. These charges, of density 
± /, will bo such as to drive a particle of positive matter in 
the centre of the cavity to that end of the cavity towards 
which the polarization is directed, ff wo reflect that a surface 
distribution of finite sine, which has at the point P the density 
cr, repels a unit point charge infinitely near P with a force of 
2 ircr, but that an element of thd surface at 1\ infinitely small 
with respect to tho distance of a point charge from t\ has no 
perceptible effect upon this point charge, it will bo easy to 
see that, if the oross-seetion of the cavity is infinitely small 
compared witli its length, the force duo to the surface charges 
an the ends approaches zero as the whole cavity is made 
smaller, and the force at the centre of the cavity is 1>\ If, 
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the induction air the ]>uinl. before tin* cavity was cut. if the 
infinitely mi mil cavity were spherical, the force at its centre 
•would bo /'’+ /j 7r /. 

Iti is to lie carefully noticed that. \ve lia\e no means of 
determining an ahsolut.c inductivit\ for au\ incdinm, hat, only 
the. ratio of flu 1 inductivity of the medium to the inducti\ it\ of 
some other medium taken as a standard. The unit quantity 
of electricity is defined to he that quan t ity which concentrated 
at a. point at. a distance of one centimetre from an equal 
quantity would repel if with a force of one d\no, win n (hr 
tliolodoio Is t/io rthov. In any other homogeneous dielectric 
of inductivity /a times that, of the ether, <■ of the.-.e units of 
electricity concentrated at. each of two points distant r eeuti 
metres from each other would repel each other with u forte 
of r l //A/ ,a dynes, so that, if this medium hud heeit used as a 
standard, the unit of electricity would have U-en larger in the 
ratio of V/a to 1 than it now is. If a charged eomluetor is 
enveloped hy an infinite, homogeneousdidccti ie, we ma\ assume 
the apparent ehargi' on it. to he its real charge and neglect the 
polarization of the dielectric (ami we do this wlo-u the dielec¬ 
tric is the. standard substance which we assume to ha\e unit 
inductivity, and lienee no sitseepl i hi lit \ ); or we may suppose 
the ditdeel.rie to Ik* polarized, and consider the apparent, 
charge to In' the algebraic sum of the real ehaige on the 
conductor and the charge belonging to the polari/ut ion induced 
on the dielectric. This we do when the dielert i ie is nut the 
standard HubHtanco, assigning to it a soseeptihihts based on 
that of the standard suhsluuce which is the zero of our scale. 
A simple illustration will tend to make the rather complex 
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from the second, and the scu'.oih l from the third, arc b and 
c, respectively, a,ml tlio inductivities of the dielectrics, referred 
to soinii standard substance, am /*,, /*„, a,ml /a.„ or 1 -M-tt/-,, 
:1 -T •! 7r/.’», a,ml I -I- -17r/«•.,. If we apply (lauss’s Theorem sue- 
ee.ssively to spherieal surfaces eoneeutric with i,ln». conductor 
a.ntl lying in tlio lirsl,, sooond, a.ntl third media, wo learn that 
the force. ( />,./') ah a, distance r from the centre has, in the 

three media., the values ./<,'//a ,r B , E/w~, A'//a ;1 r, 'Pile eon- 
duelor acts like a, medium of infinite susceptibility. The 
induced polarizations in the three media, are directed radially 
outward, and their intensities are h\E/^r, k.,E/n.»r, /r a A’//A n r u . 
Tim densities of flit' apparent charges ah the surface A'i of the 
conductor and at the surfaces of separation A'.,, A'., of the 
dielectrics, regarded as manifestations of tin* polarizations, are 

or'i -- : /'// I 7T (t' J ■ • l\E /E /'I 7OU A\, 

e-'ii - ; h'\h'J/i { lr- • E//Ur - EQi t ■ ft,,)/ A ir/r^ /A a on Ay, 

and <r'„ ~•" 1,'hE/ fur~ ■ k ti E//t, ti (^ - = E (/a u - Aa)/'! 7on A'j. 

Those saint' densities might a.lso lie found by the aid of the 
ordinary characteristic, equation of the potential function at 
an apparently charged surface, />„./' T />„../'• - - *1 w<r'. 

If instead of using the old standard we make the outer 
dielectric of this problem flu* standard, the. unit of electrical 
quantity will be larger in the ratio of \//a„ to 1 than if was 
before, and the old charge on the condenser will be E / n// i„ 
expressed in the new units. The strength of a held at any 
point being the form' in dynes which would be experienced 
by a unit of positive matter placed at. the point., the numlior 
which expresses the strength of a given licit I in the new units 
is Vu n times the number which ex nvsse.H thr strength of the 



.ft V fXn/fX^, ft V/a» /A’ V/ia //i,,/* a ; 
the intensities of the polarizations arc 

-A(/Al - /A,,)/4 7T V/A„ /AtA’(/An • Mh)/ 4 7T V/A ;t (U)'\ 0 J 
and tho apparent charges on A'„ Ay, A',, have t in 1 densities 
.A' V/a 8 /■!• 7rn a /An A’(/aj - /a 9 ) V/Aj, /•! Tr/d/At/Aj,, 
and A’(/a 9 — /a„) V/a«/ 4 7r# ,a /*a/*jt- 

The sum of flic apparent charges on A',, A' a , A'., is now A’/ v//a„, 
tho real eluit’go on the conductor expressed in tin* new units, 
and the sum of the induced charges is zero. In (In' ease first 
treated, where tho outer medium was supposed to he polarizable, 
the sum of the apparent charges on A' t , A'„, A'., wits ft /a u , and 
tins, being expressed in tho oltl units, is equivalent, to ft/ V/a* 
in the now. Tho sum of the induced charges was the tlill’ercnee 
between /£//*„ anil ft or A’(l ~ /x«)//x a ; in this ease, however, 
we must imagine the outer surface “at. infinity" of the outer 
medium to have an induced charge in total amount, equal 
to the integral of the normal component, of the polarization 
(k a ft/ h''*) °vev the surface, or 4 irk n ft/n iU and this is equal 
to ft (/A„ — 1)/ /aI,, ho that here, again, the whole amount, of the 
induced charge is, of course, zero. It is to lie noted that, this 
finite charge at infinity docs not alTect the electrical field in 
any way. We have seen that when the outer medium is 
taken as a standard the inner medium has a susceptibility 
(/A t — /x„)/4 7 t/a„, and this is sometimes called the susceptibility 
of a medium of inductivity /a, with respect to a medium of 
inductivity /a„. No medium has yet, been found to be less 
electrically susceptible than the ether. Home bodies are less 
magnetically susceptible than the ether, so that their mim-opth 
biiities are negative on tho usual scale. These bodies are 


surface of winch is so far removed from tlio place of observa¬ 
tion that 1.1m apparent charge on it eontrilmtes little to the 
held of force, the fact, that the outer medium is really polarized 
may bo lout sight of; and if we. attribute the apparent charge 
on S wholly to the polarization of the inner medium, instead 
of regarding it as the. difference between the. charge of one 
sign due to the. polarization of tin* inner medium, and tlm 
charge of the opposite, sign due to the polarization of tlm 
outer medium, the apparent susceptibility of this medium 
will he (/*),•■/x 3 )/*l 7r/i a . If/*„ is greater than fi„ this will be 
negative and the inner medium will seem to he polarized in 
a direction opposite to that of the force. 


If in any given cane tlm direction of the vector / is every¬ 
where perpendicular to the direction of its curl, it is possible 
to out a polarized distribution by a set. of surfaces, it —• r, 
everywhere normal to the line of polarization. If surfaces of 
this family he drawn for small constant differences, Am, of the 
scalar point, function it , the distribution will be divided into 
shells, each of which is polarized normally to its surface. If 
A n is the thickness of one of those shells at a given point and 
/„ the average intensity of polarization on a lino of polariza¬ 
tion drawn through the slit'll at the point, /„ Am is called the 
xhnit/th of the. shell at tlm point. Since I> n u — //„, the value 
of the gradient of it, the strength of a shell of infinitesimal 
thickness can he written /• tin/h„. A shell is said to be 
niiii/i/r if ////„ has the same numerical value all over it; 
otherwise tlm shell is said to he com/i/rx. 

If ./, It, f 1 are the intensities of tin' components of the 
vector /, the filet that the lines of I coincide with tlm nor¬ 
mals to the surface a --- c gives the scalar equations 

A / / = fhu /It., It / / =* iKn //#., (7 / - I)ji /hu \ 
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■virliicli is tlio curl of I, may he written in the form 
[D a ii-!>„(!, />„) !>„it • 0 (/, Kh 

Jin • /^(//A„) t> "* /'J. 

n v u■ i\,\i/h u ) i>,»■!>,{! /'Ji¬ 
n', now, the scalar quantity /.A, has the same numerical 
value over every surface of constant. //. it must he, if not. 
eve.rywlie.ro constant, a function of it onlv, so that 

/>,(////„): IK" n -' 1 /' •• 1 : l> it, 

and if Uicho relations are satisfied, the components of the earl 
of / vanish, and (.lie polarization is lamellar, K.\er\ lituiel- 
larly polarized distribution may he divided up into simple 



polarized shells; if Llie polarization is not lamellar, hut. if the 
direct,ions of this vector ami its earl are e\ er\ vs here perpein 
dienlar to each other, the distribution, us we have seen, may 
be divided up into shells, hut these will not he simple. 

The potential function duo to a polarized element of moment. 
M Inis at a point,, /\ dislant. /• from the element, the value 
M e.osa / r u , where a is the angle which a line drawn from tin* 


potential function duo to the Hindi has at any point, /', the value 
limit <1» y eos(r, •?/■) A/Sy-r 3 = <ba>, where w in the .solid angle 

Bubtondcul id. /' by tbo boundary of the Hindi. This value in 
positive if, in looking out 1 'rom the vertex /' within the conical 
surface which passes through the boundary of the shell, one 
sees the positive side, of the Hindi. If, while tin 1 , strength of 
the Hindi is unchanged and the boundary fixed, the shell itself 
bo imagined deformed in any way, the value at. /'of the poten¬ 
tial function due to the Hindi will be unchanged ho long as /' 
is on the Hume.side of the shell. The. potential function due to 
a (dosed simple Hindi of any form is zero at every outside point 
and :h 4 7 rT at every inside point, where the positive sign is to 
be used if the positive side of the shell is turned inwards. 

If /'and /"are two points (dose to each other on opposite 
sides of a simple, very thin shell, />', of strength <I>, and if 
V,, and are the values of the potential function at. /'and /", 
due to />, we may imagine the shell (dosed by an additional 
shell also of strength < 1 > which shall add to the potential func¬ 
tions at each of the near points /' and /" the quantity ;r. If 
/' is within the (dosed shell, /" will be outside, so that 

V T x - - 0, T' 4 x ~~ 4; -I -irh, or V' - /'; 4: d 7rh. 

The potential function due to an infinitely thin, open or closed, 
simple polarized shell is, therefore, discontinuous at. the shell 
by 4, -I 7 r times tlu* strength of the shell. 

The potential energy of a magnetic north pole of strength m 
at. a point, /’, near a simple, finite magnetic shell is 4: 
and if /’ iH on the positive side of the shell, ui<Pm ergs will be 
done by the field on the polo if if be. carried to infinity by any 
path. If the polo be carried around the edge of the shell from 
a point, very near the shell on the positive side in a point, very 
near the Ih’Ht but. on the negative side, the work done on the 
ado iv the field* will be 4 irm<P ertrs. 
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wliero r is the distance from d> S' i<> l\ mid n is t he* normal to 
the shell on tho positive side. If tlu» directions of both r and 
n were considered reversed, the value of the integral would he 
unchanged, but it would then more clearly represent the sur¬ 
face integral, taken over the shell, of the normal component 
towards tho negative side of the shell of the l'oive due to mag¬ 
netic pole at 7\ If, instead of a single pole at /*, there is any 
collection of poles at different points or, indeed, any magnetic 
distribution, M, tho mutual potential energy of tbe shell and 
this distribution is equal tn<t> times the llux of magnetic force 
due to M in tbe negation direction through the shell. 

A simple magnetic shell in n magnetic iitdd. //„, due to 
matter outside the shell tends to um\e so ns to decrease ihe 



mutual potential energy of the shell and the field, and this 
quantity, as we have just seen, is equal to the myntirr of the 
product of the strength of the shell and the* mtmlH<r A* of 
lines (unit tubes) of force dm* to the field which cross the 
shell in the pox! tire direction. Tho shell, therefore, tends lo 
move so as to make N as great ns possible. If the shell he 
displaced parallel to itself through a very short distance, tin , 
in any direction, the limit of the ratio of the lorn of energy 
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generated by tlio shell, so that the integral of the normal out¬ 
ward component of ,// 0 taken over the surface of the cylinder 
will be zero. The shell in its initial and iinal positions forms 
the ends of the cylinder, and these together contribute dN 
to the surface integral, so that the convex surface must con¬ 
tribute dN. If (Ik is an. element, measured in the positive 
direction about the shell, of the curve which bounds the. shell 
in its original position, and if <7A' is the element of the convex 
surface of the cylinder generated by (Ik, 

ehS' = (Ik - (In • sin (du., (Ik) ; 

tho magnetic, induction through this element duo to the 
magnetic, matter outside the shell is 

//„ • cos ()i, .//„) • sin (du, (Ik) • du. • r h , 

and this integrated with respect to k is equal to — dN, or 
to — Ud\t/<b. Therefore, 

U =5 — <t>^*.7/ u • cos (w, 77,,) • sin (du, (Ik) • (Ik, 

and tho eomponont in any direction (//) of the. whole force on 
tho shell may bo expressed as a line integral taken around the. 
curve which hounds tho shell. Tho integrand vanishes at any 
point where u is parallel to //„ or to i!k, but if at. any point u 
happens to be perpendicular to the plane' of //„ and <h, the 
integrand beeomes //,, sin (//,„ <Ik), the component of the liold 
perpendicular to (Ik. If, with this fact in mind, wo choose at. 
every point on the curve a direction, p, perpendicular to the 
plane of 7/ 0 and (Ik, ho that 

cos(/j, (Ik) = 0 and cos ( p , //„) = 0, 
and remember that cos (n, (Ik) — 0, vm(u, n)-~ 0, wo may 



to tho eminent, by ii lorn* nunieneauy eijuai to pruiumt 
of the length of the element. I ho strength o| t ho shell, ami 
the component perpendicular In tho element nt (ho field, //„. 

If the held is due to a single magnetic pole of si fourth m 
at a point, distant r from its, fho Ihree mi I ho element, 
would ho m<I> • sin ( 1 % <h) • i/s/r\ ami the three exerted by the 
sholl on the polo would be aeeouuted lor In assuming that 
every o.hnnent, i/s, of Ihe bonndan ol the shell emitributed 
an elementary component, wt»-siu(/\ i/s)<ts t r\ in a diroot ion 
perpendicular to the plane of /* uml tis. 


VlOOTOH I’oVKNTIAU FUNCTIONS OK THK l N OCOTtoN. 

ICvery veel.or, A\ whieh, except in a given fiitiie region, 7\ 
is everywhere, continuous, soleuoidal, and lamellar, has in 
simply connected spun' outside T an easih found .’.ealar poten¬ 
tial function, //', which satisfies Laplace's Kijuat imi. \\ e may 
assign to/F at pleasure a. numerical value at am gi\ eu point, 
() y and (h'thie tin' value id' IF at any other point, (i\ to be the 
lino integral of the tangential component of A taken along 
any path from 0 to o' which lines not eiit 7* The partial 
derivatives with respect, to y, amt of }{ thus defined 
outside 7'are ov’idontly*o<jual at every pidnf to the compo¬ 
nents of K parallel to the coordinate axes, and, since A is 
soleuoidal, V J II" (), If A’ so vanishes at iuiioti \ that the 
limit of the product of its intensity ami the Mjmtre of the 
distance (r) from any liuile point in fmite, the limit of 
r a - [) r U r is finite, and if we assign to IF the uilue zero at 
any point at infinity, its value everywhere at infinity will 
be zero, If A" is continuous and if it vanishes at infinity in 
tho manner just described, uml is known to !»♦ rfe/*///e/ie/*e 
soleuoidal and lamellar, it must vanish cvet \ v* here; {hr, if 
we apply [1 fill to the harmonic’ function II w ll in a i it til ite 
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and lamellar within and without, (, 1 m conductor, and il; vanish oh 
properly at, infinity, 1 ml; il; is dint*.oni,iuuoun at tho surface, of 
the sphere. It is usually convenient to assume, I,hat the 
integral of the normal component of a vector, taken over any 
closed surface at which the vector and its lirst derivatives are 
continuous, is equal to the integral of the divergence taken 
through the space within the surface, even though at some 
inner surface the vector is discontinuous. On this assumption 
the vector just mentioned is not solenoidal on the. surface, of 
tho conductor, for il, has there divergence equal in total 
amount to <1 7 r times the charge. 

The line integral of the tangential component of a vector, 
taken around a closed curve on which this component is con¬ 
tinuous, is generally used us a n’masure of the integral of the. 
normal component of tin* curl of the vector taken over a cap, *V, 
bounded by the curve, even though at some curve, on S the 
vector ceases to he continuous. 

A vector cannot be considered lamellar at a surface whore, 
though its normal component is continuous, some of its tangen¬ 
tial components are discontinuous. 

If two continuous vectors, V and which so vanish at 
infinity that r 1 /'/ and have Unite limits, have at every 
point in space, equal curls and divergences, and arc lamellar 
and solenoidal outside, certain given Unite regions, they are 
identical; for I,he. difference between these vectors is every¬ 
where lamellar and Hohmoidal, and it vanishes at infinity in 
Hindi a manner that the product, of its intensity and the 
square of the distance from any finite point, is finite. This 
theorem may lm extended to the ease where f r and f’\ though 
not, every where continuous, have identical discontinuities. 

If NT.. A. Y . ve • I 1.1 \ 1 m 1 vi I11 ‘s it. 1 li > 1 1 1 t, 


in which the integratiouH live to l>e extended over all spare, or 
at least over all space where F is not lamellar and soleuoidal; 
we know from the theory of the Newtonian potential function, 
where similar integrals have been studied, that, if N, £, r;, ( 
are the divergence and the curl components of F at (>, tj, «), 

V 2 ^ = N, = ^ r/, V 9 /-; {. 

The divergence of the vector l<\ which has the components 
F& F y) F 9) is equal to 

Iff C *‘' /; «C/’')+ >). ■ W/') + C. ■ C,(l /rj]./r„ 

and, since 1)# (t Jr) « — J>^ (1 Jr), 

and - &• D Xt (1 Jr) «= I>J x /r F*,(£,/r), 

we may write this hy the help of Gmm’s transformation in 
the form 

/// W + z> «’* + ! r ' dr ' 

- f J [fi ■ COS (a, n) + v , • w* (y, n) + £, ■ rc* (*, »)1/r• > lfi x 

where the second integral is to Im taken over the out er boundary 
of space. The integrand of the tri 
where, because the vector (£, t) % {), being the curl of another 
vector, is itself solenoidal. The field of the double integral is 
in a region where U is lamellar, so that the integral itself 




z component; oi r,ne cun oi i< ) lias everywhere the same run 
an<l the same divergence as U and vanishes like it. at infinity, 
so that it is identieally equal to IL J> X F, I> V IC, J> g F are 
tho components of a lamellar veetor, and the eurl of 1<' is 
solenoidal, so that the veetor If, whieh is not everywhere 
either solenoidal or lamellar, is everywhere expressible, as 
was lirst shown by Helmholtz,* as the sum of a solenoidal 
and a lamellar veetor. The equations 

v x = djc + n u b\ - v v « n u ic + :dj<\ - 
= + W 9 -V, 

give any veetor, If, which is known to vanish properly at 
infinity, when its eurl components and its divergence are 
known. If V is solenoidal, F vanishes and F is a vector 
potential function of U. Every lamellar veetor has a scalar 
•potential function, the component of tho gradient of •which, at 
any point, in any direction, gives the intensity of the compo¬ 
nent of tho vector at that point, in that direction. The com¬ 
ponent at any point, in any direction, of the eurl of a vector 
potential function ■ of a solenoidal rector gives the intensity of 
the component of the vector at the given point, in the given 
direction. Heaviside gives the. name “circuital” to a veetor 
which is solenoidal hut not lamellar, and the name. “ diver¬ 
gent” to a vector which is lamellar but not solenoidal. 

If p t is a function of »q, t/ u and if r 2 stands for the 
expression (x — *j) a -f (// — yff +■ (a ~~ «i) a , the familiar inte¬ 
gral J* f 7 ^Vfyipteo extended over .all space, is a function 

of j‘, //, x, whieh Prof. J. Willard Uibbs in a remarkable paper t 
has denoted by the symbol Tot p. Using this notation, wo 
may writo 

4 ir/C » - Tot N, 4 t rF m = Tot f, 4 7 rl'\ ~ Tot v , 4 irF tt « Tot £; 
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and if avo represent 1»\ Put * >»i 1 /' tin* a • u* which has for 
its co]upon(’nIs I'ot t> Pot >h ^ >ul C* Ur i h<* \ c*i■ i*«t ion 

4 7 TPot curl ami it (' isMdemodol. t n I <url P,,| nu .i i\ 
]f (f in solenoidal, I rrl *ni 1 <hi 1 I'**l I P"t t oil curl l' t 
and curl Pol I is a \ ***’1«a* potent ml I uu> i o *u * * I 1 «■ /, or 
Pol; V is ii Acctur jintfHll.il III!!* h..H <-l .t v 5.<i j»*ti*utiul 
fund it»ii of -1 it I . lu t li>* >'l .ini p>»l.i i u t it * 1 f.t t ilituion 
whatever, prtiviil**«l there t* tm >«t1 1 inn O'lmm denot) p„, flu* 
induct,iou is solenoidal ami li.r< a v. * i.o p>«trsu oil !nui tmu. 


ii. intttKiM vi \ nrs 

70, Steady Current* of Electricity. \\ a rl # ,tfs.;ed Unity 
A is brought uj> into tin* iicii.;ld»uh««'d *d a pte\ nuudy 
uncharged, insulated enudm*1 *«i /., tit** I w >» Uu»*l i of t*U*c. 
tric.ity wliicli, areut dim; t * * mu ptm eut-md t le > *i \, runt in 
Cipial quuutitifs ill nrl} p uh> U- »•! I< sol f<* separate 
from each other amt. a* a n<m.. .pn m f i >e electricity 
appears on /i"s nurluce, * ..mr pat «*t t.u. mu ! .me heruimiig 
oharpu'd jiosil ively itml »*t iirj p,u! > n« i;.Uiv«d\ ll I »*. In might 
into a given posit ion and ti \> d I U« i <, t In ds.! i limt um nu the 
surFaeo of Ii quick!) att.iim* aid her--* a *. Pun- *!»■!»•» nutird hy 
tin* fact that, tin* whole mfit 1><I >*i /* imi.i i« a t< ■,.ui*u at cou- 
Ht.iiut jiotcut ial, on in i*l Ini «m.i,, t U.st t Ur sr.nl! *sii |i*rn* at 
any point within Ii dm* fit t nr her eh-. iso it o . «<n i!i Mufan* 
must he eijual mill opposite l«« the t<n* «• U to it p.*Uit .tin to all 
the free electricity nnt*mle /» It, m*«. I « i * i» it ■> r!«.uge m 
moved to a new position, (Id* mUI dd t shut s*<n «>n /«Mir !.i«*e u tl! 

1 lt.il if nil O': 1 hi'l'e ! Im nUiii.it >t ! i . 11,«» «<-! i, . 1 , «if J ’ »s 
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up n stale of equilibrium, and hence at every point of B there 
will he, in general, Home electrical change going on continually. 

If two eonduclorH A and B at, diffe,rent potentials he con¬ 
nected by a line wins the. whole, will form a single conductor, 
which can only he. in a state of equilibrium when the value of 
the potential function due. to all the free electricity in existence 
is constant throughout its interior, and there will he. such a 
transfer of electricity through the wire as will establish this 
state of equilibrium in a very short time. If, however, by any 
device we can furnish unlimited quantities of electricity to A 
and B in such a way a.s to keep them at the same potentials as 
at the beginning, there will be a continual attempt to establish 
electric equilibrium within the compound conductor consisting 
of A s Bs and the wire, and, as a result, there will he a continual 
transfer of electricity through the wire. 

The transfer of electricity from one place to another through 
a conductor is a very common phenomenon. Sometimes, as we, 
have stum, electricity traverses the conductor for a short time 
only; sometimes, however, the transfer goes on indefinitely, 
and, so far as we can judge from its attendant phenomena, at 
a constant rate, so that just as much of a given kind of elec¬ 
tricity crosses any surface within the conductor in any one 
second as in any other: such a continuous steady Irani, fer as 
this is called a “ steady current.” 

The existence of a steady current in a conductor implies a 
force, tending to drive electricity through the conductor ; that is, 
it implies, at loaHt in the. absence of moving magnetic masses 
and of electric currents in the neighborhood of the conductor, 
free electricity somewhere in existence which gives rise to a 
potential function not constant throughout the conductor. No 


. 1 
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electricity of a given kind enters the region enclosed by the 
.smTuee in any interval id' lime as leaves ii during Ilia! interval. 

We have, seen that at. every point inside a conductor when' 
there, is a resultant electric force then' will be an electric .sepa¬ 
ration which will go on as long as the force exists. Kxperi- 
mont seems to show that the rate of separation of quantities of 
electricity is proportional to the magnitude of the force, bet 
jPbeu point of a small plane area <«» inside a conductor, and 
lot id be. the, average value during (lie interval from t tot j~ A* 
of the, component of the electric force normal to this urea ; then 
in what follows we shall assume that the amount of positive, 
electricity which crosses this surface, in the sense in which the 
force points, during tho interval is k • »> * F • A/, w here k is a con¬ 
stant depending only upon the material of which the conductor 
is composed and upon its physical condition. The average 
value, of this llux per unit, of time per unit of surface is, there¬ 
fore, k • F. If, now, <o and It are made to grow smaller and 
smaller in such a manner that P is always a point of /•’ ap¬ 
proaches as a limit the negative of the value at P of the deriva¬ 
tive, taken in the direction in which F acts, of 1*, tin* potential 
function due to all the free electricity in existence ; so that at 
any instant the value at. a point, /*, in any directum, », of the 
rate of How of positive electricity across n surface normal to a, 
per unit of this surface per unit of time, 1 h the value at P 

of - k . n n v. 

It follows from this that if any tube of force he drawn in a 
conductor which carries a steady current, there in no Jluw 
through the sides of the tube. Consider a region stmt in by a 
tube of force and by two equipolentinl surfaces inside a con¬ 
ductor through which a steady current Is Slowing, bet «,>, and w* 

hft t) i. n u r\t llm ,</, . I >t. (i.. .....I., i ... -....I.... I'J 
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positive electricity which enters — or the amount of negative 
electricity which leaves — the region by one end per unit of 
time is kl<\- <»,, and the amount which leaves it at the other end 
is kl<\ • (!>„. These amounts are equal, so tlint ,/<'V>o — «,» A = 0 ; 

hence, Q = 0, and there is no free electricity at any point within 
a homogeneous conductor which carries a steady current. The 
free electricity which gives rise to the potential function the 
rate of change of which is proportional to the llow of electricity 
within the conductor, must then lie either outside tho conduc¬ 
tor, or on its surface, or both. It would not be difficult to 
prove that there must be a distribution of electricity on parts 
of the surface of every conductor which carries a steady current 
and is in contact in some places with an insulating medium; 
but the fact that a wire through which such a current is passing 
may he moved about so as to change its position with respect 
to outside, bodies without changing the amount of the current 
will sulUoe to make it probable that a part, at least, of the free 
electricity that we have, been considering moves witli the wire. 
Siuee the density of the free electricity within a conductor 
which carries a steady current is zero, the potential function 
K, inside the conductor, must satisfy Laplace's Equation; 
that is, V a K™ 0. It is easy to see, since there can bo no 
accumulation of free electricity in any conductor which bears 
a steady current, that the amount of electricity which comes 
up on one side to the common surface of two such conductors 
which are in contact must be equal to that which goes away 
from this surface on the other; that is, at every point of 
the surface, h\ • l) n lq = A' a < I) n where k t and k a are tho spe¬ 
cific conductivities of the two conductors, and D n V x and I)*V t 
the values at the point, taken in the Hume sense in both cases, 
of the derivatives of V in the direction of the, normal to the stir- 
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faces within tin 1 conductor cut tin* surface where the conductor 
abuts on the insulating medium id right. angles. 


71. Linear Conductors. Kesistanoo. Law of Tensions. Lot 
ub consider the case of a linear conductor, that m, one in which 
all tlve lines of force are parallel to each other and (o the sides 
of the conductor, so (hat every tube of force lue- u constant 
cross-section throughout that part of its length which lien in the 
given conduetnr. If. will appear later on that any rigid, cylin¬ 
drical conductor, whatever the form of if* cron*section. will he 
a linear conductor, if every point of one of it* ends he kept 
at one constant potential, and every point of the other end at 
another. It will also he e\ ideal that such w ire . so are ordinarily 
used for making electrical connections are, to all intents and 
purposes, except, perhaps at the \evy ends, linear omdurtorH, 
whether these wires are straight or curved. Let the ends of a 
homogeneous long uni form straight wire of constant cross- 
section </, and of length /, he kept respectively at potentials 
V and T". Take the axis of the wire for the axis of j\ and 
the origin at I hat end of the wire at which the potential func¬ 
tion due to all the free electricity in existence i» L 1 ; then every 
line of force inside the wire is parallel to the avis of ,r ; and 
Htnec there is no force in any direction perpendicular to the 
axis of ,r, D* ^ <l|, I),V d, and Laplace’s Ktjtndiou, which 
must he satislicd by L inside the wire heroine* /L I* d, 
whence Fas A# -f- li ; or, siue<' )'. 1 M when x . u, and 1‘ l' fl 
wlien «= L 


V^ {V " 


HILT 


d» V, 


The steady current a which traverses the wire carries across 
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the wire is made.. The quantity l/hq is called the resistance 
of the wire, kq/l its conducticity. The quantity k is a 
function of the temperature, in the case of a pure solid 
metal at any ordinary temperature a rise of 1° 0. will 
increase 1 //.- by about O.OtM times its own value 1 .. This 
fractional increase is much smaller in the ease of some 
alloys: for “manganiu” at room temperatures it is not more 
than ().()()()() 1. 

The analysis of this section assumes that the homogeneous 
linear conductor is at the same temperature throughout and 
that it is not surrounded by a changing magnetic, field. 

It is an important physical principle, first enunciated in a 
slightly different form by Ohm, that if a fixed portion of the 
surface of a given homogeneous conductor be kept constantly 
at potential /',, and another lixed portion at potential J' a , while 
the rest of the surface of the conductor is in contact with an 
insulating medium, the ratio of J\ ■ i" a to the. steady current 
which traverses flu* conductor, as measured by the. quantity 
of positive electricity per unit of time which either enters the 
conductor through the surface V ■■ /', or leaves it"through the 
surface /'• /’«, is a quantify independent of V , and l\. 

This ratio is called the resistance of the conductor under the 
given circuinsfanc.es. Tin 1 resistance of a conductor depends 
not only upon its shape, the material of which if is composed, 
and the temperature and other physical conditions of this 
material, but also upon the shape, si/.e, and position of those 
portions of the surface which are kept at flu* potentials l\ and 
/V The resistance of so much of a tube, of force drawn in a 
conductor which bears a steady current, as lies between the 
equipofential surfaces /' * \\ and /' J' a is the ratio of }\ f' s 
to the amount, of positive electricity per unit of time which 
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a tubo of forco and its equipotontial ends still t*ijuipotc^ntial, 
liowever tho value of the potential function may bo changed, 
will, according to thin law of Olun, leave the resistance the 
same. Other things being equal, the resistance of a tube of 
forco increases with the length of the tube ami diminishes as 
tlio section of the Lube is made greater. 

Suppose that we have a series of linear conductors joined 
ond to end in a closed ring, so that the* end of the //th conductor 
is in contact with tlio beginning of the first. Let ami J’ m " 
bo tlio values of the potential function at the beginning and end 
of tho with conductor, and r m the resistance of this conductor. 
Since the same current e must traverse every conductor of the 
series, we have 


j-y 


r i r » 

t a * i\ 


and, if we add them together, we shall get. 


(TV -jyo + c/y r s ") H/y 

>’i *h >» f >'* I 


where fV'- f\" is the dilTerence between the values of the 
potential function on opposite sides of the surface common to 
tho second and first conductors, /*„' I.J 1 tin* corresponding 
difference for tho third and second conductors, ami ho on 
around the ring. If the stun of these differences is not zero, the 
circuit is said to be the seat of an electromotive force. 

We may here assume that when any two conductors, at 
the same temperature throughout, hut. made of different mate¬ 
rials, are placed iu eon tact with each other, a discontinuity * 
of the potential function suddenly appears at. their common 


* Although tho language of tho nhl “Two Fluid Tht-my " In imotl in 
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slant a (’tor it has onuo (toon established, is tho same for all 
points of tho common boundary of the two conductors, and is 
independent of their size ami shape, of tho extent of surface in 
contact, and of the absolute values of the potential function on 
either side of the boundary. We, shall represent the sudden 
fall in the value of the potential function encountered by pass¬ 
ing from a conductor made of material A to a conductor made 
of material H across any point of their common surface by the 
symbol /I | li. A certain class of substances, to which all 
metals belong, has the property that if A, d/, and IV are any 
throe of these substances, all at the same temperature, 

L | M + M j L | iY. 

This class is said to obey “ Volta’s Law of Tensions.” If ft 
number of conductors made of different kinds of metals all at 
the same temperature be placed in line, the first in contact with 
the second, the second with the third, and so on, the algebraic 
sum of the jumps of the potential function encountered ingoing 
from the (Irst conductor to the last through all the others is 
exactly the Hame in amount as the single, jump which would 
occur at the common surface of the (irst and last conductors if 
they were pul, directly in contact with each other. Sotuc other 
substances besides metals obey the Law of Tensions, hut most 
litpiuls and solutions, whether in contact with each other or with 
metals, do not obey this law. 

The sum of the jumps in the. potential function encountered 
in passing from copper to zinc by way of an iron conductor is 
tins same, if the whole he at one temperature, ns the jump 
encountered in passing directly from copper to zinc. But this is 
not equal to the sum of the jumps met with in passing from 
copper to zinc through sulphuric acid. 

(hi j Fe -f- Fe | Zn=» (hi | Zn, 
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tors is evidently ilio algebraic sum of the l * jumps" in tlm 
potential funetion encountered by travelling in tin* direction 
in which tlm (uimmt; is supposed to move, I mm the lir.sfc 
conductor to tlm last through all the olhers. and reckoning 
tlm jump at any boundary positive if tin* value ot the poten¬ 
tial function is increased as one crosses the boundary. 11' all 
tlm conductors which form the circuit, are metallic and all at 
tlm same temperature, whether or not tlmy are all made of tin' 
same kind of metal, this numerator is /cm, and it tollnws that 
in order that a steady current, may traverse a circuit of con¬ 
ductors, one at least of the conductors must, disobey tin* haw 
of Tensions. 

Tho same formulas apply t.o a circuit, composed of conduc¬ 
tors of any form if each of the common ..; of contigu¬ 

ous conductors is equi potential. 

Every slender tube of force in a homogeneous conductor 
which carries a steady current is also a tube of Mow and 
constitutes a canrnt jUamrnt. We .shall hereafter apply 
tlm term linear only to conductors which haw very small 
cross-sections. 

72. Electromotive Foroe. We it ave seen that if a number 
of homogeneous conductors made of different materials he 
connected in series to form a heterngeimunH conductor A", 
there will he discontinuities in the electrostatic potential 
function within A at tin* common nurtures of adjacent, con¬ 
ductors. If an oquipofential surface .1 near one cud of A he 
kept at potential ami an equipoteutini .sort.me /» near the 
other end of A', at potential and il the algebraic mint of 
tlm discontinuities of potential between J and fl, counting a 
st n ji.h i nwiiive. in A’ f lu> /■ . /.* r....... t .. i< .. : i 


lii snoum oe sane e.mu., anmougu pnysuusrs arc nou au m 
agmune'ut as to the magnitude of the eliseonti unity of poten¬ 
tial at the surface of contact of any two given dissimilar 
conductors, then 1 , is no difference of opinion as to the, alge¬ 
braic sum of these discontinuities in the case of any dosed 

circuit. nTTiw f\x 

If one end of a hetero- 'TnTiT^ 

geneous cylindrical con- ^ v^voa' 

due to r A', of given N 

resistance r, formed of m 

homogeneous cylindrical 1- ul Ll-LLLl.l.l,1 Jl b > \ .: d x. V\ \.XI -J 

e.(inductors in siudes, he 

kept at a given poteu- ' — 

tial I) and the other end mTm TnTr ^ 

at the given potential /'», 

the value of the potential A 

function will depend very N 

nnudi upon the eonstitu- 

tion of A', Three different 1 1 1 11 U-LU.LL U1 .1-—---1 

cases are illustrated in 
Kig. 50, in which ahseis- 
sas represent resistaue.es 
and ordinates the com*- p. 
spending valix'S of f\ 

In these figure's „•/ is sup- A. 

posed to he an ede'etro- M 'f'fhs. 

lyteg while A, /!/, N are n T| 

metals : I' | !i, /’ a ^ O.o, —«—-—■———JililidulliilJ 

A\N. 0.H, ./|d/ - l.H, Fin. 60. 

,V|d/ = (). The current 

strength (indicated by the slope of the liim which give's 
the value ed’ V ) is e'vide'utly elifforent in the elilTerent 
dintrrams. 


Fin. CO. 



potential, and there are no greet intential differences any. 
•where in the chain, lull, the eurmtt tan indicated by the 
slope of the F line) is large, us is l lie sum of the small 
discontinuities which go to make up (lie electromotive force 
in the chain. 

A galvanic, battery may he regarded as a chain of three 
or more generally non-linear eonduefnrs, at least one id' wliieli 
disobeys the Law of Tensions, The algeluaie sum id' the 
jumps in the potential funetion encountered by starting at 
that pole of a galvanic battery at which the 
potential is less, and passing to the other 
pole through the battery, is the eleelrumutive 
force of the battery, The ditTereuee of poten¬ 
tial between copper wires attached to the open 
poles of the hatters, measures this elect rouiotive 
force, Fhemical net ion goes on inside every 
iFio. 67. battery when its poles are dosed ; Home of its 
solutions are decomposed, and the products of 
this decomposition often appear at the boundaries of the liquid 
conductors inside the battery and decrease the electrnmutive 
force by changing the amount, of jump in the potential fune¬ 
tion at each of these boundaries. For this reason the electro¬ 
motive force of a battery in action may he much less than 
when the poles are open. 

If two points, I* and (,), in a network of conductors whieh 
carry a steady current, he connected by an additional wire 
conductor, K, containing a battery of such electromotive force, 
6, and so directed as to prevent any current from passing 
through K, n measures the dilTereneo of (mtential between /* 
and Q, It is easy to show that when the poles of n battery 
are closed by a conductor of resistance ft, the difference 
between the values of the potential function at the ends of 
this conductor is lift / (// -f- ft\ % where ft is the ejeet rnmot ive 




carries M J (11 4- 11) units of positive electricity across every 
cross-section per unit of time. With a given battery tlio 
intensity of the current can be changed very much, of course, 
by increasing or decreasing the resistance of that part of the 
circuit which lies outside the battery. 

In the contimetre-gramme-seoond system of electrostatic 
[KM,] absolute units, the unit of electric quantity is that 
quantity of electricity which, if it could be concentrated 
at a point in air, would repel a like quantity concentrated at 
a point 1 centimetre from the first with a force of 1 dyne. 
This unit is found inconveniently small, however, when one 
has to deal with such steady currents as are usually met 
with in practice, and the coulomb, which is equal to about 
3 x 10° of these absolute units, is the practical unit of 
quantity most frequently used. 

The absolute KM. unit of current carries the absolute unit 
of electricity past any point in its course each second. A 
current of a coulomb per second (equivalent to 3 X 10° of 
these absolute current units) is called an ampere. 

The absolute KM. unit of resistance is 9 X 10 u times as 
large as the practical unit called the ohm. The latter is the 
resistance of a column of pure mercury 1 square millimetre 
in section and 106.3 centimetres long, at 0° (I The resist¬ 
ance at 0° 0. of a wire of pure copper 1 millimetre in diameter 
and 1 metre long is about 0.01042 ohm. 

The absolute K.B. unit of difference of potential is 
equivalent to 300 practical units. The practical unit, 
called the volt, is such that if the two ends of a wire of 
1 ohm resistance were kept at 1 volt difference of poten¬ 
tial, the steady current which traversed the wire would 
carry past any cross-section 1 coulomb of electricity per 
second. 

A condenser which requires 1 coulomb of electricity to 


of a farad. It is tMjuivulrnt L> '.mhi.uuu a 1 * .»»1 u(«* ITS. units 
of capacity. The capacity "l‘ a **»«itdtit*tin-: sphere u kiln- 
metres in radius would In 1 ! m if ml a rad. that of tin* rnrlh 
something over 7(H) iuift*nfarad.s. Tin* e.ip.ieit \ of a iiautifal 
mile of such ocean ielcpruph r.ihlc as m usually hud may ho 
taken to he about microfarad. 

73. KirohhofTs Laws. The Law of Divided Circuits. From 

what lias been proved in the pi.-dini* :■.. * alum) eimdue. 

tors which (tarry steady currents, follow two theorems of much 
practical importance, called Kiivhhotfs Law 

I. I l‘several wires which form part o! a m-t w m k of eomluetor.s 
carrying a steady current meet at a pomt, the sum of the intern 
sitics of till the currents which lh*w tow aid-, t he point through 
these wires is equal to the .sum id' all those whieh reeede li'mn 
it; or, in other words, the algebraic sum of all the eurreuls 
which a])proueh the point, t hrnugh the w ire*, u hn*h meet, t here 
is zero. 

.11. If, out of any network of wires which form u complex 
conductor and carry a steady etirreut, a number of u ires w hirh 
form a closed figure he ehosen, and it, startutg at anv point, 
wo follow the figure around in either ilireet om, railing all eur- 
rents which move with us positive, ami all discontinuities of 
the potential 1 unction which lilt, us ivoiu places id" lower 
potential to places of higher potential positive, the algebraic 
sum oT the products formed hy multiplying the resistanee of 
each conductor hy the current running through it. m equal to 
the algebraic sum id t-he jumps in the potential tunetioii 
which wc encounter in going completely around the figure, 

1 he first of these laws is an immediate enusequejiei' of the 
fact that there can he no growing mvumttlution of free elec 

trieitv nt vwl nvt f m onuiutl 1 .... . .. . * . i 
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Vj and V f " bo the values of tho potential function at the 
beginning and end of the ,yth conductor, and let and r y bo 
respectively tho resistance of this conductor and tho value of 
the current running through it. Then, from tho definition of 
tho term “resistance,” wo have tho following equations : 



5 / V - 7V' = r a r a ; 

( $1 a , f „ j 


or, adding them all together, 


< Vi H- V-j + Vii + • • • + <' H r n 

»/v-/v'+/v -/y'+/v 




which is the statement of this 
law. 

I f electricity is free to pass 
from a point./' to another point 
/*' by two wires of resistance r, 
and r a , respectively, and if a 
steady current be Hewing from 
V to P\ the current will be 
divided between tho two wires 
in the inverse ratio of their 
resistances or in the direct ratio 



Fiu. r.H. 


of their conductivities. For, if 

T and T' ho the values of tho potential function at P and J", 
we have P P 1 - ■ r,r, and P r a r a , wlience e, : r a : 


Moreover, <vf r a ; ? (/ ' * - P 1 ) f + • - )5 

Vi r aS 

r- ■ r i 


<\ + f'a X 4 . J. 
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sum of the conductivities of the two wires of which it is 
composed. 

If n conductors be joined up in parallel to form a compound 
conductor, the conductivity of the latter is the sum of the 
conductivities of the constituents, and its re-mu attee is the 
reciprocal of the sum of tin* reciprocals of their resistance, 

If four conductors the resistances of which arc p, y, ami 
s form a quadrilateral (Kig. dH) one pair of vert ices of which 
are connected by a wire of resistance y ami t!te other pair by a 
conductor of resistance h containing a battery <<i electroiuotive 
force A-’, we have an arrangement. of much juact teal uuportance, 
which is often called Wheatstone's Net, If we denote the 
strength of the current through the cell, in the direetiun indi¬ 
cated by the arrow in the figure, by t\ ami the currents in 
the other conductors by <\ t% fand < ' u respectively, 
KirchliolTs Laws yield the equations 

0 « (\+<\- <\ M*. r t , t\, i f*. 

-C* l"*',. v'W //•'*„ u, 

<j • (' a -- r • ( p +• n • ■ 0, h-('\ y f\ t f .« (\ K. 

If we substitute the values of (\ (\, t (\ } obtained from the first 
three equations in tin* last three, we shall get a system of 
three linear equations involving the three unknown quantities 
O g y C,.y O 0 which can he easily solved, These equations are 

C P “h ff T" </) (' 0 4* p * f \ y ■ t' t 0, 

g- + r, u, 

““ g • f f „ + (> • (\ + (ft +* y f *) (\ A\ 
and if we denote the determinant of the e ndlirirnts. 


it is easy to see that 

■ K{'V' " ?«)/*. 

O r ■ •' A’ {((>[ ~h • v / / 4" w/ "i" sy) / A, 

6 ; — A’ (t//i 4 - r/> + ry -b ry) / A, 
f ; A’ (ye ■+ ,77 H- 47 + • s y) / A, 

6',, - •• A’ (//r -|- ,7/; -f + p«) / A. 

6* A 1 (</q 4* xp + .Si7 + .sy H~ a,7 4* rp 4” ry 4- ry) / A. 

The resistance (A*) of the ne.t juyrsy, computed from the equa¬ 
tion C = A’/ (/> 4- A*), is 

£y (y -b'.'O (p 4- ?•) 4- pr (7 4- .<0 4™//« (;? -Hj)] 

[,7 (A “h 7 "b /’ H- .*») -b (p 4" y) (r 4-.■>•)] 

If no current passes through the resistance 7 , wo have 
qr^ ps, (. L,„ f(A, and, as we may see by multiplying 
out and cancelling, 

. C r / ( •„ — (7-b x) / (p 4- ?•) i / A* --- (y -b «) / (a 4-y 4- 4- •»), 
and ('„ / f■ ~ (a 4- r) / ( p »b 7 + >’ + * s ). 

It is evident, from an inspection of the Kirchhoff equations 
belonging to the three eases, that if the resistances of the 
linear conductors which go to make up a givon network are 
fixed, and if (\, A' a , A'„, ••• are the currents in the different 
members when these members contain the electromotive forces 
M j, E %s 7f a , • • • and V. x \ r 9 ', AY, • • *. the corresponding currents 
when the electromotive forces are A’,', Ay, AY, • • •, C x 4* Ay, 
G y 3 4 - Ay, A y 8 + AY, ••• would be the currents if the electromo¬ 
tive forces were A’, -bA’,', A' g + Ay, A’ a 4- Ay, • • •. 

Let /'and (A any two points in a network of'’linear con¬ 
ductors some or all of which contain electromotive forces, be 
at potentials ff,.. V Q respectively, and let the resistance of 
the whole network when the current enters at one of those 
points and goes out at the other be r ( „ then if V and Q bo 
com oeted b r n additional wire Jf ' of resistance r, the our- 



being unchanged, no current wnubl pass through IT, anti tho 
other currents would uni. be alien’d by the introduction of }}'• 
and if’ (2) If' contained the electromotive hove \ jy) 
directed i'rom /’ in ( X K and if all the other electromotive fom\s 
in the original network wen* annihilated, leaving tdie resist- 
auee.s unchanged, a current (/ (/*„ I r) would How 
through IT from V to Q : the given arrangement can he 
regarded as formed by .superposing ease (1) upon ease (”), 

74. The Heat developed in a Circuit which oarriea at 
Steady Current, (liven, in a region not exposed to magnetie 
changes, a chain of n conductors, each in itself homogeneous, 
and at a uniform temperature thnmghout; let a port ion A of 
the surface of the first he kept, hy means of some external 
agency, at potential and a portion /» of the surface of 
the last at a lower potential while the rest of the outer 
huv face of the chain abuts upon turn conducting media, ,,, 
tbe surface of separation between the /.lh and the (/, I 1 )tli 
conductors, may or may not he oipuputentiul, hut if these 
conductors are of different materials, we must, expect, to find 
at all points of this surface a uniform discontinuity, J>' Kl (J , 
of potential. In following down from A to It an mtinitesimal 
tube of How which carries the steady current \ we start at 
potential l" At leave the first, eouduetor at potential i enter 
the second eomluetor at potential IV, leave it at I /*, cuter tin' 
third eonduetor at I'/, ami ho on. Kwry second in the /Hh 
conductor, A(- ahsolute units of eleetrieih are lowered from 
potential ty to potential h," and Af'( ('/ I"/} units of 
work (representing loss of electrostatic energy i are done bv 
the electrostatic Held upon the electricity which moves with 
tho current: this energy appears as heat in this eomluetor, 
Tho work tin s ( o ie ‘ t tl e ude d t‘n is 


This energy all appears as heat m tho conductors winch form 
the chain. 

At tho surface R ktk .,. x , A (7 units of electricity aro raised 
every H('cond from potential V k " to potential The 

work thus done every second is AG Y - IC kt and, by virtue 
of similar processes at all the surfaces of discontinuity, the 
electrostatic, energy is increased in this way evory second hy 
AG Y - IC. The net loss in electrostatic energy in tho chain per 
second is, therefore, 

(r, - r„) ag y , 

whie.h is otherwise evident. Taking into account all the cur¬ 
rent filaments whie.h go to form the. steady current (7, wo see 
that an amount of energy equivalent to (1(1',, • T,, + A 1 ) 
appears as heat in the conductors whie.h form the chain, and 
that an amount of electrostatic, energy equal to ICC is fur¬ 
nished to the chain. If the chain is closed and if, going 
around it in tho direction of tho steady current ( \ we demote 
by IC tine algebraic, sum of tho discontinuities of potential, 
counting a step up as positive., wo shall lirnl that the 1 , energy 
ICC appears as heat in tho conductors and that since the 
circuit is at the same temperature throughout, this is fur¬ 
nished hy chemical action in tho chain. If r is the. total 
resistsneo of tho chain, C « IC/r anil ICC - C"r. 'This result 
represents ergs or joules, uee.urdiug as IC, (\ and r are, meas¬ 
ured in absolute electrostatic units or in volts, amperes, and 
ohms: u joule is equivalent to 1() 7 ergs. 

If the chain contains a battery of electromotive force IC, in 
the direction of the steady current (\ and if there are in tho 
chain outside the buttery discontinuities of potential which, 
reckoned against the current, amount algebraically to IC, 

IC - IC, - IC\ C ~ ( IC, ~ IC 1 )/r, 
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form J%C = (T 1 )' + find to nay 1 hat, of I lie whole energy, 
M„0 3 furnished by the battery, C J i\ which appears as heat iu 
tlio conductors whit’li form the envoi!, is used in maintaining 
the current, and K'(\ in overcoming tin’ euunlcr ehvtromulive 
force /'A 11’ a cell of olootromnl ive hove he joined up with 

a number of metallic conductors all al tin’ same t»*iuj»«*raturo 
to form a tumult* circuit uf total resistance r, tin* ftmvnt will 
bo U„~J4 „/r, and thu wluih* energy, A'„ (! furnished 
each second by tlio battery, will appear as beat, in the eireuit. 
If, however, wldlo the total resistance of the eireuit. remains 
unchanged, the battery bo called on to do each second an 
amount IT of outside work of any kind (such, fur instance, as 
tluit involved in decomposingan electrolyte in the external cir¬ 
cuit), the steady outwent will have a value r* smaller than f 
the whole energy A’,/' furnished each seenud 1>\ tin* ecli will 
bo a fraction of A’/' u , and the portion of if f’V, vvhieh appears 
as heat in the eireuit, a smaller fraction of (‘Jr, The differ¬ 
ence between K u O and CV will be equal to Jlj and this 
equation determines (\ 


If a given steady current (! is to be conveyed partly by a 
conductor of resistance r, ami partly by a parallel eomltieter 
of resistance r a , and if the portions curried by tlic*,e conduetors 
arc Ci and respectively, the amount of heat developed per 
second in the ecmdnetors will he u t\*r , j t’/r.. Iff',, and 
oonsc.qucmtly be changed no as to keep their muu equal to 
tlio constant (/, u will, in general, change, and we ahull have 


3) v n 2 (,/*, "H 2 (• /A ( f t « (( p‘, ( 3 r a ); 

it) wbic.lv is sometimes called the tlhinti»ttinn j'unrfinn t will, 
therefore, be a minimum if the current is divided between r, 
and r„*aa it would be if the conductors wen* connected at the 



point A and out again at B, we have 

p — p _ n p — p _i_ p _ p p _ p p 

W - Kj —- Uy “I- L> O,, O q - O* - Uy, 

and u is equal to 

3>{C a +C- + 7 ( o, - C,) a + r (G’ - 6^) a + * • 6? + <j • C 9 \ 

If wo equate to zero tlio partial derivatives of u with respect 
to C, and (J u , we shall get two necessary conditions for a 
minimum : the equations thus obtained are 

(V J rO J r q) ('„ “ 0> + q) C, = — pG, 

— (P +• q) ( - u + (P 4- 4- r 4- a) 0, = (p 4- r) 0, 

whence 

Cy/O ^ (qr — jWf)/ (7/r/ -f- -(- ,<jy -f- ,«<r/ 4” rp 4" ry 4" ry), 

(J {(J = (yp4*rp4" ry 4“ i‘q) / (y<y 4 ap 4-ay4"ay 4-py4-?p4' ry 4-ry), 

etc., which are equivalent to equations already found. 

If the conductors r u ?•„, r 8l • ••?•„ which form any network, 
complete or not, and carry elirrents C l} C s , G a , O ui contain 
electromotive forces J<J U /£„, JG n , • • • /?„ which have the direc¬ 
tions assumed for the currents, the currents are such as to 
make, not the dissipation function, but 

W Si u ~ 2 (Cj'I'Jx -f- t\ A’ a + C'j/fg • * • C n J f J n ) 
a minimum. In the ease of the complete Wheatstone’s Net, 

w s b(k c r + c t y + p(c, +c r y 4- q (c. - + ff -a* 

4- r . ay 4-*• c; a - (6; 4 - q 

and the equations formed by equating to zero the partial 
derivatives of W with respect to C tt , and G r yield the 
values for the ourronts given in the last section. 

75. Properties of the Potential Function inside Gondnotors 
which oarry Steady Currents. If at anytime t positive elec- 


at the rate iV, the current strength m /’ I - v i»» first diroo- 
tion. Sine.o there is no i'rtn* electunity inside a homogeneous 
conductor which carries what. we have called a steady current, 
it is customary to assume, when one uses the language of the 
“Two Fluid Theory," that sueh a current consist a uf a How 
of positive electricity in one direction at, every {mint, and an 
equal (low of negative eleetrieitv in the opposite direetion, 
Wo shall avoid niutdi circumlocution, however, and we shall 
introduce no error into our numerieai eoui|«utatimts if wo 
speak as if the whole current, were due to the motion of posi¬ 
tive electricity, If the value of the potential (unction within 
a conductor which hears a steady eurreut is given, all tho cir¬ 
cumstances of the 11 o\v in the eomluctor are tixeil. Positive 
electricity (lows into the conductor from without through all 
parts of the surface where the derivative of the potential 
function, taken in the direction id the exterior normal, in posi¬ 
tive, and out of it through all parts of the an dace where this 
derivative is negative, At all point* where the conductor 
abuts on an insulating medium,’the derivative m /mu : it may 
bo zero at other points also. There run he no closed equi- 
potential surface lying wholly imddr a conductor w Inch carries 
a steady current, unless there in some count aut mm t ee of posi¬ 
tive or of negative electricity within thn mu luce, for the 
whole flaw of electricity algebraically eomudered, per unit af 
time, througli such a surface from withm outward*, is equal 
to k times the surface integral of the udemut v of the emu- 
ponont of force in the direction of the exterior normal, and 
this is not zero. There must then lie »ti»*h a * ountant fsmircn 
of free electricity within the surface a* dial! funmh just u 
much per unit of time iu$ the current earrte* away, 

Although it is not very easy to prove ninth family that—* 
given a homogeneous conductor and certain pusttont .1, H of 
its Si rfaoe which lira to he ten •( > » V V » 



snrlaco conditions, ami which (2) inside the conductor satis¬ 
fies Laplace’s Liquation, and with its first space derivatives is 
continuous and .single-valued, it is nevertheless clear from 
physical ennsidorations that one such function exists, namely, 
the potential function inside the conductor when A, />’aro kept 
at the given potentials and the rest of the surface is exposed 
to an insulating medium. For practical purposes we need to 
prove that this is the only function which satisfies the given 
conditions. SuiJpo.se for the sake of argument that two such 
functions, V and ))] exist, and call their difference «. The 
function w, then, satisfies condition (2) and is itself equal to 
zero, or else has its derivative in the direction of the exterior 
normal ecpial to zero at every point of the surface. Applying 
Green’s Theorem in the form of Equation 1T>1 tow, we find 
that the quantity (/) a -(- (/ > v n ) ,J -j- ( I> t u ) 9 , Avhioh nail never 
l>c negative, must he zero at every point Avithin the conductor, 
so that />,,!/, /;„//, and J) a H must vanish and u l>c a constant 
throughout; the spare within the surface. Now at portions 
of the surface itself, u is zero, hence it must he equal to zero 
everywhere inside the eonduotor, and F- JF. If hy any 
means, then, we find a function which satisfies the surface 
conditions and the general space conditions characteristic of 
the potential function inside a certain conductor carrying a 
steady current under given surface conditions, this function is 
itself the potential function. 

Any surface supposed drawn in a conductor Avhieh carries 
a steady current in Hindi a way that the derivative of the 
potential function taken normal to this surface is zero shall 
he called a mu/ fur r of J/oir, 

If a conductor which under given surface conditions carries 
a steady current he cub in two hy moans of a surface of ilow, 
and if the two parts he separated while the surface conditions 
on what was the hounding surface of the old eonduotor remain 


values of raiul />„ / 'on tin* surfa.. the new conductors are 

■what they worn before separnlmu, ami i must have it h t»lcl 
values at all inside points. 

When a conductor is cut. in two by a surluee oi (low the 

froHh surfaces exposed ..ive a statical charge of free eleti- 

trinity, and the charges on wiiat was tin- 1 *>nurfaiu) 
of tlio original coiulucfor arc in pait changed mi that it is 
only within tlio parts of tin' old conductor that the effect 
of tlio separation is nil lifter the current., have becnuie hkhIu 
steady. 

If two mutually exclusive cloned .-airlaecs ,s‘, and S r kept, 
respectively, at uniform potentials ! , and f arc the elec- 
trades of an infinite homogeneous conductm A, ef specific 
conductivity which lills nil space out ode those surfaeea 
and is at potential zero at. iuiimiy; it, moreover, the steady 
How outward through S { nr inward through S, is ispial to (\ 
the current vector in K is even w hole ciptal to what the elec¬ 
trostatic force would he if K were air and if .S', amt had 
charges ('/-I irk mid < 71 vk so distributed us to bring them 
to potentials f-\ ami l\ respectively. 


In most of the proeeding discussion we have t ant ly ussumi'd 
the separate conduetorK eonsitlered to he homogeneous, and wn 
shall continue to do so in the following mriloin uulesH the 
contrary is stated. We have to consider btndh, however, in 
the remainder of this section isotropic conductors which have 
in different parts dilTcrcnt specific resistances. 

If the specific conductivity k of an imitiopte conductor 
which carries a steiwly current, can be rcpicn uted by a posi¬ 
tive scalar point function, and if the components pumllcl to 
the coordinate axes, of the vector y which irpreMruts the 
current strength, tiro m, c, and //*, we uiav state the fuel that 


x tvuiv iiimAXJ.ua. 


O 


J'J '<1 cos (<l> n) (IS r- J*J*'i C oos ( x > n ) • 008 ( x > ( i) 

+ cos ( y , 7i) ■ cos (//, q) 4- cos (a, v) • cos («, q)2dS 

^ J S ^ (,i>B ^ v eos w cos ( z> ^ 

j j* j [ /> X U + .Dyll + d) n W~\ (lx til/ dz — 0 . 


Hero the double integrals are to bo extended over the whole 
of S, and the triple integrals over all the space included by S. 
Since S is arbitrary, the integrand of the triple integrals must 
bo equal to zero at every point within the conductor, ao that 


/V' + I>y» + J> z w = 0 [198] 

and q is a solenoidal vector. 

At every point within the conductor, 


u - - kDJK i> » - kJ) u V r w - - kIKV ,; 

so that 

J>. (* • *>* V) +• J> v (k • I\ V) + D a (k • IK V) - 0, [199] 

or k • V 3 V + (IKk • IK V + J> v k • />„ V + />,/c • IK H = 0. [200] 

If /c is constant, L satisfies Laplace’s Equation, and in this spe¬ 
cial case, as we already know, none of the free electricity which 
gives rise to the potential function V is within the conductor. 

Given an analytic, scalar, positive point function k and a 
closed analytic surface A, it is easy to prove by the help of 
[149] that there cannot be two different functions, /] and V %) 
which (1) with their first derivatives are continuous within S 
and at every point in this region satisfy the equation 

/)„(/*■/LO+ n,ik-i>,r)+ iK(k>iKV)=*o, 

(2) on the given portions S x and A 9 of S have at caeh point 
equal values, and (.'!) on the rest of S have at every point 





* < * j »»' 


At a surface of separatmu l*-l ween two eoniiuetors which 
carry a steady current the muuul romp..mm! . ..} tin- run-cnt 
anil the tangential component « *4 tin- ■•!»•< 1 1 *< .tat m intro arc 
continuous. If 0 t ami are tlm um;le. "hi. h tin* ic'-ultiuit 
u.lif forces /•', ami /*‘ ( male* \\ it h t h>- not mal on Urn 
two sides of such a surface at au\ point, 


X’ t /'\ cos 0 { /i'j/'j I'"'' ami K ’>”» ti, mu th. 


whence, by dividing the uieuihet:* of tlm to a <<i 
by Urn corresponding mcuilter.H ul tin* 


the >e rijuuf iotllt 
tun ft t tall 


i\u equation which shows Ui»\v tlm «m o ut hue . no* minmtntl 
at tin* surface. At. a suif.me «<f >,rp.tt.it mu l« huru copper 
ami nmnganin whore the ratio of the combe ti\ ite. about ,’ttl, 


0, ■ • 27° -ti! 1 when (>■, 1", am! ft, i.'.r tr.r wSiru l* t .7*. 

If n x ami ;/ 9 represent mutual > thawu tom* ,uu point of the 
Hurfaee of .separation between t w»« t .mibo !<u t w tiii 1* aicrurry* 
iiiK tt- steady euiTeiit into the In *4 ami the .*-« ..ml eomluetor 
rc.Hue.ctivclv, 

MV”* l MV "■ I^IJ 


76. Method of finding Cues of ElftetrokinemiUia Equilib* 
rium. If//• is a single valued, geuerallv eoof noiomi whit mu 
of Laplace's Kquation, .hr j ft, witei«* ! ami ft air constants, 
is another mwh funetiou whteh ium the miih' level mi d uces 
an ir. If an area be chosen on one *4 theie ?>ut laer*., it t?t pos¬ 
sible to draw through even point of it * pcnmrtn 4 a line, 
deliueil by the equations t/.r ft t ir >!>/ f‘u> d ft a\ which 
Hindi nut orthogonally nil the level mu i.i.-oh ,.t «<• w lueli it 
meetH. All these lines form n tubular - ml Mir h t hat tlm 
normal derivative of >/• at every point of it o /.-ro. If T is a 
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and w", while the rest of the boundary was a surface of flow. 
Moreover, Aw A- B, wliero A. and B e,an he chosen at pleasure, 
must ho the potential function within a homogeneous conduc¬ 
tor of the form T, if the surface B' and B" were kept at poten¬ 
tials Aw' A- B, Aw" A- B res[)ectively, the rest of the boundary 
being a surface of How. By using different pairs of level sur¬ 
faces of w and tubes of different forms, it is possible with 
the help of this one function to study the laws of steady flow 
inside conductors of many different shapes and to obtain 
results some of which may happen to be practically inter¬ 
esting. For instance, w “ -■ A- d } where c and d are constants 

and r the distance from a fixed origin 0 to the point (ir, y, z), 
gives the value of the potential function inside a conductor 
bounded by two spherical surfaces of radii a and b having 0 
as their common centre when these surfaces are kept respec¬ 
tively at potentials ( + d and ^ A~ d. In this case the whole 

amount, per unit of time, of positive electricity which enters 
the conductor through the surface r a crosses every equi- 
potontial spherical surface within the conductor and leaves it 
by the surface r ™ b is 4 vrk, where k is the specific, conduc¬ 
tivity of the material out of which the conductor is made. 
Tho resistance of the conductor is, by definition, 

a a 

a b b ~~ a 
4 t rck 4 irkab 

a quantity independent of r and d. 

it is evident that any conical surface the vertex of which is 
0 will he in this coho a surface of How, and that tho function 


Again, tlio equation V-~ rj^ :l,,| l >a nro 

the distances oi' the point (.»*, »/, ~) from tin* fixed points O l 
and. 0 3 , given uh the potential funetiun inside an iulinite 

1 1 

conductor bounded in part by Uh* surfaces a and 

r i 

11 

—- ~ = /V when the first in kept at potential nr f </, the 

second at potential be +■ d, In thin ease t he nuriacn }’ - rf 
is a plane bisecting at right angiert the straight line (>,(^ 
Larger and smaller values of f than this give dosed surfaces, 
oach of which surromulH one of the points and leaves the 
other outside. For very large values of }\ it e is positive, 
the equipotential surfaces am' very small, nearly spherical 
surfaces surrounding O x . 

To find the amount of positive eleetrieity which enters 
the eonduetor under consideration, per unit, of time, through 
the surface V — or ■+■ where ur slmil he positive, we must 

integrate over this surface kl\V or kr 

According to Green's 'I'heorem, tin* resulting integral is exue tly 
the same as that taken over any other closed Mirfaee, large or 
small, which surrounds G, and leaves ft, outside. Let u» 
consider, then, a spherical surface of ratlins t * n,f/ a whose 
centre is at O v The required integral in this cane in >i m v k 
times the average value of P V taken over tin* spherical 
surface ; or, since r, for all ]>oints on this mirfaee is equal to *, 



4 ire 8 /re 


average value of 



If, now, t ho made smaller and smaller, 



always has 


ontor tlio given conductor through the surface V = <ic- + <1 in 
every second, whether this surface is large or small. Thu 
resistance of the conductor between the surfaces V — ae + d 

and V = be + d is, by definition of the term, /■• 

4- 7 r/s 

If a and b are made very large and equal, with opposite 
signs, the two surfaces through which electricity enters and 
leaves the conductor become very nearly coincident with 

spherical surfaces of radius e = ~ drawn about O l and (\ 

respectively. The resistance of the conductor in this ease is 

• - -*• Considerations of symmetry show that any plane which 

contains the line <Kj is a surface of flow. Tf we cut tho 
conductor in two by such a plane, we shall have an infinite 
conductor with two nearly hemispherical electrodes sunk in 
its plane surface. The resistane,e of this part of the whole 
1 

conductor is - ^ , a quantity independent of the distance apart 

of the electrodes. This is nearly the ease of two polos of a 
battery sunk in the earth. 

Again, tho expression 

V o log r ' + df 
r s 

where r, and r g are tho distances of a point P in space from 
any two parallel straight linos, A and /f, is a solution of 
Laplace’s Equation which, with its derivatives, vanishes at 
an infinite distance from these lines and which is constant 
all over any one of a double system of circular cylindrical 
surfaces (Pig. 59), some of which surround one of the given 
lines and some the other. This function, then, when r and d 
are properly determined, is the potential function within an 


constant potentials. - units of jelect»i.-ity per 
unit of time per unit of Ihiehnes-* ot the lamina !heron, 

ductor through iiiio of the cylindrical mu S.i--< and the same 
amount leaves it by the other Miitnv t in j *-. 5 .t.imr of the 
lamina is then the difference hot « no the v .the-. <4 flu* pntrn. 
tial funetion at the eleetrodes dn id< d hy P «/..• tunes tin* 
thickness of the lamina. 

These examples will serve to show how ue m.i\ discover an 
indefinite number of ruses of kinematic iia mm 1 »y U'.mhu- 
ing some function, in general finite and <»0*1 unem >, whirls 





n 

4 


\ 


\ 


satisfies Laplace's Kquutimu and flien faking an a conductor 
one inside which the given iuuel nm is m m \ w !«m* fnitfe t ami 
which is hotmdetl hy warfares over each of n hu h rd her the 
function is constant nr its normal dein at n e />•»*» 

Ti we transform Kipmtiou H>U to ejthogon.il mi viliurur 
oobrdinatos defined by tin* scalar pom! t tiuef ion» »/, t\ u\ 
whore vr satislii's Laplace's Ivpmtiuu, and as-aiuo* 1 to he 
expressible as a function of «• onh, we slot! I ohtam i *eo 
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77. Electromagnetism. Straight Currents. Tf a stoady 
clue,trie, current. bt* stmt, through a long straight wire, tho space 
in tho neighborhood of the current; becomes a Hold of magnetic, 
force. If the medium about the. conductor is homogeneous, 
tho direction of the. field is such that a small magnetic noodle 
freely suspended by its centre tends to set itself perpendicular 
to the wire and to the perpendicular dropped from the point 
of suspension upon the wire, so that “if a person bo imagined 
as swimming in the current which Hows from his feet to his 
head, and if he face I,lie needle, the north pole will he turned 
toward h Ids left hand.” Tho Hold is symmetrical about the 
wire and, according to the rule just, given, its direction at any 
point is normal to the plane drawn through the point and. the 
wins so that. the. lines of force are eirc.uiulerenc.es forming 
right-handed whirls about the current. To investigate the 
law of the change of the intensity of the force with the dis¬ 
tance from the wins we may imagine a rigid frame free to 
turn about the vertical wire as a hinge, and suppose a magnet 
to he rigidly attached to this frame. It will he found that 
in this ease the frame will have no leudeucy to rotate under 
the action of the electromagnetic, forces, so that the sum of 
the moments about, the wins of the forces which the Held 
exerts upon the magnet, must, he zero. If and r a are the 
distances of the poles from (he wins and if F(/') is tho inten¬ 
sity of the Held at. a distance r from the wire, the. equality of 
moments hIiowA that., however the magnet he placed on tho 
frame, 

or, in general, r • F(r )-- a constant, k. The value of h is 
found to he dependent, upon the strength, (\ of the current in 

. , • , 1 1 . f». i 1 ! . j (. X X f.. . 


* *»* ‘H'UT* 


ttMBiuuuu ru-u-i »» ■•» 

mining (', it will presently appear th.it i 1 . if 

If wo take flu 1 piano of 1 In* p.tjH-r lor list* v,, piano, and 
imaginn tho wire wliioli carrion the euiiont to *• at the paper 
normally at, tho origin, tlion, if tin* omi< ut o.-un -, ti.«m h-lnw, 
tho cmnpononfK of tho Uohl at tin* point «i, ;n .uo 

„\" ~~ 2 r win (a*, r) /;* nml ) 2 f ‘ e.<-, t »•„ rj /V, 


or „V =s * ~ 2 f'/// (a* 3 1 f/ 3 ) and V ‘Jt’.r u 1 j j/ 1 ). 

Ifevo D y S - b x V ami tho magnetic h*i« a in, ut general, a 
lamellar vector, so that it low a pulinitial tmoi nm which, autro 
tho linos of foroo an* closed, must In* multiple vahn*d. This 
potential function is ova to ally 

± 2 f fair' 1 (///j*) 1 count ant, or I 2 t t cons taut, 


and it Hatisiios Lnplaoo'H Kipialiuu. plus or tha minus 

sign is to bo chosen aocortling ns wo wn.lt to n*>e t b« derivative 
of tho potential fmtofion taken in any dnretiun, «*r »l h m*ga* 
tivo, as a measure of tie* component of tin* held >u that dim*, 
tion. Tho lino integral of the tangential component uf the 
force taken around any cur\o in tin* jj/ plane v>Inch W ir- 
rounds the origin is 4 rr< so that wo infer ti*.m Siokre’a The- 
orom that at the origin the magnetic fun-** \n not latuollar, tf 
a magnetic pule uf et length ut he moved 
around any cloned path, the w*nk done on 
it, by the magtielie field will t«* 4 nut(‘ if 
the path link right lumdedlv unco with 
tho win % or zero if tho path do nut link 
with tin* circuit, These re milt ait re found 
to he independent of the indicia ify of the 
homogeneous medium td*nit the wire, 
Hitice t>,X f Ji v V 0, the force ill 
the medium ulsnut the win* is mdcnuidul. 




the (lux of force (Mr. 00 ) through the unit; length of any cylin¬ 
drical hu rface, hounded by the lines is 2 (!• log(/i/^). Since 
wo have assumed (.lull, a Unite qiuintily of electricity is earriod 
by ae.onduetor of '/ero cross-secfiou, if is not surprising tlia.t this 
useful analytic, result becomes in (ini to. if either a or b is zero. 

(f two in finitely long straight wires parallel to the. a axis 
carry equal steady currents of strength f/in opposite directions, 



and if they cut the xy plane at the points A u y( a , which have 
the coordinates («, 0), (~ «, 0) respectively, the scalar potential 
function, 0, of the field has at the point (x, y t *) the value 

2 C. toil- 1 [y/(x - 0] - 2 C.tau-'[ y /(a + «)], 
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respectively. Tim linen of force and the fraees in llm yy 
plane, of thti cquipolential surfaces ate -.how u m Fig. {)|. 

/yi/yt>, /y) mnl th.' lira i\,ti i\i* i.| y a( any 

point, in the ,r// plane taken in ait\ tliir. .. m the plane is 

equal to I,lu» derivative of *J> at the same point t aken m a diree* 
tion in tin 1 plane at right niiK^*'l*'* 1,1 11. then, a 

curve r in the. trace in the >ry plane id a ev 1 in*ii e at ntuduee ,S', 
the generating linos of which are parallel I" lie- . a\is, anil if 
n represents a direction in the plane pelpetidn ulat to r, the 
line integral of D h il taken along e represents the tlux of mag* 
nofcic feme across B per unit, of it a height, pet peniheular to the 
try plane. Thin integral in eipia! to the line miegjal of the 
tangential derivative ef »t» along e or to the ditlesenee between 
the values of «t> at the etuis of the nine. It thot tltUen<uce 
is nothing, the eurrenpondiug (lux is nothing; if d> is eonatunt 
all along r, this curve is a line of foree. 

From the results jitHt. ohfnitied, it is e\ ident lhat if two 
straight lines parallel to the x axes rn! the ry plane m the 
points B (, B % respectively, the tlux of magnetm tons' through 
a cylindrical sttrfaei' Uoutided l*v these lines, per unit oj its 
length, parallel tu the x axis, is 

2 C • leg [(/f i/f| ■ / t • Ij/'i ■ .I( /*;' j 

This represents the flux of foree per unit of its height, through 
a circuit.v g , consistiiigessentially of two mhiuteh long straight 
wires, parallel to the x axis, cutting the ay plane at //,, It, 
when the steady current. C {mverse* the eiteml eousistjug 
essentially of the two wires already mentioned, whmh eut the 
wy plane at /I , and A t , Symmetry shown that this expression 
would also give the flux through % due to a steady current 
C in s s . 


LIUUc anout. a, tin” I'M!.uKiiii war, unait.o.rco ny i.no presence 01 
the. others. If A, M, iV are tho intensifies of the components 
of It parallel to tin* coordinate axes, L and M 'arc. functions 
of x and 1/ wldlo .V is zero. 

/* /' 2 if 1 (1/ iftlx't/y 1 r r 2 </'(x ■ ■ x^dx^Iy' 

JJ (.*• yy J i (// • fy 1 ' ' J [x-sy+d-j/')*’ 

where ill0 double integrals extend over the scctioii of the con¬ 
ductor made by flic xi/ plane. If t.lio whole amount; of cur¬ 
rent in t.lu* conductor is (\ and if u represents t.lio distance 
of t.lio point, (.r, //, .r) from t.lu* axis of and </> t.lio angle 
fan ' ! (///.r), nl* and uM approach t.lio limil.H 2 (’-si 11 c/> and 
li t'-ooHc/) whon // inoroasos wit-hout. limit. Tho lino integral 
of t.lio tangential oonipoiiont. of t.lio. Mold, t.akon around any 
curve, whit'll surrounds tin' oonduot.or, is oipial t.o tho e.orre- 
spondinK integral takou around a oirolo in t.lio xy piano of 
infinite radius, with oontro at. tho origin. Tho valuo. of this 
last, integral is obviously •! 7 r(\ Kxeepf for points in tho 
mass of tho oonduotnr, tho intogrands of the expressions for 
L and .)/ are oonliutums functions of x and y for all values of 
x 1 and y* within the limits of integration, and D V L ■■■■ I> X M and 

l>J<\'l>ft n. 

At. all points in empty space near tho conductor, therefore, tho 
Hold is soleiioidal and lamellar and then 1 is a potential function 

t j j 2 f tan *[(//' y)/(x' x)]t/x‘(iy\ 

which satisfies Luplnoe's Ktpmfiou. 

In tlm special case where the conductor is in the form of a 
right circular cylinder (or of concentric shells bounded by 
cylindrical surfaces of revolution), and where the current den¬ 
sity is a function only of the distance from the z axis, which 
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coincides with the axis of the conductor, the held b evidently 
symmetrical, and the direction ut flu* !«*»<■*• a! an\ jh tint is 
perpendicular to the perpendicular I«* tho a\i*. diawu through 
the point. Everywhere in empty space in tin* \ n in it y of the 
conductor a potential fuuetion, U, exists, ami, mm-e t> u 
Laplace's Equation degenerates into l>/ll >n fj »t) p ft. 
The work done by the held when u magnetic }.<.)<• of,strength 
m moves iiround a eireimiferenee, the ;im-i «*t v\ inch is tIn* s 
ax in, is evidently equal to l I */’«», whne t ‘ is the Hum 
of the currents in all the eurreut filaments wlueh the path 
encloses. Sinew the line integral of /»,fl taken around any 
such path in empty space in right handed tlu« etn*n uround 
the eurreut is 2 irtt, tt in equal in absolute \alue to twiee the 
whole current earried by ho niueh of the conductor an lies 
within the path. If the direetmu of the i a\r» t*» rnteh that, 
if Lho eye in in the punitive x ;an hiking ut the ojigiu, a 
counter-clock wIhu rotation of the pomtive ;t\f. of »/ through 
90° would make it eoineide with the positue •, a\m, and if 
0 =s--2 C$ + l>, the foree at auv point not m the mass of the 
eemduetor, in any direetieu, is the derivator u! y at that point 
taken in the direetion in question, and the resultant foree in 
— I\l\ / r or 2 C / r, This in the name a« if all the enrrent 
nearer the » axis than the point in quest ton weie flowing 
through a line wire eoiueideiit with ihe u\t*> of If the 
infinitely long eyliudrieal eondnetor b a uniform tube, the 
axis of which is the % axis, tl t /> m the rinpH apace 
within the tube, ami, mure {on account of «\ m mein ) the 
resultant; force a j r uiiutl vanish on the n axis, n in zero anti 
the intensity of the field within the tulm ja everywhere zero. 

We may easily find tlie inteiwitv of the ele* froiuugiietie 
force at anv noint /’ within un uiimt *k 1 mu. r nd e. i. 



currant as lies outside A', is nothing; the force duo to so much 
of the current as lies within *V is evidently the same as if this 
portion of the current were concentrated in the axis. If, there¬ 
fore, a straight conductor in the form of an infinitely long 
cylinder of revolution of radius a carries a steady current 0 in 
the direction of its length, and if the intensity (y) of tho cur¬ 
rent is a function only of the distance (r) from the axis of the 
conductor, the intensity of the magnetic, force (//) is 2 0/r 

without the cylinder and - ^ xqtlx within. The flux of 

induction per unit length of the cylinder across so much of 
any plane through the axis as lies within the conductor is 

0~tr f\<U. 

If q does not involve r, the current is uniformly distributed 
through the conductor, the strength of tho held within the 
cylinder is 2t'rfa\ and Q is equal to /m(\ If the axis of the 
cylinder is the « axis, the force components at any inside point 
distant r from the axis are L ~ ~ 2 (U/ / <t'\ M ~ 2 Cx/a*, so 
that II is solenoidal, as it would he if q were any analytic 
function of r. Since II is not lamellar within the conductor, 
it is at the outset clear that there can he no scalar poten¬ 
tial function tl there; it is well to notice, however, that, if 
the derivative of a scalar function, O, at any point in any 
direction wore required to show the force at that point in tho 
given direction, it would need to satisfy, within tho conductor, 
tho two incompatible conditions, 

I ) r O « (), (/Vi) /> = “ 2 Cr/a*. 

Bineo IF ift solenoidal even at inside points, we may ask 
whether its components arc not the components of some vector, 
4 b which may he regarded as a vector potential function of 
IF, and it is chair that a vector of intensity — trqr\ directed at 



vector (u, u, ■ 7r'//*‘) an own iin* roinpHUoni hi h»o magnetic 
force II at ilia point, in tin* given «luei ten the ai hc js.siis 
of Fig. Oli represent dial aliens Itoin tin* a\ n* of tSi«* eonduetur, 



anil tin* ordinates the corresponding \ nines of the rrsuHmst 
magnetic force in the ease just mhMilried. 

If a uniformly distributed current t * be I*i* ius; 1st up iiMtmullv 
through the plane uf ilia paper in an tmttnsteh long cylinder 
of revolution ami down through a mihiIui > \ hndn p.u.tllrl to 
the first, flu* lines of form without thi* rv liudei •» an* of the 
same shape uh those shown in Fig. til, Tin* on v o in Fig, tin 
shows the intensity of the held ut point• m .1 height line 
which cuts tint axes of the evliudein jn-sp»*n«hi-?»i.>th 

If two infinitely long, coaxial, cylindrical ntr faces of revo* 
lution carry sy uiuietrienlly ciptal and Mppioi t«* mi rent n, each 



of strength (\ parallel to the it* euumion axis, the hi nice lwtwetm 
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Tn the ease of a long, straight wire of radius a surrounded 
by a coaxial tube of radii b and r, and carrying uniformly 
distributed a steady current C wbic.li returns through the 
tube, the electromagnetic force is evidently zero on the axis 
of the wire, and continuous at every distance r from the axis. 
I f i/'i and //«„ are the intensities of the current in the wire 
and in the tube respectively, vc,^ 3 = v/.' a7r (r, a — 6 a ), and 
if we apply the formulas just proved, we shall learn that 
the strengths of the Helds within the wire, between tbe wire 
and the tube, in the body of the tube and without the tube, 
arc* given by the expressions 2 7r//-y, 2 Tra*it> l /r, 2 7 rw a (7; a ™ r 2 ) /r, 
and 0. 

It is to be noted that the strength of the magnetic, hold duo 
to a given electric, current is, in the homogeneous medium 
which surrounds the current, wholly independent of the per¬ 
meability of l.liis medium, whereas the held due, to a given 
magnet would be. inversely proportional to the inductivity. 
If the fields of a given circuit, and a given magnet wore the 
same in one homogeneous medium, they would not; be the 
same in another homogeneous medium of different magnetic 
inductivity. 'The induction due. t.o a current circuit in a homo¬ 
geneous medium tilling all space is proportional to the induc¬ 
tivity, an is the energy in the medium. The induction due to 
magnetic, matter surrounded by a homogeneous medium is 
independent of (be inductivity of flu* medium. The action 
of a dintributioji of magnetic matter in an infinite, homogene¬ 
ous medium on a circuit, carrying a steady current is not 
altered by changing the inductivity of the medium. 

78, Closed Circuits. Kxporimonl shows that if a steady 








ja.u airy puirn jr on me axis or a circular current or rauius 
a, at a distance x from the plane of the circuit, the circuit 
subtends the solid angle 

to — 2 tt (1 — cos &) = 2 it (1 — a; / Va 2 + as 2 ). 

If the strength of the current in the circuit is C, the magnetic 
force at P is directed along the axis of the circuit (Fig. 65 ) 
and is numerically equal to the negative of the derivative with 
respect to x of Cw. The intensity of the force is, therefore, 

2 ttcPC fix 1 + a 2 ) 872 


and at the centre of the circuit, where x = 0, it is 2 v C/a. 
This result evidently agrees with the awkward statement 
sometimes used to define the electromagnetic unit of current. 
“ If one centimetre of a linear circuit 


which carries the unit current be bent 
into an arc of one centimetre radius, 
the strength of the field at the centre 
of the arc, due to this portion of 
the circuit, will be one dyne.'” The 
ampere, which is the practical unit 
of current intensity, is one-tenth of 
the unit just defined. 

If for convenience we denote the 



Pig. 60. 


quantity a/x by u and its recip¬ 
rocal by v, the potential function ( Ca> ) just f ound may 
be written in either of the forms 2 - 7 rC\t — 1 / Vl + it‘ i \ or 
2 irC\l-v/^l + v% and, according as x is greater or less 
than a , we may use one or other of the developments 




2^1 — 2 r!{■ /*■ 


1 .,' 5.5 
2-17c; 


uf-i' 


6 1 


i .a 

2-4 


l\ f. 


If an minutely long straight wire which eurries a steady 
current, C, forms part of a plant'. cIohciI circuit, all the other 
parts of which are at infinity, and if the plane of the circuit 
bo used as the xz plane and the wire as the s axis, the solid 
angle subtended at the point f.r, //, z) by the circuit is 
2 (tt — 6), whore tan 6 y/x. The force cutnpont'Uts at the 
point aro, then, the negatives of the derivatives with respect 
to x and // respectively of 2 C(-rr 0 ), that is, 2 (/// (a ,a d y 8 j 
and + Ox /(x‘ J ■+• y a ), as we already know. 


79. The Law o! Laplaoe, Mechanical Action on a Con¬ 
ductor which oarries a Current in a Magnetic Field. It will 
be evident from the discussion on page 21H that the strength 
of the magnetic, liold, //, duo to a steady current of (' elect.ro- 
magnctic units in a rigid linear circuit, may also 1 m* computed, 
whatever the inductivity of the homogeneous surrounding 
medium, on the assumption that every element, th of tin* cir¬ 
cuit (Fig. (57) makes a contribution numerically ctpuil to 

C • sin (r, tin) • tin/r\ 

to the force at a point I\ where r is the distance of ,h from /*. 
The direction of the contribution is normal to the plane of /' 
and tin, and such that a nortli magnetic pole at I* tends to 
whirl right-handedly about a straight line drawn through tig 
in the direction of the current. For a simple illustration of 



tlio use of tills rule, wluc.li. is some,times called «Laplace’s 
Law,” let P be a point; at a distance r () from an infinitely 
long straight wire which carries a current (/, and let .s be 
the distance of dx from the foot of the perpendicular dropped 
from ./* upon the wire. If the, angle (r, dx) be denoted by 6, 
x >’,) ctn 0, dx • -- • esc. 2 0 <19, r esc. 1 9. All the elements 
of the current, conspire to produce at. P a magnetic force per¬ 
pendicular to the plane of P and the wire. The magnitude 
of this force is 



*• sin 1 9 • <!s 
„ " r™ 



n 

sin 6<I$ = 


2 0 

•>’<> ’ 


as before. 

If a circuit is not plane, the different elements of the 
current, will contribute to the magnetic force, at; a point /*, 
elementary force's which do not all 
have the same directions. In this 
ease it. is necessary to compute sepa- q 
rately the components L, ft! , ;V of //. 

If the coordinates of the beginning 
of dx are .r,, //,, r: x , and those of the 
end .r, </x u //, 4* dy x , Z\ -h dz x , while 
those of P are ,r, y, z, the direction 
cosines of r and dx are (,r t — x)/r, 

(//t //)//*» (-i ' «)/**, nrid dx. x /<h, 

dy { /<h, dz { /dx, and, if the direction 
cosines of <111, the contribution to the force, at P made by the 
current, element. dx, are I, w, it, then, since this direction is 
perpendicular to r and to dx , 



Fxu. 07. 


I ( ari . - j.) + w (y x ™ y) + it (z x • z) = 0, 
l dxi 4- dy x 4- ndz x — 0, 


8"' respectively, awl 8'* T 8” u T 8'" u l«.v 8, weJearn from these 
equations that l ~ 8'/8, »> A"/ 8, » 8 " f 8, 

cos (r u ds) = [(;r t - a:) -I• (//i //) '/'/i f (■• t •* > ''--I | /W*, 

and sin(r, ds)=8/>’ds. 

If, then, the components of’ dll an* >11., <IM, dS\ we have 
the equations dL — ("8'/r a , <fd/ (V i /r , \ >1 ,\ t A"'. r K , and 
from these, hy integration over tin* circuit, (he force at /’ may 
he computed. 

Since action and reaction are equal and opposite, a unit 
magnetic pole at l* would exert upon Urn element, ds (d‘ the 
conductor which carries the current a meehauieal or •* pouderu- 
motive ” force flu*, components of which would hi* ( *8' r B , 
— t78"/r 8 , — C '8 f "// ,B . These components, writ (on in terms of 
the components 

X m =(a* l -.r)/r«, /J/ m -('/t >/)/>*, .Y w l-h x)/r*, 

of the magnetic, field at ds due to tin* pule at /*, are 

C(NJ,/ X - M m dz x ), *V w '/a'i)» (\ M m ,U t /.„*///,), 

and, since so far as this force is concerned the origin of the 
magnetic, field is immaterial, llmse expressions gn r the com¬ 
ponents of the. mechanical force which act upon the clement 
ds of a circuit carrying it steady current (’ in any magnetic 
field which at ds has the components M m > »Y,„. 

If the magnetic, field at. ds x an element of a linear eireuit 
s t which carries a steady current r, is dm* to a steady current 
(7 a in another circuit s«, the element >ls. } of the second eireuit 
at the point (a* 8 , y a , » 8 ) etmtrilmtes to tin* magnetic field at >U X 
at the point (a*!, // h z x ) components numerically equal to 

- ~j) dt/,j { //, ,Vs) dzj, ], 

(L 
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so that the x component of the mechanical force exerted upon 
the circuit element ds x by tho circuit elemont d.s 2 is 

0 (J 

= —i~2 j [( ?/l _ ?/a ) dx 2 - (a x - v t ) dy 2 ] dy x 

"[(^i “ *a) tl» a ~ («i — *a) <fo 3 ] j, 
or C x C a • (1 jr) [<7;rx • dx a •4* djjx ■ dy a d&i • 

- C\ (\ dx, [ P,, (1 /r) tte x + J\ (l Jr) dy x + l> 2l (1 Jr) < ZsJ, 

CxCtfhylH r , , _ , k 

or -- [ ( . 0B r ) . cos (rfcq, tf* 3 ) 

— cos (x, ds a ) cos (r, r&q)], [203] 

where r is tho distance of dit a from ds v 

Tho x. component, JV], of the whole mechanical force exerted 
upon tho rigid circuit s x by the rigid circuit .<? a is to be found 
by integrating the expression just found over both circuits. 

The resulting integral will evidently not bo changed if we 
add to the integrand any quantity which disappears when 
integrated about either circuit, and this fact makes it possi¬ 
ble to find many other expressions * for the mechanical force 
exerted upon an element of one circuit by an element of 
another, which will account mathematically for the observed 
forces between two rigid (dosed eirouits. 

According to AinptWa analysis, the resulting action between 
the two elements ds x , is an attraction in tho line joining 
them of intensity 

[2 cos (ds h ds a ) - 3 cos (r, ds x ) • cos (r, <&*)]. 


* For exhaustive treatments of this Important subject the reader should 
consult Ampere, Gilbert 1 a Ann., 1821 ; Amp6re, Mim. de I'Acadimie , 
1 ftQS. 1897* W. Wnhm*. Gm. Wnrh^ ' Hriifwinann. Pnan. Ann... 184a ; 



el Gill on i»s perpendicular to the line \\ h i«• 1 1 J* «ni:» them attract, 
each other with a force 2 / W/.v^/.v., TIionc expres¬ 

sions, like those which precede, hold good whether flit' ele- 
lnents ds^ ds 3 belong to tho Kamo circuit nr to i,«n ddi'erent, 
circuits. 


If two infinitely long straight wires (m x , s..), parallel In each 
other at a distance « apart., carry at Urn mime directum the 
steady currents C u 6' a respectively, llm meehauiral l«m*c* 

exerted on ,<fi by s a is oviden(ly <\(’ 8 ( f m\ ri/d j ds x ■ ds v 

*n i 

or (2 OiCt/a)^dn X) so that every unit length .»f in ntlruelcd 

towards ,9 a with a force of 2 (\(\ 'a «1\ ne t. 

If each of two dosed circuits (x,, which carry steady cur¬ 
rents, C u d 9 s e.onsists essentially of l wo infinitely Jung w ties 
parallel to the x axis, if the currents come tip t hnmgh the .»•// 
]>lano in the two circuits at. the points (f>, » t, ?*•, h\ m.prei n ely, 
and go down at (he points (0, n i, u\ in, the lii.-.i circuit, 
experiences a force fending io urge it in the dinvlPm of tin* 
x axis, and the intensify of this force per umt lengtit of both 
wires of s L is > loC l C i J1, [(a — dj 1 # [ («i | i>) i | dj'. 


Tt is evident; from the dismission of the proju-rhe-s of mag 
nefic shells in air given on page 217 that the tun hum* .d actum 
on a rigid linear circuit cum lug a de-».h nnu tit t' m u 
magnetic, field (caused either by permau.ut magnet ■>».j h\ .a 1,,-t 
eurrents or hy both) may he nmtbemat tealh i»ee*ms»f rd f,,i ,,n 
the supposition that every element d* of tin* rumit m uigrd i, v 
a force equal to (' da tiliiCH the com pi meal ,/•*), pet pemiteitlar 
to ds, of the total magnetic indnehuu. 't he dnr.Js.m /t ,,f 
this elementary force is perpemiimjkr to the plane ..f d and P 



Tho sumo assumption will account for tire phenomena 
observed when a dedorm able circuit .is placed in a magnetic 
hold. 

According to theory tho component in any direction u 
of tho force on the element ds is (-ds • /> • sin(7>, ds) e.oa a, where 
a is the angle between u and tho normal to 
the plane of li and ds, and this is numeri¬ 
cally equal to tho volume of a parallelepiped, 
ftdjuoe.nl; edges of whieh are represented in 
magnitude and direction by (Ids, /J, and a unit 
length in the direction v. This volume may ^ 
also bo represented by (-ds • sin (it, ds) • B', 
where I'd is the component of tlm induction />’, 
normal to tlm piano of v and ds, and this expression for the 
force component is occasionally useful. 

TP (/, vi, n) are the direction cosines of tho clement ds and 
if the components of the induction B are H,., B u , It, 

sin (7/, ds) ™ \ (///. • Ii t - n • B v ) 2 + (n • B x — l • IQ 2 

4•(/■/*, - w KW/\^ K + /V*|» 

and the resultant electromagnetic force on the circuit element 
ds has the value 

c | (m • n u - n • n v y + (a• b x -~ i' n x y +(i-Tt u -m-B x y } i . ds. 

If ds is an element of a current filament of cross-section o in a 
massive conductor in which the current vector is q or (u, v,w), 
we have qw ■ ; (via &= l(\ vta -= vi(J, irw — n0, and tho electro¬ 
magnetic force may be written 

o» \ (v • B, — w • B v f + (w • B x — u . 7? # ) s + (w • B v - a * B x )*\l • tfs. 

Tho components parallel to the coordinate axes of the electro¬ 
magnetic force per tmit volume of the conductor are, therefore, 
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the field can be represented numerically by (bn volume of a 
parallelepiped, conterminous edges ni which are Ciis, />, and 
dtr, this volumo is numerically equal in (' limes the mimlier 
of linos of induction of the field eui b\ the element during Urn 
translation. If an observer be imagined h* lie in the element, 
in sutdi a way that tlm current enters at Ins lent ami goes out 
at his head, and if he faces in sueh a direeti.m that he can 
look along the lines of force, the work dime by the translation 
will be positive if these lines appear to pass him I mm left to 
right, that is, if the displaeoment is to his left. It is easy to 
see, moreover, that if the element, dn be resolved about any 
axis through a small angle, the work dime upon it may be 
represented by U times the numlter of lines of induction cut 
by the element during the displacement ; \se may infer, there¬ 
fore, that the electromagnetic work dime by the field upon any 
portion s of a circuit during any displacement m measured by 
the product of the current strength ami the mimU-r of lines 
of induction cut by s. The direction in which a rigid closed 
linear ei renit carrying a steady current t 1 in a magnetic field 
of any kind will tend to move may be intoned fmm the {‘net 
that the circuit will behave in this respect hke t he equh alent 
magnetic shell. 

It is easy to sou from the dismission on page r J lti that tlm 
mutual potential energy of an external field and the mag¬ 
netic, shell mechanically equivalent to a given eiiruit, that 
is, the meehanieal work that Hurt !»e done to bring the shell 
already formed info the field, is equal to i *.V t wlsero X 
is the whole number of lines (unit hd*Mi of imhietioit of tlm 
field which the current. surround* right handed Iv. Tlm cir¬ 
cuit will tend to move, therefore, so m to make .V an huge as 


of moment G- A • B • sin 0, acts on the circuit and tends to 
deercuiHO Ox 

If into a magnetic field F 0 which has the components 
•A",,, y„, Z Q a linear circuit carrying a steady current be intro¬ 
duced, and if the electromagnetic field due to the current alone is 
I<\, or („Y„ #,),the whole field is (X 0 + A\, I r 0 + Y u Z 0 + Z t ), 
and the whole magnetic energy in the field is 

ihffS +-u) 3 +(n + u) 1 + (Zo + *)>i ^ 

or - 1 -J/J/J. (.V + r.' + z,*) dr 

+ tr f f f I* W + n* + Zf) dr 

OTT*' « ^ 

+t- r f r fW+ 

4 ’T* / ./ »/ 

The first integral is the magnetic energy of the original 
field, the second that of the field of the circuit alone, and the 
third the magnetic energy clue to the introduction of the circuit 
when formed into the field. We may now show that this last- 
term, which may ho written 

-Iff fnF 0 > I\ • ooa (F 0) F x ) d T) 

is equal to the product of the strength of the current and 
the flux of induction of the original field in the positive direc¬ 
tion through the circuit. Since all the equipotential surfaces 
of the field F x are bdunded by the circuit, wo may cap the 
w n w1u»1a HttriftH * of hucI surfaces and write the 


total induction through tho circuit due to the smbdde ihdd iu 
the form 




i J'J'jU (hT|| + 1 0 "t Ji 4) J j /i/'m ■ COM ( b x) tl ,S, 


where the integration is to he taken ever any one of them* 
caps and where I, in, n are tlie direction cosines of the normal 
to the cap. 

If a unit magnetic polo were carried around any lino of force 
s x of the field b\, the work done on it wi.nld he -1 v times 

the current (! iu the circuit, ho that -I rrC f b\ ■ tin,. If we 

multiply each aide of thin last equation hy M, we have 


G fj h m r„ f nZ^tlS 

j j ft. com (/•;„ b\)tiS' j b\ th x . 


_i 

•I 7T i 


Since the caps are <'t]uiputtmtial, b\ tin, has {he name value for 
all lines of force between any two raps, and more the induction 
I\xF 0 is Holenoidal, tin' lira l integral l actor of the nrrnmi menu 
her has the same value for all the caps. \V«< ma\ Sind the 
value of the second member, therefore, hy imagining space 
divided up into elements which are portion's oi tuhe.u ol lurre 
of tho field I<\ bounded hy eipiijMileutiut surhe-m i»i this held, 
multiplying the volume of each element by the value in it of 
fxb\ • F x • cos (b[, F t ), and {hiding the limit of the »um of all 
those quantities divided hy 4 w. The value ol the volume 
integral must he, however, independent of the shaper, of the 
elements, and we have, in general, 


a C Cmx„ + 


m K« 4- nZ a ) titi 



The magnetic energy in the medium is often called the “elec- 
troldnotic energy. 55 That portion of the elcetrokinetic energy 
which is due to the introduction of tiro circuit already established 
into the given 'Held is evidently the negative of the mutual poten¬ 
tial energy, corresponding to work done against mechanical 
forces, of the equivalent magnetic shell and the field. 

If a portion s of a circuit electrically connected through 
mercury cups with the rest of the circuit, which is fixed, bo 
rotated and finally brought back to its original position, elec¬ 
tromagnetic work will ho done on $ if it out lines of the Held in 
positive direotion during the motion, hut the whole circuit may 
be represented by 
the same magnetic 
shell at the begin¬ 
ning and at the end 
of the process, and 
the mutual poten¬ 
tial energy of the d 
circuit and the 
field is unal terod by p I0> qo. 

the displacement. 

Under these (dreuinstaue.es, as will appear in the sequel, cur¬ 
rents are induced in .s by the motion. 

If in the ease of the circuit shown in Fig. (59 the conductor 
AH is free to slide on the rails J)A, OH in such a way as to be 
always parallel to DO, it will move in the direction indicated 
by the detached arrow, the circuit will be made to embrace in 
the positive direction a greater number of lines of induction, 
and the eleetrokinetio energy will he increased. If the motion 
take place without external help, the necessary energy must bo 
furnished at the expense of chemical action in the battery. 
Let M be f. \ electron! >tiv( force of he hatterv. r the resistance 
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part, at least, (7 VtZt;'appears as heat in the conductors -which 
make u$ the .circuit. If "AB he held still, C will have such a 
value, C 0) tliat EC 0 =I&' Q 2 r. If, however, AB be moving toward 
the rigktjfs’the current will be smaller .than C 0 , EC will be 
' M ~ fraction of EC 0l 

a smaller frac¬ 
tion of C 0 2 r, and 
EC will, therefore, 
be greater than 
C 2 r. The difference 
(EC - C 2 r) dt now 
represents the work 
done during the 
time dt in moving 

AB : a part of this work is used in overcoming friction on the 
rails, a part in communicating kinetic energy to AB, and a 
third part in increasing the energy of the medium. If for 
convenience we denote (EC — C 2 r)dt by C • dp, we shall have 
E — B t f — Cr, and the current is the same as if there were 
in the circuit an electromotive force D t p opposed to that of 
the battery. If an external force were applied to AB tending 
to move it to the right, the velocity might be increased so much 
that the current would be reduced to zero 
or caused to flow in the opposite direction. 

If, however, AB were forced to move to 
the left by external forces, the current in 
the circuit would become greater than C 0 
and would have the same direction as E. 

Tig. 70 illustrates a case where the 
resultant magnetic field is, as before, 
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any instant tho currant flows iu j;hy dfijc /rom' tl^'ecntre to 
the brush I* and this conductor oarrieSi ^pireiLt is 

urged to turn in the direction indie.dffo^-’ by tK'^birrtnv^ a ,The 
energy in the medium is not increased* 1 by the lrf^ion o*f tjxd 
disc., and the work done by the, battery is spent lrtfstaatn/g,- 
the conduetors in the circuit, in overcoming frjHtf^n atp®the 
resistane.e of the air, and in increasing the v 
kinetic e.nergy of the disc. If the field is 
uniform, if H is the area of one face of the 
dine, and if the media are of nnit induc¬ 
tivity, the work done on the dise eae.h turn 
is 67/ /S', and if it is making n turns per 
second, we have 6'V-(~ 67//S v m. If 

the disc, he used as a motor to overcome 
resistance of some kind, and if the energy 
required per turn is/(a), 67//S' —/(//),Mid 
from ■these two equations n and 0 may he 
found, if f l>c a known function. 

In the arrangement shown in Fig. 72 
a rigid wire free to turn about the axis of 
a fixed vertical magnet makes electrical 
contact with the magnet at * its middle 1 .. 

The enrrent from a battery flows through 
a circuit made up of the wire, tho mag¬ 
net, and a supplementary fixed conductor 
forming a prolongation of tho axis of the 
magnet. In this ease the wire will turn continuously in the 
direction indicated. It la easy to show that a fixed magnetic 
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01 . ini! negiiuimg ui mm cn ui• 111 ' <• up t *111*1*1 ■■ j, o» () ovj, 

which tins unalyl.il' I'tineiinns of // t . e tIn* work thun* h\ the, 
forties which .s'a exerts ilium a'i is approxinutteh equal to 


>t " ; i )• 


or it) 


■ 8,r, I ./1, ■ I .//, 

[(Art ‘f/.r.j |- <///, • (///« ! «/.*., ■ «/.’. d | 

* ^n 1 l * l />) 

[<Lv % 'h\ -| (///... • tv/i I ■ £**i ]* 


Tim first factui’ mulct' I he integral signs in flic second 
integral of the hist expression is equal to fK, i 1 /n •»/.*,, and 
if we integrate the whole inlegraud la parts with respect to s,, 
we gel; 

[(t/j's• 8.ri | t/jh'b i 1 ui,,,,i. 

’ * ( (</.r„• tfh'i | (///„■ 1 t/'.fttfix ,i >, 

where the expression in brackets, l»;i\ mg the same \nine at 
both limits, can 1 h* omilled. The expression jin the elemeu 
tary work done on a, during its displacement r>, theieioie, 

^ ^^ (1 ’ ri *' h 5 1 n ^*11 

[<h r <h‘ t 1 1///1 • tli/ t f d.i, ■ da, | 

"f * </&/*, I t ///,■ r/fl//, } »/;, i/fti., 1 

anti this is obviously equal to the vurintmu of the integral 
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caused l>y the elementary displacement. This last integral 
written in the form 

C l,l>,s (^V^)/r]^i-^ 2 [204] 

gives what, is often railed K. E. Neumann’s Expression for 
tin' A 7ir/rodi/i/mti !r. Potential, The inc.rease in the value of 
this i'uneiiiou caused by any finite displacement; of m x evidently 
represents the work done on .sq by the licid due to « 2 during 
the displacement: this work depends only upon the original 
and final configurations. The Elecfrodynamie. Potential corre¬ 
sponds to flint portion of the eleefrokiuefie energy which is duo 
to the mutual proximify,of the circuits. Its negative is etpial 
to wlinf is sometimes called the mutual potential energy due to 
the mechanical forces acting between the circuits. .It is impor¬ 
tant to no).ice that although the poudero.mol.ive forces which 
urge a rigid circuit carrying a given current, (\ in a magnetic 
Held can be correctly found from flic expression for the mutual 
potential energy of the Held and a magnetic, shell of strength 
(' bounded by the circuit, this may be regarded from one 
point of view as merely a convenient mathematical device. If 
the shell were to move under the action of the field alone 
and acquire kinetic energy and overcome external resistance, 
this work would be doin' at. the expense of the mutual poten¬ 
tial energy of the licit! and the shell. If, (■ being kept 
const,aid,, the circuit were to move under fho action of the 
field in exactly the same, way, the work would be done at the 
expense of the general,or which maintains the current. In 
other words, there is no sensible mutual potential energy of 
the field and the circuit., the exhaustion of which measures the 
work done by the forces of the field during any displacement 





partial, derivative with respect to <jb a is the limit of tlio sum. 
of elements which-destroy each other in pairs: wo may there¬ 
fore give to </> a in the expression for Q any eonvonient value 
(say zero) and write P % r (\C % r x r.j,Q. We may conveniently 
transform the integral which represents Q by putting 


and got 


lid t .2 <£ x — 7r, 7c a =3 4r 1 r a /[tt a + (i\ + r a ) 2 ], 


./> = 


2 t rkaa 


__ /»jt/ a 

4Vrp\j () 


(1 — 2 sin 2 6) (16 
VT— lc l sin" 2 6 


or 


4 ir(\C 'aVrp'a 


/>: i /C 


M 


where K and M are the complete elliptic integrals of the first 
and second kinds. The numerical values of these integrals 
for various values of Ic are to be found in “A Short Table of 
Integrals ” ((linn & Company, Boston). It is to be noted that 
if in this analysis wo imagine finite currents to be carried 
by conductors of zero cross-section, and and r a to bo ccpial, 
then, if a approaches zero, k approaches unity and I* grows 
large without limit. The derivative of P with respect to a 
gives in general the mutual attraction of the two circuits. 

If the external field about a linear circuit s u carrying a 
circuit (\, is due to a current 64 in another linear circuit .v a , 
wo have two different expressions for the mutual potential 
energy of the magnetic shells which correspond to the two 
circuits. These arc — (4 TV, where JV is the number of lines 
of induction due to C t which thread s l positively, and the 
negative of the Kloetrodynamic Potential of the two circuits. 
When (\ and (\ are both unity the Fdeetrodymunie Potential 
measures the magnetic induction through either circuit when 
the unit current traverses the other. 

The number of linos of magnetic induction which thread 
either of two simple linear circuits, made of non-magnotio 

. * % 1 1 JL*_ • .AL1.. J.#. 
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and pemumonti magnets, wlu i n the unit current passes through 
the other circuit, is (tailed the nwjfirlnif of ntttfuul imhirtlnn 
or tlio mutual indurtanot', of flic two circuits. The numerical 
value of this coonicicuf depends upon tin* character of (ho 
media in the neighborhood of the circuit. 

If two exactly similar linear circuits, and s 3 , carrying 
steady currents of unit intensify, lie side In, side, and if one of 
them (.s'a) be imagined to move up towards coincidence with 
the other, the value, of the integral which represents the Klee- 
trodymuuio Potential approaches the form 



Yoh ih») r/x, ■ f/.v 3 

r 


1 


where the integration is to be extended twice over tlm same 
circuit. If the circuits are supposed to be mere geometrical 
lines, the value of this integral will be in general infinite; 
if, however, and x a are math* of wires of small but definite 
cross-sections, the finite limit, as is moved into close eontnet 
with .s„ of the flux of magnetic induction caused by the unit 
current in .v a through a diaphragm hounded by *, is practically 
the ilux through the diaphragm due to the unit current, in 
The number of lines (unit tidies) of magnetic induction 
which thread a simple line wire circuit made of mm magnetic 
material, which carries a steady current, of unit, aheugth when 
there are no other currents and no jienuuheul magnets in 
its neighborhood, is very nearly equal to what w rulhnt the 
copjjlohmt of stiff-inductimi or the st'lfhnftit'hnct' id” tin* simple 
circuit, under the eircumsfanees. '(‘he numerical value of tins 
coefficient, which we shall soon 1st aide to define more aeeto 
rately, depends very much upon the nature of the media alxmt 
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coincidence, the coefficient of mutual induction of the two is 
practically the same as the coefficient of self-induction (L) of 
either, and the work required to separate the two circuits to 
an infinite distance from each other is If, then, a 

line wire closed circuit; which carries a steady current 0 be 
supposed made up of infinitely slender closed circuit filaments 
lying freely in contact, it is easy to get an expression for the 
work that must ho done in removing these filaments one after 
another out of the field. If at some stage in the process the 
remaining ill aments carry altogether the current 0 — C", the 
work required to remove another lihunent carrying the cur¬ 
rent i •/■('" would he (G' — (!")</.(]"• L, and this integrated with 
respect to (>" between 0 and C yields G' 2 A, which is an 
expression for the intrinsic, energy of the original collection of 
filaments. Again, if a current (■ he set up and kept steady 
in any closed circuit in a medium of any kind which contains 
no permanent magnets and no other currents, the medium 
becomes polarized by induction and is a field of force. The 
oloetrokinotie. energy is equal to the volume integral taken 
over all space of fid*/{.'*/# 7r, where II is the intensity of the 
field duo to a unit current in the conductor. It is easy to see 
that this reduces in the case of a linear circuit to ^ G' 2 times 
what we have called the coefficient of self-induction of the 
circuit, and wo are Led to define the coefficient of self-induction 
of a circuit, made up of conductors of any form surrounded by 
media the susceptibilities of which are independent at every 
point of the intensity of the force at the point, as twice the 
energy in the magnetic, field when the. circuit carries a current 
of one electromagnetic unit and there are no other currents 
and no permanent, magnets in the neighborhood. 

1 f, for instance, a uniformly distributed current C be carried 
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If the medium between the shell iunl tin 4 e\ Under lias the 
uniform inductivity /t a , Ihin energy is l/M'* I i‘ d h<g /</</. 
The eoellieient, of st*If-intliu*tiim of the circuit per unit length 
is, there.foro, when the shell is thin. |/i. ( i L' /», log t> ,t. 

The ooeltleient of self-induction, iu elec! romagurt ie absolute 
e.g.s. unit.s, of a eireular ring of circumference /, lu.ule uf mm 
magnetic wire of radius v and surronmled la air, m, aecmding 
to Kireltlioff, 2 / [ leg (///') l.htl.H J.aud that id a square circuit, 
of perimeter /, math' of similar wire, « /j log{//n l.UlU). 
Regarding the eoellleienf of self intiuefitm frutu the puint of 
view of flu; energy in flit' Held, if, is jio.vuhle to j.rme that the 
eoeiUeiont of a part of a circuit, consisting td' a straight wire uf 
length l and radius r is approximate!! 'J 1 1 lugi L* / n i | ( |, 

where /x is the magnetic permeability of the wire. Km- addi¬ 
tional examples, the reader is referred to \\ inKelmauu’s /hunt 
bitch dev I*/it/xU<\ Vol. Ill, Maxwell's Tr ftit isr tin h'Jft'f rh'tt if 
(Hid J\f<tf/iirtmin , \ oh 11, and to t*ruv h Abiui/utr ,1/nf.n h »v mruin 
in Meet dr ii!/ and Matfiivtimn, Vol. 11, 

If ^ n Vo %\ are the components of the electromagnetie held 
which a unit current. Hewing iu a given eiremt *, uf .*,(>1 f uidne 
tanee would enuse if tHe surrtumdiug spare euutuiued no 
other eurrents and no peruumeuf fimgnets, and if tins space i« 
already the seat of a magutdie field ,\\ V, rmont either by 
eurrents or by permanent magnets, or by Imth, then if a meady 
current (\ be set up and nmintiiiued in the eleetrukincttr 
energy is 

/Vk^uVM') 9 f {<\ )\ p 1*,* I (/*,/, \ y,d\itw, 

m 



and 


2 fiCi [A\X + Y x Y 4 - Z x X\ % 

and the corresponding integrals represent respectively £ C X 2 L U 
tlio energy of the original iiold, and that part of the eleetro- 
kinotio energy duo to the introduction of the current into the 
field. If the external iiold is due to a steady current 6 a in 
a second circuit * a of self-inductance X 2 , the second integral is 

CV^a» and if the third he written 6\6 r ,J/, the whole energy 
becomes £ C^Li 4- M C\(- a + •J- C a L a . The quantity M, which 
in the ease where .sq and # a are linear is the coefficient of mutual 
induction of the two circuits, serves to define this coefficient 
in the wise of circuits which are not linear, surrounded by 
media which have susceptibilities independent of the strength 
of the field. 

If n circuits which have self-inductances K T'h) • and 
carry currents L a , (7 a > • • • exist together in a soft medium, 
and if the mutual inductance of the/d-h and /cth circuits is M pk , 
the eloetrokinotio energy T is equal to 

+ W + W + • • • + A/V) 

+ + M xt C x C> +... 4- M xn a x O n + il r at C a C a +..., 

where the values of the inductances depend upon the configura¬ 
tion of the system. If this configuration is determined by 
a number of generalized coordinates </„ y 9 , r/ 8 , • . •, the eleetro- 
dynainio force, in the La gran gi an sense, which tends to increase 
any one of these coordinates (leaving the rest unchanged) is 
the partial derivative of T with respect to this coordinate. 
If every circuit is rigid, the V s are constant during any change 
of configuration. 

82. Maxwell’s Current Equations. Various Current Sys¬ 
tems. We may infer from experiment that if a unit magnetic 
n fie be move l al c u ; a sin nl .1 sed r tli in ai v s eadv oleetre - 



homogeneous or not, the work done on it 1*\ tin* hold in t*cjual 
to 4?rC, when 4 (■ is the whole euiTout. whirli passes in positive 
direction through any surraei' or diaphragm uhirh rajt.s i lm 
path. If v, i>, w are flu 4 components of the eunent intensity, 
the (lux through the cap may he written in tin* lortu 


j* j' L 11 ‘ t ’' 0H (* r > » > I r ' ,,(, * s (//• ") 1 1 "l K lS ’> 


and if 7,, /I/, N are the' eoinponents of the magnetie form 
//, the lino integral of // taken around the patii in equal, 
according to Stokes's Theorem, to 
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It follows that, the integral 


j j [(*1 7rit />„.Y } /^.l/ )eo«(r, h ) 

-f (Ire P,L f P, X » rui-s <//, it ) 

1 ( I ttiI' P t M ! P„f- * ens m, ni \ ttS 

must vanish whatever tin* shape id' the rap and, therefore, 
that at every point 
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These are Maxwell's Current Kquutions, whirls ran he stated 
in the single vector equation 

•I mi curl of //. 

This has been called by Heaviside "the limi enesutal eqtm. 
tion ” of the electromagnet ie liejd. It hi alert that i « t ultra 
the resolved part ol the current internal) at un\ piout within 



Maxwell's Equations, witli the characteristic volume and 
boundary differential equations which the magnetic induction, 
as we have stum, must always satisfy, completely determine a 
steady magnetic field in given media, when the current y is 
known. 

In any homotjent'-ous soft medium the magnetic force .// is 
solenoidal, and we may infer from the work of Section (50 
that if has a voider potential function Q equal to 1’oty. YVo 
have, therefore, II — curl Q, 4 Try = curl //, and, if the compo¬ 
nents of II and Q are L, 717, N and Q x , Q v , Q z respectively, 




L - J) v Q a - I) S Q. V , M = JhQ* ~~ X ■ 


iKQv 




When in a steady field II is known, Maxwell’s Equations, 
or their equivalent, give the eurront vector q directly. If, for 
example, the magnetic, force is zero everywhere without an 
infinitely long cylindrical surface A B 

77 of any shape, while within 77the K — I '- ' ■ - tC 

field has the uniform strength N, ^ D 

and is direc.ted parallel to the gen¬ 
erating lines of the surf,ace, y is zero within and without 77. 
To show that 77 itself is a current surface, lot /v/v'be a por¬ 
tion of a generating line drawn in the direction of the Held 
within, and lot AH and CD bo lines each of length l parallel 
and close to /v’/v'', one within and the other without 77, drawn 
so that AC and HI> are normal to the surface. The line inte¬ 
gral of the magnetic force taken around the perimeter of 
the rectangle A CPU is numerically equal to IN, so that, by 
►Stokes’s Theorem, the surface integral of the normal upward 
component of the curl taken over the area of the rectangle is 
IN , and this is equal to 4 tt times the steady flow of electricity 


(and as nearly perpendicularly (u (In' u\i.s of tin* cylinder as 
possible) with turns of line wire. If there are u turns on each 
centimetre of length of the cylinder (Mg. 1 *') ami if each 
turn carries a steady current (\ A'/4 v n(\ or X I rnii\ 

This result is independent of the magnetic inductivity of 
the homogeneous soft medium within the e\ Under. Thu 
induction in the medium is -I mifiC, ami the intensity of its 
polarization (magnetization) is •! irnkt' or n(‘in 1). The 
coeflicient of self-induction per unit length of the solenoid 
is 4 7 rii^ixA, whore A is the area of the cross sect ion of the 
cylinder. 

If a part of the space within the solenoid 1«» taken up with 
a homogeneous soft medium of permeability p,. and the rest 

by an infinitely long 
cylinder of another 
homogeneous soft, 
medium of permea¬ 
bility fxt, the lines of which are parallel to those of the sur¬ 
face upon which the wire is wound, the lutes of force sire 
unchanged in form, the induction in the Hint medium in I *•»/*,(' 
and in the other 4 ttii t\ If /!$ and „f 8 represent the port ions 
of the eross-seetieii A of the solenoid oeeitpie»l In the two 
media, the solf-imluetaneo of the solenoid per unit length is 
4 irti 3 i + /Xa-dj). 

The coefficient of mutual induction of two infinitely long 
solenoids *V„ one of which has », turns and the other », 
turns per unit of its length, is zero, unless one, wiv S tl s« within 
the other. In this e.aae the coefficient 1mm the value i ir«j»5.f 8 
per unit length of the two, where A t is the area, of the cross- 
section of A s . 


HD 


If two infinitely long, cylindrical iurfauiw. wl atever their 
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these surfaces is within the other, the space between the 
surfaces will he a uniform held of magnetic force of strength 
-W, directed parallel to the generating lines, and the regions 
without the outer surface and within the inner one will he 
fields of no force, if a uniform current of strength N/4-.tt per 
unit length Jlowa in each surface perpendicular to the gen¬ 
erating lines and if the directions of flow around the two 
surfaces are opposed. 

If the two infinite parallel planes x — a, x = b carry uniform 
currents parallel to the y axis, of strength N/A-tt per unit 
width of the planes parallel to the » axis, and if the directions 
of the two currents are opposite, the region between the planes 
is a uniform held of force of strength N parallel to the z axis. 
There is no force without the space included between the 
planes. The current in each plane evidently gives rise to a 
uniform field of intensity N on both sides of the plane. 

Tf a ring surface ho formed by revolving about the a axis 
an area in the xz plane, and if electricity be supposed to how 
symmetrically on the surface, in closed paths which lie in 
planes through the z axis, and coincide with perimeters of 
ovosH-soolioiiH of the ring formed by such planes, the held has 
the same intensity at all points of any one of the family (/) 
of circumferences, the centres of which lie in the z axis and 
have that line for their common axis. If, using columnar 
oobrdinates (r, 0, «), we denote the force components at any 
point, taken in the directions in which these coordinates increase 
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2n('/r, whatever tho inductivity of the homogeneous soft 
medium within the ring. The indention in the medium is 
2fj.nO/r, and tho intensity of its magnetization is 2'knO jr. 
It is to 1)0 noted that the reasoning here employed might be 
applied unchanged if the inductivity of the medium were a 
function of r and z, but not a function of 0 ; this would be the 
ease, for instance, if into air space within the ring were intro¬ 
duced a soft iron ring coaxial with this space. 

A slender magnetic filament within the ring surf act 1 , of 
length I and cross-section S, carries 2 fikJS / r, or 4 71 -n (J/ (l /ft.S) 
lines of induction. The line integral of the magnetic force 
taken along a magnetic iilament in 
a soft medium is sometimes called 
the maijnrtonwtirr form in it, and 
the ratio of this quantity to the 
flow of induction in if the rrh/r- 
tnner of the filament. In the case 
before us AirnO is the magneto¬ 
motive force, and //pS' the reluc¬ 
tance. This last expression bears 
a (dose resemblance to tho formula 
for the electric resistance of a wire 
of length /, cross-section S, and 
specific conductivity fx. The reciprocal of the reluctance of a 
magnetic filament in a soft medium is sometimes called its 
jH'rmrantr. 

If wire were wound part way around a soft iron ring, in the 
manner described above, most of the. lines of induction would 
still be confined to the iron, though a lew would emerge into 
the air at the ends of the coil. 

If a radial gap he cut in a soft iron ring completely wound 
with wire, the field is no longer symmetrical about tho. axis of 

and the character of tho problem is changed. The lino 
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spending to a value ON of 1 lu* magneti/ing force, is .1 /P • 0,1/, 
that is, tho slope of I,hr h! might line Of j<«iuim* the origin with 
tho point on the. curve which has oM lor its al>scis>u. 

When the conductors which make up a .simple linear circuit 
which carrion a steady current f\ and the soft media ahout 
it, have inductivities independent of the magnet i/iug force, 
and thorn are no other currents and no permanent magnets in 
the iiuld, the oueiheient of self induct ion of the eireuit may 
lio dolincd indifferently as (he ratio of 1 he total itnluetion 
through the. circuit to (' or as l w ice t he rat in of t he infogial of 
/x// u /8 7 r, taken over t in* held of the runmt, to (‘t In this 
ease tho magnetizing eurvi'S of all the nuhslamc', in the liehl 
arc straight lines, and lltest' delinitious lead to the same value 
whatever ( 1 is. 1 f the magnet i/mg eune of 
any medium in tlie liehl wnr, like that iit .hi dt 
iron, lmt. straight, the dehniftutr* would not 
agree, and each would \ mid different \ allies 
I’m* dilTereiil values of t\ 

Mechanically soft iron or Me«d cannot In* 
regarded as magnetiejtlly soft, !«u* if a piece 
of either of these metals l«r magneti/cd hv 
induction, this magnet t/atnm doe t imi u 1 1 u 11 y 
disappear wlien the magnet i/utg fun e is 
removed. If the magnet i/ing force he made to change cunt tin 
uously from a given uegulhe value to an e»pml pit;uti\e \alue 
and hack several ti mi's, the induct ion guru thiuugii a e\ e|e 
which may lie represented graphically In a cm \e somew lmt. 
like that shown in I'ig. «SI), in which the uhs« i*,»ia-s irpirseut 
magnetizing forces, mid the ordinates the concHpondiug vallies 

of tho il ill C.f til . S I'll it' SlLO'il I M III! L«« lit,* I, I till f; l,. 1 1 I 
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the induction lias passed through such a cycle as that indicated 
in Fig. 80, the energy in the hold returns to its old value, 
hut it is easy to prove that an amount of work represented 
by 1/4 -tt times the area of the cycle per unit volume of the 
substance had to be done on the metal during the cycle, and 
that this appeared as heat. The reader will find the subject 
which has been just touched upon here admirably treated 
under the head of “ Hysteresis” in Ewing's Magnetic Induction 
in Iron and Other Metals, axul in Fleming’s The Alternate 
Current Transformer. 


IV. OUUliBNT INDUCTION. 

83, Electromagnetic Induction. If one of two circuits 
(.•»„ a,), so situated that their coellicient of mutual induction 
is not zero, contains a galvanic cell and a key, and the other 
(,s a ), which is permanently (dosed, a galvanoseope, a momen¬ 
tary current appears in s.j when the key is depressed so that 
a current circulates in and another momentary current, 
opposed in direction to the first, runs 
through .s' a when the key is opened again. 

A current in cither ,<r, or « a gives rise to a 
magnetic, field and causes lines of magnetic 
induetion to thread « a : the direction of the 
transient current in ,v a in each of tho cases 
mentioned is such that the lines which 
it threads through « a oppose the sudden 
change in the flux of induction through .v a 
which the change in the current in .v, tends 
to cause. Thus, if the relative position of 
the two circuits and the direction of the 
correctly indicated in Fig. 81, the transient induced current in 
*j, will flow from /i to A when the key is depressed and from 



current in are 
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nonunion in quantitatively explained, when n is unchanged in 
form, by assuming that, superposed upon such electromotive 
forces as tho circuit may already contain, a temporary electro, 
motive force numerically equal to the time rate of change of 
Q is induced in s in the proper direction. 

Transient currents arc usually induced also in any circuit in 
a magnetic field when the circuit, ia deformed or extended in 
any way. These currents, like those already considered, arc 
mathematically accounted for on tin* supposition that there is 
M induced in every circuit element tin, which 

moves in a magnetic held so as to cut across 
tho lines of induction during the motion, au 
electromotive foree numerically equal to the 
time rate at which the element euts them' lines. 
This electromotive foree is directed from the 
fret to the head of an observer who, lying 
in tho clement and looking along the lines of foree, sees these 
.linos move past him from right to left. Tim induced cur¬ 
rent at any instant in either direction around the circuit, is 
equal to the ratio of the algebraic sum of the electromotive 
forces induced at that instant, in that direction, to the whole 
resistance of the circuit, If in Fig. Ot * represents the 
direction of a circuit element at the point (), (>M the direction 
in which the element is moved, and OF the direction of the 
whole field at 0, the induced electromotive force will have the 
direction 0(7, not CO. The direction of the current, induced 
by the motion, in the direction 0.1/, of a circuit element at 0 
in a magnetic field which has there the direction OF % may he 
found by choosing that direction, Oi\ in the element which will 
cause the three directions 00, (01/, OF to Is* related like those 
of tho x, y, x axes of a Cartesian system. It is to be noticed 



direction ON perpendicular to the. piano of FOO and would 
move, in tho direction MO, if free to do so, rather than in 
the direction OM. The. reader will do well to compare, in 
this connection, Figs. 68 and 82. 


If (", b, <’), («, /if, y) are the components of two vectors, l 
and X, the vector which has the components (oft — by, ay — ca, 
ha ((ft) is sometimes called their vector product and the 
quantity • ■ ■ (an -f- hft ~\~ cy) their scalar product. The vector 
product of l and X has a direction perpendicular 
to the plane of these vectors : its tensor is tho 
product of their tensors and tho sine of the 
angle between their directions. The electro¬ 
motive Force induced in or impressed upon an 
element ds of a linear conductor moving in a 
magnetic, held is evidently equal to tho product 
of ds and tho component in its direction of the vector product 
of the induction and the velocity of the element. 

If (//,, H u , 10) are the components of the induction, 
(£, rj, l) those of the velocity of the element relative to the 
held, and if the induction docs not change with the time, 
the absolute value of tho electromotive force induced in the 
(dement is 



[( IK ' V ~ ■ 0 «w» (x, s) + (//, • t - I! e • £) cos 0, s) 

+ (//„ • £ - ./*, • T,) cos 0, *)] ds. [206] 

The whole electromotive force induced in the conductor is the 
integral of this expression : if the conductor is not closed 
this electromotive force gives rise to a statical distribution 
of electricity on the ends of tho conductor, and hence to a 
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difference of electrostatic potential which tends to destroy 
itself by causing a current in the conductor in tho direction 
opposite to tlu' impressed electromotive force. 

rf the induction (//,, /** w , H.) "f the magnetic held in {.lie 
neighborhood of a lined linear circuit- changes with the time, 
tlte induced or impressed electromotive force r in the eireuit 
is equal to the negative' of the surface integral, taken over 
any cap A hounded hy the eireuit, of 

[TV#** cos (.r, n) | />,//„ ■ cu.H(//, fi | i ftjs.vt ts(r, n) j, 

If, then, a vector can he found of which the vector 

(/>,/»,. /'A. /',/U 

is the curl, then the line integral, taken around the eireuit, of 
the tangential component of this new vector increased, if we 
please, by any lamellar veetur will he etjuul in absolute value 
to the induced electromotive force. If ( l\, Fj is any vector 

potential (Section (U)) of the imluetion, i /*,/•“., /h 1>,K) is a 
vector potential function of (/*»/*,, /h/*„. / \t> k and if \p is 
the scalar potential function of any lamellar \color, the inte¬ 
gral, taken around the circuit in positive direct mu, of 

~ [(-fV'lr + ^t/0 { ' ort (•**< "1 l /^oeosfy, *} 

f { / > t t‘\ f />,4 ?eo,«4( r, it J J { L'07j 

will he equal to n, This value of the whole electromotive 
force induced in the circuit will he obtained if we assume 
that every circuit element tin is the seat, of an electromotive 
force equal to the product of tin and the tangential component, 
of the vector [t f />,/'*„ } l>^, /*»/•’, I j, 

If a closed linear eireuit n in a magnetic held U» defoliat'd 

.....1 _ ta i * .4 , 
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B. x , B y , B z to the values BJ, BJ, BJ, the flux of induction 
through the circuit has been increased Ly the amount 

<B I? = j'J* [ BJ • c.os (x, v) + BJ • oos(//, v) H~ />*,' • cos (z, w)] dB' 

~~ f f C 7>, x • (,(IH {- r 3 n) + By • cos (//, n) -|- />.. • c.os (z, ?/.)] dB, 

where B 1 and an*, any surfaces which cap the. circuit in its 
iinal and initial positions respectively. In moving, the circuit 
traces out a narrow surface B", each (dement </s of the circuit 
generating the surface element <B S'", and we may take for the 
cap /S" the surface .made up of B and B". We have therefore d< D> 

= tltf f [B,B.,- cos(aya)4-/>,/>*„• cos(//,?/)+ /> t B z - rm(z,n)]d,B 

4 -J j '[ BJ • cos (.r, n) + BJ • cos (//, v) 4* BJ • cos (z, n^dB". 

In the second integral, cos u)-dB" measures the area of the 
projection of dB" on the .r// plane and is, therefore, equal to 
± (8,r • (/// -- 8t/-dx) plus terms of higher order; the sign being 
positive, if the. direction in which <is moves, the positive direc¬ 
tion of the element, and that of the normal to dB" an* arranged 
like the .r, i/, z axes of a (h.rtesian system. Wo may substitute 
in the integrand B x , B u , />., £•((/-, r)-dt,£-dt for BJ, BJ, BJ, 
S.r, S//, Sz, without changing the value of the integral, and then 
write . 

./,,<> f [/*• ,o„(,,,) + Q ■ .*»(//. .) + X•«»*)] * 

- r i>a+ n.-v- 

- />>+ II,-i- [»)SJ 


whore 


B 
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of an induced current in governed h\ a potential function due to 
an electrostatic dint.nlmfiou on tin* surlm-rs i.i tin- e,,mhu*turK, 
or elsewhere. 11‘ a maj^rn’t* tin* axis nt win<■!» onimudr.s with 
tlio axis of a plant* circular rinse «*! win*, li.« ma.ti* t*» approach 
or to recede from the plane of tin* rue;, a truuneut current, 
in induced in the wire, lmt. no imaginable oirrtrentalm «1 intri- 
bution would furnish flu* mullipb* valm-d potential function 
needed to account, for tin* current. 

If a circuit at a distance from other fimnls ami perma¬ 
nent magnets carries a changing current (\ the ratio of the 
numerical value of the inteumt} of tin* eh-etromufive force 
induct'd by the change of the current in the euruit to l),(' 
is sometimes used ns a delinition of fin* sell unluetanee of 
tlio cireuit. The mutual imluetauee ol two circuits may 
be dofmed in a similar manner. It b vs nlent that all the 
definitions of self ami mutual imluetauee wltteli we have 
mentioned are equivalent. when all the media in tIn* neigh¬ 
borhood of the circuits eonecruetl have nuneeptihilitn*n hide- 
|)cndcut of the intensity of the field. The deihutious of 
this section arc often used when there are imuete-s of soft 
iron or other magnetic metals near the runut*>, or when the 
circuits themselves are made of soft iron eomluetot c 
If a numlH*r of circuits ttj, cam mg rut rents 

C a , • ■ • (\, have self-induetutiecs /,,, amt if the mutual 

inductance of n k and *, is the total elect tuk urnhe energy 
T is of the form 

iw + i/// f A/V 

+ A! xt <\(\ + f ... } I \ 1 ... 

+ 1. f <!/« 



If tho relative positions of two rigid circuits s XJ s 2 , which 
carry currents O x , 6' u , and are surrounded by a soft medium 
in which tliovo arc no other conductors, be altered by changing 
under their mutual action tho geometrical coordinate <j by the 
amount dt/ in tho time interval dt, leaving tho other coordinates 
which determine the eonliguration unchanged, the eleotrokinetic 
energy L x (- x * + MC x (4 4- will receive the increment 

dT s L x (\-dO x +I^-dCt + M(U r dC x + C v d(l^ + C x C^dM. 

The oloetrodynamio force (in the Lagrangian sense) which 
tends to bring about this change of eonliguration is the partial 
derivative of T with respect to </, taken under the assumption 
that tho other coordinates and the currents are constant: the 
work done during the change by this force is dW ss 6\ C a ‘ dM. 
Within tho circuits wo have 

JC X (\ • dt - (\ • d (L x C\ + MC^ = C\*r • dt, 

J£/4 • dt - r / 3 . d{L,(\ + M(\) = C*r, • dt, 

so that the work done against the inductive electromotive 
forces by tho applied electromotive forces (besides tho amount 
C\ a >\ -f f4 8 h dissipated in heat) is 

(\ • d{L x C x + MC % ) + C t • d (V4 + MC\), 
or 

l x a x . da x + x 3 c t • dc % +• m ( c\-ac x + c r dc\) + 2 c x n s .dm, 

or ' dW+dT. 

If, starting from rest, the circuits come again to rest and the 
currents regain their steady values before the end of the 
interval dt, we have 

da = 0, dC\ » 0, and d W + dT « 2 a (K -dM^2d W. 



t ll*' t'll i-UtlH IVpI U- 

nettled bv I'*4 'n, H-l 
ilU«l •Vi be luttvnl 
parallel l«» itself 
hIuuk 1 he rail * < 71, 
/ * f. m tin* direr- 
t n*» unheal t'rt |*y 
11 *«• .irn»w ;tf inched 
t*«if* w if it s*iiilit 
\ f|i*ctf v amt if 


tlioi field have the direction shown, an dee! mmot n v ft tret* 


will be indueed in Alt in the directum pointed «mt by the 
arrow by its side. 

I f the component, 
of the total induc¬ 
tion normal to the 
plane of the circuit 
have the constant, 
value If all along 
A ft, and if r be the 
resistance of the 



whole circuit AH ('IK the induced current will !«• Ulr/r m nlmo» 
lute units. The volt, ohm, amt ampere arc npi.il re»j«erttvr|y 



Ft a. HO. 


to 10\ Jtl'*, III * I tinea I he aleedut r rjer 
irojuiiKtielte e.g.s. imiti «<i eieettorn**! ive 
force, resmtituee, ami rut rent strength; 
if in this example, I lielet«.re, / i file! te, 
c 1 metre per Hie.imj, ami II i, tin* 
indueed electromotive f»»ree Will be iu.uun 
units, or Id 4 volts, 

if a Knmdiiy'« dis«* ( lug. HI*) which 1ms 
a radius n 1m* rotated m a uniform field, 


in whic.h the component of the induction normal to the face 
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second by OP is £ dUlw. If r be the resistance of the circuit, 
the current in it is a 2 .IJu>/2 r and the disc is a very simple 
form of constant current generator. 

Mg. 87 represents a circuit a part of which consists of a 
rigid wire free to turn in the air about the 
axis of a magnet. This wire makes elec¬ 
trical contact, by moans of brushes, with 
the magnet at its mid-section and with a 
conductor which forms an extension of 
the axis of the magnet. If the wire be 
rotated with uniform angular velocity w, 
and if m be the strength of one pole of the 
magnet, the electromotive force induced 
in the circuit will be 2 mw. 

I f a thin coil (Mg. 88) closely (unbracing 
a magnet be suddenly slipped from one 
position to another, the eloetromotivo force 
induced in the coil is proportional to the 
amount of induction which emerges from 
the surface of the magnet between tin 1 , 
two positions. 

84. Superficial Induoed Currents. 

Although a mathematical treatment of the 
currents induced in a massive conductor of any form, in 
a magnetic held varying in a given maimer, is beyond the 
scope of this elementary text-book, wo may give a very simple 
proof (taken essentially from Prof. J. J. 

*. - f i . -- - ZD Thomson’s admirable Moments of .Elcc- 

p trinity and Maymtixm) of the fact that 

the currents due to a sudden, Unite change 
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ITandbuch dvr Phi/sik, Vol. Ill, p. 403. Various problems are 
discussed at length in J'. «J. Thomson’s .Recant .Researches in 
JHLeetriv.it 1 / and. .Magnetism. We. shall coniine our attention in 
the three sections which follow to circuits made up of long 
slender conductors like wires. 

85. Variable Currents in Single Circuits. When a simple 
inductive circuit of resistance r, containing a constant elec¬ 
tromotive force IH, is suddenly closed, the current in the 
circuit grows gradually in strength, and in a short time prac¬ 
tically attains a maximum value 6', R/r, after which it 
remains constant. While the current is increasing in inten¬ 
sity, the electromagnetic energy in the surrounding medium 
— if there are no permanent magnets and no other currents 
in the neighborhood—increases also from 
zero to 4' /’A',, 3 , and. electrostatic charges . 
are established which account for the . 
electrostatic potential differences in 'the 
conductors which make up the circuit. yj). 

After tho current has attained the value 
<7 0 the energy (O 0 R watts or O 0 R • .1 () 7 ergs per second) given 
up to the circuit by tho generator in it is used in heating 
the conductors in the circuit, and JHO 0 = (\?r. Before the 
current 0 lias become steady O.R is only a fraction of C {) R, 
and the rate 0 2 r, at which energy is used in heating the cir¬ 
cuit, is a still smaller fraction of (\?r ; hence OR — C a r is 
positive, and in tins time interval dt tho energy (G.R — 0 % r)dt 
joules is used partly in increasing by dw tbe energy of the 
electrostatic distribution on the surface of tbe conductors and 
elsewhere, and partly in increasing by d{\ JA- 1 ) or JAR dC the 
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It appears from the equation (V E A ■ !>,(' that the 
coiuiter-uloofromotive. force cannot be greater lban E while 
the current is positive; t>,(\ therefore, is nut greater than 
ft jL and, unless L 0, the current cannot, jump at the 
instant to a Unite value. We must, assume, then, that l ' 0 

when t ■ - 0, so that (' E{\ r ,n )i\ where t A,>. The 

quantity (1 -e 1 /7 ) hits the values 0, 0.800, *, U.0821, 0.7700, 
0.8047, 0.1)179, 0.0502, 0.0817, 0.0088, 0,007.7, o.OOO I when 
tint ratio of t to r hits the values 0, 0,<>, 1.0, 1.«», 2.0, 2,5, 8.0, 
4.0, 5.0, (5.0, 7.0. The dilTerenee (' or AV "'//*, whieh 
wo may call the induced current, hits the value ( at. the 
beginning and sinks to l /rth id this value in r seeunds, which 

is .sometimes c;tlh‘d the 
iv/tu'iiti'mi time of tin* 
circuit. The induced 
electromotive force has 
tin* value A.V and 
becomes insignificant in 
it short tunc alter the 
circuit is closed. The 
integral, with respect to the time between 0 and v., of 
the induced current, is • ft l,/ r\ 

If, now, the electromotive force in the circuit be suddenly 
changed to A”, we have at. any time i seconds after the change 

ft'C-dt rv-t/f f Af'.f/r or r E' r i t e Ay< *'yr. 

The induct'd current is now the second tcim in this expression 
for (' and the induced electromotive foree is never larger than 
E■ - ft 1 . The quantity r ut has the Viilues 1, o.i;n»I5, 0.8(170, 
0.2281, 0.18/18, 0.0821, O.UtUK, 0,0188, 0.0007, 0 0025, 0.0000 
wlum the ratio of t to r 1ms the values 0, 0.5, 1 0, l.5, 2.0, 
2.5, 8,0, 4.0, n.O, 0.0, 7.0. It is tu be noted that if /, is 




of a second.. The ordinates of tlie curve in Fig. 90 represent 
the strength of the current in the circuit just described, on 
the assumption that the electromotive force is kept constant 
for r> t seconds after the circuit is closed and is then suddenly 
annihilated. 

If, starting with no current in the circuit, the electromotive 
force have the constant value E 0 for the time interval a, then 
the value zero during the interval b, then the value E t) again 
during an interval a, then the value zero during an interval A, 
and so on, and if we, denote c"' (/T and a~ h,T by a and /3, the 
current at the end of the nth period of interruption, n(ti + b) 
seconds from the beginning, will be 

E t] [i(l ™ <*) (1. + u/3 + a a /3 a H-h /r, 

and the limit of this, as n increases, is 

<7,,= KP(l -a)/i-(l -aj8). 

Starting with this valium C m the current during the next 
period a, while the electromotive force is equal to 7£„, would 
be E (i (\ — c ,,r ) / r + ( /T , and during the next interval b, 
when the electromotive force is zero, 

7£„(1 — a)t‘~ ,/T />' 4- C {] aG~ t/r . 

At tlie end of this interval the current is again (7 0 and the 
state is linal. 

I f JC in the equation h • J),C 4- r • 0 = E is a given function 
of the time, L • (■ — + j* e' /T « E>dt). 

If tlie resistance of an inductive circuit containing a con¬ 
stant electromotive force K and carrying a steady current 
(' M 1 1 > bo huIIuuIu •hi.nnf'. 1 from r t) 4. w< u,vi at 


may ue* au man. nimmum, 'v ,v v **u* m 

practical to inerranc the* resistance of a nmitl t bus instan¬ 
taneously, ihn rat.*' of t’UnnK'* in mu\ eaml \ hr made very 
rapid, and the spark whirl* is oltm viaide wlirii a envuit is 
broken boars witness to tin* tart that the imiueed rh-etrmuotivie 
force* is sometimes large. 

If the terminals of a battery of internal rru-Uaua* r and 
ideet rouiut ivc I»*!«■*• A‘ !«•• eiouii’eted by a 
roil of resistuinv r, .uni *.elt tmhietanee /, u 
in pumllrl with a mm indm-fiu* resistance 
>\ ( l*'ig. Ul I, anil if (\ t (\ irpresi-nt tlir 
strengths of the eut ivtil’i sit t he battery 
and in the two branches «*f the external 
surface* respectivedy, 

r;=6\ + r; tv f A* A* /., /v, r f i r,r„ 

or OiV 4" (^(/’ d r f i A’, and t\u' f >\ • I t \r A.* A, • /> f (\. 

If the* vain*' of t from the eipsatmu S«’fi*re the last he* 
substituted in the* last equation, we go* 

A ( * I ),(' t f (\ it e r f r,\ AV. ? r I rp. 

where It n\ -f- /r 3 f /yy so that ( AV. it I A r 

where k It j A, | r f ,y, i\ i A‘ t ,r f r. ? 

If the main e*iremit he suddenly closed when t u, we have 

(\ AVp 1 r ", h\ 

If, after the circuit has been nhmrti fur some tune ami t\ has 
attained tho value* A, tin* battery !«• suddenly detaehed, l ** 
and C s become suddenly equal mtuierirally, 




or 


b • C\ + L 2 • + (b + r a ) C 2 = D, 

(L l • i> £ + b + rj) 6\ + & • G, — JS, "l *| 

b • ('\ + (L a • D t + b + ?* a ) C a = JK, Fig. 92. 

If we perform the operations (X 2 • 4” & 4” r 2 ) and b upon 

the two equations respectively, and subtract one result from 
the other, wo shall get the equation 

Zi• L ,• J)*O x -I- [A* (l> + r 2 ) + L,(b + rJ]J> t C x 

+ (br x + br a + rp^) C x = r a 2S ; 
whence C x = r a A’/ (Ar x + /«•„ + rp* a ) + A • e Kt + B • e* 1 , 
where X and ^ are the roots of the quadratic 
h x • X a a4 4* [Aj (b + f a ) 4- A a (6 + f’j)] £ 4* (br x + + Ppj) == 0. 

I^ig, 93 represents a Wheatstone’s Net which has self- 
inductance in all members except that 
which contains the cell. Using, as 
far as it goes, the notation of Section 
73, lot us call the coefficients of self- 
induction of the branches which have 
Fra. 98. the resistances p, y, r, s, g ; L p , L 0 L r , 

L„, L g respectively. Let ps = gr, so 
that, when the current has become steady, there is no flow 
through y, while the current 

P Q ss C(g 4* s)/(p -h g 4- r 4* ») 
flows through p and r, and the current 

• Qo m C(p 4- r)/(p 4- y 4- * 4-») 



through y amt s. u, now, urn nrunou n no mummuy nroKen, 
transient currents ((\ t , whieh have the initial 

values Q a > /*,„ V t .. '/-**ro resjur!tvrly, an.I the liual value 
zero, will How through the members uf the rent of the net, 
Kirelihoffs Laws give at every instant. 

m<; + / v /v; i ii'*\ i v/v*. •/ f ‘, A,./y; --o, 
r. a r + A r . • / v' * • r, /.. • />,<: *j f /.„ i>, <; o, 

< v f *„ ' u. 

If we multiply each of these equations hy tit, integrate between 
t sb 0 and t ~ oo, ami write 

P^Cr^dt f V v ,//\ A* |’V, ,A> 

•/(I 4 At 4 Ml 

A‘ ( f *„ •<A\ 

4 * a 

we shall got the equations 

(/' + y) /* 1 >j ( i 4. ■ /«,• 

(/• + *) A‘ y<7 A, /*„ A.y,,, 

/' A’ t; a 

Whence, 

A ; , (/) hy)A, Jty f *n 1 f *[</*} y»A, t r f *! AJ(/j fr) 
hy f t f x)|y( /» l y t r N » H /* I y im" 1 ■» t j * 

or, since jib <jr, 

(’/>«( f* t Jf< A, //’ f A,/.< A v /y > 
y (/< f y f r | m I f (Jt I y H r } «} 

If A v and A, are both zero t Fig. tM», it is possible to ehmiHo r 
ami jt Huhjeet to the nustlittuu ft* yr, 
so that there shall he no transient 
etirrent through y, utni in this ease 



oe round. xms meimou oi determining coefficients of self- 
induction is described at length by Lord Eayleigh in the 
T/dlasoj) Ideal Transactions for 1882. 


If at the time t the positive plate of a condenser of capacity 
A", which is being charged by a battery of constant electromo¬ 
tive force A’(lfig. 1)5), has a charge if v is the resistance of 
the “circuit,” L its coeJIicient of self-induction, and C == J> t Q, 
the charging current, we have 

M - Q j K ~ L • 7) t O = rO or L • J)*Q + r • D,Q + QJK = K. 

The general solution of this equation for Q is the sum of any 
special solution (for instance, KK) and the general solution 
of the equation formed by liquating the first member to zero. 
If, therefore, \ x ■ i - r j 2 A ■+ It and A a — v/ 2 L — li, where 

V»l a ...i -r a /l IS 1 - 1 / A'A, the solution required 
is of the form KE + <uH 4- bcM, where a. and 
b are constants to be determined from the 
initial conditions. If the absolute value of 
the quantity under the radical sign in the 
expressions for \ x and A a -taken positive, 
whatever its real sign may he — is w. a , the value of the radi¬ 
cal will he in or ini according as v- is greater or less than 
4 A/A'. I f at the time zero, when Q = Q 0 , the ci reuit be 
suddiiiily closed, 

Q =* KE + ( Q 0 ~ KE) (A a . —A, • eM) / (A a - A,). 

The current has the value A l A a (('7o “ A'A’) (V 1 ' — c A *') /(A a — A,), 
and if A, and A a are real, it has the same sign for all values 
of t. If, however, A ( and A a are imaginary, the expression 
given above .for Q maybe more eonveniently written in the 
form A ’E + ( if,),, - KE)p' vtril (eos mt r /2 Lm * sin mt), and 




in Fig. 9(> exhibit, Q and (' in terms of t iu a ease where 
r a >4 L J A", Qu ' 0, and t-Iu* condenser is being eh.irged; the 
curves in Fig. 1)7 correspond 
to a ease where K 0 and 
the condenser is discharging 




itself through the circuit. In each ease the absolute value 
of the current starts at zero, attains a imniiumn, and thou 
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that r 2 < 4 L/K ; the curve, the ordinates of which are 2SK 
minus the ordinates of this curve, shows Q at any time while 
tlio condenser is being charged by the battery. The shape of 
the curve may be seen by looking at Mg. 98 through the 
back of tlio loaf and upside down. 

If we differentiate the equation '.K — Q /K — L • T> t C — rC 
with rospect to t, we get L • J)? (J + r-J) t C+ Of K = D t E = 0, 
and wo might determine C directly from this last equation. 

If a condenser of capacity K, originally charged to poten¬ 
tial (>„/ A'", bo discharged through a circuit (Fig. 99) which 
consists of a non-inductive resistance ?’j and 
an inductive resistance r U) arranged in mul¬ 
tiple arc, and if the currents at the time t 
through the branches of the external circuit 
bo C x and (\ respectively, C x + C a = — D t Q. 

If we take into account tlio induced elec- p IGi qq w 
tromotive force, wo may apply KirchhofPs 
Laws directly to tins circuit and learn that Q/K— = 0, 
and that 

Q/k- 

or Q/K+ L a • J) t (I) t Q 4- C x ) 4- r a (D t Q + C x ) = 0. 

If the values (\~ Q/Kv x , J\C X = D t Q/Kr u obtained from 
the first of these equations, be substituted in the last one, it 
becomes I, 3 • ])? Q + J> t Q ( L., / A>, + r a ) + Q (r x + r 3 ) / Kr x = 0, 
and the solution of this is of the form m M + be* 1 , where X 
and fjt, are the roots of the equation 

£ a ® a 4- (U / K>\ H- r a ) x +• (r x +• r a ) / Kr, = 0. 

After a and b have been determined in accordance with the 
given conditions, Ci and C« can he found directly. The equa- 



while that of (\ in Q a / Ar,» ami under the renditions of this 
problem 

Q ^u[ (/^A'/’i l l )r*' (AAh’, i l i c ” 1 j hr x (p. A), 

(h- ^o[VAV, 1 l)r A ' (AAV, I he**) AV»V A), 

(\ « • Q^Kr x j 1)(AA>, ! \)(<" A Vu* A). 

If A and /a aro real, (\ dert-ruses from the value (,{, Ac, to zero, 
C% startH at zero, increases (areompamrd hv a sell induced 
uminter-olrrtromotive force h,<\, so that <\r % - t\r t ) until 
it attains a maximum at the time 

f (log A U'K/*)/(/* A h 

at which time f>,(\ vanishes and (\t t t\r % , ami then con¬ 
tinually drerouses, arrompanird hv a ?»idt induced ptinitive 
electromotive force, ko lhat t Vj * 1 Vs 11 we integrate ( 
with respect to tlie time from t 0 tu t * , and remember 
that X + fj, — (A a 4- A>,r # ) / A^AV,, and that 

Xfx (r, i /*-»/ A, Ar,, 

we shall obtain the whole How (r, I r % \ through r x . This 
is the same (whether or not A and p are i cal s a* if r a had no 
self-iniluctanee; hut if the circuit l«< broken before the dis¬ 
charge is complete, a greater jHirthm of the electricity will 
have gone through r t than would be tin* civic if A a were zero. 

If the condenser eouneetioiw have a eousiderable resistance 
b, tho differential equation beeome« 

KL%(h 4* r { ) DfQ 4- [A s +• A(/»r, t Ur l § r, r,»J l\Q 


i i r. i j* i 4 i 0 


denote D t E by E\ we have L ■ I)*C + r- D t C + C/K = E’. 
If li 3 vWf a - 4 LK, and 

a s (rK -B)/2 LK, (3 - (r/f + 72) /2 LK, 
the general solution of tliis equation is 

0 = (if/./2) (fifl'J'• K • d* - J*e~“' • if • «ft) 

+ A • 0—‘ H- B • <r*«. 

If tlio poles of a battery of constant electromotive force E 
and internal resistance h are connected by a 
coil of resistance i\ and self-inductance A, 
in parallel with a condenser of capacity K 
(Fig. 100), wo have 

A • AA+A + n) A -f & • A = E, 

and E - Q/K^bC, + (b + r,) A, 

or Z> • AA + A + r s ) A A + 6 Y a /if = 0. 

If we perform on tlio first and last of these equations the 
operations [(b + r a ) 7) t + 1 /if] and respectively, and sub¬ 
tract one result from the other, wo shall learn that 

ICA(& + r a ) A a A + [A -bif(iA + ir, + rp-a)] AA 

+ (J + rO A = A 

and that A is the sum of 7S?/(J + r,) and the general solution 
of the equation formod by putting the first number equal 
to zero. 



Eio. 100. 


If the arms p and r in the Wheatstone Not contain con¬ 
densers of capacity K p , K r respectively, the steady current 



m tli© rcmannng members oi the net. anti tiio eondensorfi will 
be discharged. The whole (Imv through p will la- C,//^ 
and that through r will ho (’#K ,. At any instant during 
tho discharge (\. 4- and if wo inulti|dy this equation 
by dt and integrate between 0 and it will appear that 
tho whole How through y in (\*K r Thi« will he zero 

if q/x ~ K r / K,,. 

86. Alternate Current# in Single Circuit*. In many prue- 
tical applications of eleetrieity it in necessary to deal with 
induotivo circuits which contain periodic elect ronmtive forces. 
In tho simplest cane the electromotive foree i n harmonic of 



b'iu. tut. 


the form /^-sin (pt ~~ a), or tin* form r«m( pt u); the 
amplitude is then K m \ the prrlatl, T L‘ tr, p\ tin- frrqnrnrtp 
n s p/2v ; and tho pfumr hnj, «, 

Two harmonic eleetmiuotive forces, of the name jh* rnsi, 
A ■ sin (pt - a), H ■ «in (pt fi), which eonnjute in a simple eir* 
ciut, arc equivalent to a single simple harmonic electromotive 
force C>m\(pt y), where ('* f fp t ” Alt omm fi) 
and tan y =* (4 sin a 4* // sin fi) f {,{ eon <* } fi run fi y If a 




of the parallelogram will be equal to (a — y) and. (y — (3) 
respectively. 

If, starting at the time t = 0 from the position P 0 , a point P 
be made to move uniformly with angular velocity/; in counter¬ 
clockwise direction around the circumference of a circle with 
centro 0 and radius if Q be a fixed point in the plane 
of the circumference such that P 0 OQ — a, and if y be any 
straight lino in the plane perpendicular to OQ, the projec¬ 
tions of OP on OQ and on y will be equal, at any time t, to 



E m • cos (pt - a) and E m • sin (pt - a) respectively. If OQ be 
used as an axis of real quantities, QOP will represent the 
argument, and the longth of OP the modulus of the complex 
quantity M m • <?<''* the real part and the real factor of the 
imaginary part of this quantity will be represented by the 
projections of OP on OQ and on y. 

If while P is moving in the circumference, y moves parallel 



it convenient to imagine th.igt.tm * a > s s.?»•-1 m Him way. 
If in Fig, 10L* lit.* 1m.-* "f. f >i>, unii..in,ly in 

tilt' pliUM 4 of lilt' iSt.VgtiUH "'td:,..-; '-sUi v. f , |I U„. 

angle JO/t /I, uml it lb»- b-uei;^ < * f, »*/• «<- >-jmi i« t the 
amplitude of tun Miiijde h.um.ma.- *p 4! -’ 4;>■. ■ , t ^ )iiU j>t, 

It . I ih> li«*‘ I'^’j ,4 *• -O.-t ' ' !« v give 

tllO curve* ft, A, amt >'; ri \ *»r* 1 i3»-*!»■ > ■l ?:•* *• itc.i *;4 t- is the 

HUiti of tin* ft»rr»‘»l«»oiluig .•tdimi!' «•* t*>>» *i»'i «*’,*»,’! it mul / (> 

If in Fig. in;* the sml.-p.-mlriil him-. » * J, n/.\ nr rrvulvp 
about 0 in the plane «<f lit*’ 4s.»g»am *4> ■ .m*. ri.jihtant 

p lingular vciiH’-.t% >, 1 >. »- »4 tlir pro 

jiM'ltMlr. »4 !lit ■„■ \:; , , uyi*ii an v fs\r*| film 

ft* in Sls«’ |*!.r-«’ » 4 * u yi» •<« s.ii \ .ifiiiciiie 

qu.mhli* i »4 1 !,*• .i ,n,t' 1 5 * >|iii-t • ) i p '.'fi, 

btit ph.n<- j *-?s> 1 -i » .ju.il to till* 

{Mtgh'ft Id'! Ml f hi- I 53 j«- ! I'll';* c!» tf 'flip 

fitlUl »4 tS»**?te Is.US».»*?.:>' Ins 

rt'jtfr-H'Jilril 1 *% lL»- |.|<> « ■ Ist-U j; Ilf 

(,tlK S\ IjJi’Si S-s l‘iJ’.tS *. ,l’» IS* ! • I hr gr Mjttrlrio 
Hints .4 t * I, 1 tf\ * " . sS V / 1 l» 3 «<lvr iifttHlt 

Q with angular vrlunty p, »>i.iriang «»>*■««• ,a tl.« Mtu.' time 
with Urn original hurst. 

If 11 circuit » which I out a rr>n! sin* »* >• .ui 4 .t »rlf sn.hict> 

anno L coutniuw an rl«Tir«*t«i4?i.«> f..i. .• t „ . •••. r \ w.* have 

L ■ D t (* p pC ■ b' m i'm pf, d I hr • *» i»! Il-r * u-'m! r* ttrg- 

ligibh'. Thu n*m|»h‘lc suhtl S<<n «»l I'.n r.|» v> lie scull t'f 

any apccial nolutinn nn<i the n. .Is.! ii is. If 7 , *4 th«* 

equation formed hy wnfuig the hmi. l>< /cut. 

To find the ftpeoiu! aoluthm ttomlrd, %«• may *■<*s**!«■* firat the 
equation /,» p,r + h' h' m irtm $,? f s i «Inch 
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Substituting tliis .form in tlio equation, to determine JB, we 
learn tluit the solution is 

K • e lUi /(r + Lpi), or M m (r ~ Lpi)ed' a / (r* + Ly), 
of which tbe real part is M m (r cos pt-VLp sin pt) / (r 2 + Ly), or 
K 

eos (pt, — a), where tan a = Lp jr. 

wr + U~p* 

The current in .s* is, therefore, 

jUr' rt/L + K m . cos (pt — a) / Vr + L'y, 

but after a comparatively short time the Jirst term becomes 
negligible, and then the current becomes harmonic with the 
same period, 'Jnrfp, and the 
Same frequency, p/liir, as the 
electromotive, force, hut with a 
retardation in phase of «. The 
amplitude', is K U J vV J L l }> x . 

The radical Vr + 1/jr —i Z is 
called tin*, imped'mice of the cir¬ 
cuit and !,}> ■ : :r its reactance, 
or indne.tlec remittance , under 
the given circumstances; the 
self-induction of the circuit 
reduces the amplitude', of the 
current in the ratio of r to Z. The relation between the elec¬ 
tromotive force and the current strength may be represented 
by corresponding ordinates of two curve,s like those shown in 
Fig. 10-1. 

The counter-electromotive force of self-induction, sometimes 
called the back clectrmnatim force of self-induction, is equal to 

— L • DfC, or • eos (pt — a •- \ tt) ; it lags 1)0° behind the 
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uurumu« u ’ i»ur # - fW> *«» m unib uy 

tho amplitude of the elerfriisuut 1 v«» Juree nere ,*ury to over¬ 
come Hc'lf-itulut’tiun will Iso hp(' m . <‘r »■» <\dle«| t!*«* ap^ttmt 
electromotive force or the mrryp rnmpnnrnt of 

p the t’li’iirniuttf nr turee; itH ampli- 
/ tude in ri w , Tin’ amplitude of the 
ttpptitil I'lf’iihumii jvi* ti.ri'o K m nwpt 
y^ Lp 18 Hi *„■ 

y/ If a right ttiaugl** S«* drawn (Fig, 

q / 1 .lg lUi*)) tin’ legt i»f who'h represent r 

Fits. \0B. ami t*pu\% any mm!*', tli** hypotenuin 

will / i>tt ila* n.miv sruleami 

tho angle between tho r snnl Z sodra w til W ,«; t!$jtriangle 
ia tho triangle of rr thinner*, A triangle t*P(j i Ktg. 10(1) 
similar to thin, tho widen of winch are nju.il t<. rt\, t,pV^ 
and Z0 mt may bo nulled the fmtwjip *f rP,f r „ m ^five jWee*, If 
tho figure OQPU bo made to rotate j*unit»vely uWnil n with 
oonatant angular veloeity p, tho prop-eimir* at nuv time of 
OQ* Of\ OH upon any lino in the piano «>f the diagram parallel 
to the original pomtiuu of OP will gi\e tho rjntromntiva 
foroos at that umlaut. 


T\u\ act tint gar tho energy apent in the nri-mt,during any time 
interval, at the expense of the generator in the issue integral, 
taken over that interval, of Hi ’ HJ ■ mm pi mm {pi «}. fZ, 
Tho moan value of this activity fur any num¬ 
ber of whole periods ia fCJr/2 (r® f /,*;>*), yZ 

and this ia tho same aa if a steady current y/ 

of intensity tt m f VJJ/'T /,*/»*) had passed 
through tho oirmtifc during the interval ; 
for this reason H m / VTfF'b IJf s m «tti 6 * ' J Q 

to be the mrfuttl or off act lop eurrent. The F»<* me, 

mean values for any nutulmr of whole 
periods of the eurrent and of the wstsiire »*f the eurrent are 


electromotive force is E m / V2, and tire effective apparent elec¬ 
tromotive force is E m r / V2 • Z. Tlie apparent electromotive 
force would yield the current 0 if applied to a circuit of ohmic 
resistance r and inductive resistance zero. The activity, or 
“power in the circuit/ 5 is equal for any number of whole 
periods to the product of the effective current and the effective 
apparent electromotive force. For this reason the effective 
apparent electromotive forco is frequently called the effec¬ 
tive energy component of the, electromotive force. The first term 
Erfr • oos a (j>t — a.) / oi the second member of the equation 
EC = 0‘ i r + LO ■ I\C shows the rate at which heat is being 
dissipated in the circuit; the second term, 

— EJLp • sin (pt — a) • cos (pt — a)/Z*, 

the rate at which power is used in increasing the energy 
of the electromagnetic field. It is evident that the average 
value of this last quantity for any number of whole periods 
is zero. The effective impressed electromotive force is often 
called simply “the electromotive force. 55 Such voltmeters and 
ammeters as are commonly used in alternating circuits usually 
indicate effective electromotive forces and currents; their read¬ 
ings must be multiplied by V5 to obtain the maximum values 
of these quantities. 

It is often convenient, as Prof. 0. A. Adams has pointed 
out, J;o regard the values, at any instant of the impressed elec¬ 
tromotive force and of the current, as the projections, on the 
real axis, of the radii veotores which join the origin to the two 
points on the complex plane which represent at that instant 
the quantities E m >e rll ) E m > e vH /(r + Lpi). This last expres¬ 
sion is the simple solution already found for the differential 
equation L • D t O -f> r • C » E m • e t>n . 

If in the problem just considered we reckon the time from 



those quantitioH may bo regarded a. tin* projrot hues on th»* axis 
of inuiginaries of t.ho moduli ni ami (/• j /,p<), 

The quantity (/• } Lpi) has boon o.tllod flu- * impnlitncv, 
but Homo writers give this name to /• /./•/. 

If a linear piano oirouit. of area (, roMstuure r, ami self, 
imhiutanno L f in a uniform magneto- hold m an «d iutmostly //, 
bo matlo to rotate about an axis ] iorpuudtoul.tr to I ho burn of 
tbo bold with angular volumly p, and if as tin* furn* t u Uto 
piano of tho oirouit is parallrl to tin* hold, lIn* tinx <*t tin* lioid 
through ihu coil at. tho film* / m AN mu pt, ami flu* outivttl (! 
flatiHltoH flu' I'tpiafion I. ■ /y’ i t V p IN o»«-» pt, :.u (hat 
after a few sooimds (' NAp ooi pt *» * /. Tho wluilo 
how of eloo.trhuty through tho mrmnt during a pu-nftvo half 
rovolution in ‘J IIA Tito tuoobamoal notnm hot ttivti tho 
oirtniit and tho hold is equivalent t«» a ot.uplo tho momout 
of whieh in C fiutos tho rate of ohaugo v, if U rmpoot to pt 
of tho ilux AII sin }>t through tbo rml, Thu* suomuut in 
OIIA ouh pt, m* If : A J j> ■ oos pt (mi pt H j /, tin avovago 
value in - N i A’ i pr i and tho work done ag.ttuM it m a 
ainglo rovolution is //MVnyi ' '/K K.Ueiu.d w *uk uoo.t ho 
done to turn tho t*oil agaimtl tin* roMMatteo ».f thu* o**nplo, and 
tho equivalent of thin work in all used tn ito.it tug tlo* eiretnl. 
If tho vato of rotation in ho rapid that tho rutto of >• t«» l.p 
i« Hmall, a is nearly otptal to | w, and t ' is nearly equal to 
•** IIA «in pt j h ; ( X L in tho tin* through tho oirouit of t ho 
linos of its own hold, IIA .sin pt is tho oorruspiunhug tins ol 
tho linos of tho oxtornal hold, and in thin ease tho mutt of tho 
two is nearly zero. 

If two points A and li in an induetivo oirouit bo joinod by 


Simple ciruiuu wiuun ucirriub l.ix« oultbhij o m • sin {pv — a) mere 
is an ohmic resistance r and a self-inductance L, the difference 
of potential between the points is evidently 

Vr a + .Ly 1 • G m • sin (pt — 8), 

where tan 8 ~™ (r • sin a — Lp eos a) / (?• • cos a + Lp • sin a). If 
the terminals of an alternating current voltmeter were attached 
to A and It, the instrument would measure G , m #/V2. 

If a circuit which carries a current C m • cos pt contains three 
coils in series which have resistanc.es v u r a , r l} and inductances 
L u .L, h L,„ wo may lay off on a horizontal line in succession 
(Kig. 107) tbo lengths OA = )•,(■[„, A ft = r a (/ m , HQ = r s C m . Erect 
at Q a vertical line and lay off on it the lengths 

QI> = I>F= L iV (PP = L,pC m . ■ 

Then OP will represent the amplitude of the difference of 
potential between 0 and P, and QOP will be the angle of 
advance of its phase over that of 
the current. The lines a, b, c rep¬ 
resent similarly the amplitudes of 
the dilTe.re.ne.es of potential of tho 
ends of the separate coils, and the 
angles which these lines make with 
the. horizontal the phase differences Fid. 107. 

between these potential differences 

and the current. Starting at tho time zero, let the triangle 
OQP revolve about O, in the plane of the diagram, with con¬ 
stant angular velocity j>, and let the initial position of OQ 
he denoted by OQ n . ' Let the points of intersection of the 
lines a % h and A, c be denoted by O and //“, and the projections 
of A, It, Q, IK l'\ /\ 0\ //'upon by corresponding accented 
letters; then the lengths sit any time of the lines OCA, (PIP, 

rrtrt .. .. 1, irnlnno nP Uin St nl n+!l‘Vfl 



oundueturs in parallel t Ktg„ l()K)uf resist- 
anri' r t , r % and of sell •inductance Xi, Xj 
respectively, 
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X'/V’» I (r 1 >*, ) r i A^M'OB pt, 

f< t ' I*,t\ i r(\ ! (r \ r a i (\ h' m >vmpt. 


If r is negligible, 

6\ - X',„ • cos ( pt «»)/ '//* t a f X t > 7 «,), 

and 

f ■» - X' w • <*oh (//f «,) / Vr,* 1 X,V It • r«»« (/>? «%)i 

where tan a, - L x }>fr x , tan « 3 X 3 /*/*V 

C r , + t' a • ('"■ «), 

whore r w s * J u +- IP f- ii A It n»«{«, «,) 

and tan a “(.I -mu u, 1 X -«in «,)/ ( J > cos •», f // ■ mm «,), 


If in Fig, 109, OP P m and (JOP u,, -Xr M QP @s 

ylX,/>, and /I eau be represented bv u length laid off from 
on OQ, A Himilar construction, represented by the dotted 
linen, may be made for It, Tlm diagonal OlC of the par¬ 
allelogram, two sides of whieh are p 

tlm lines whieh represent d and It, y(K 

represents P n > If a I i outs the neisii- / \ 

circumference in (I, 0(1 represents tlm Xl / 

product of C M and the resistance of y" / J 
the divided edvuuit. od ~~ 


If a simple harmmde difference of 


X„ lijji X^, * * *, and impedances 7, x , 7 m 7$, • ■ \ and if the sum of 

the n front" nna nf the fnrm r, / Z* rlntmtml Kv A* ntti! thnfcnf 



in all the conductors is J $ m . cos (pt - a) / Vij? + X\ where 
tan a = A'/2t. 


If a non-inductive circuit of resistance r containing a con¬ 
denser of capacity k and a generator of electromotive force 
E s E m • sin pt he suddenly closed at the time t ~ 0, and if Q 
is the charge on the positive plate of the condenser at the time 
t, E— Q/k = rC, or, since C = I) t Q, 

r • J) t C -h P/k — ■ pE m ■ cos pt. 

From this it follows that 

(j = Avr tf rk 4- E m • sin ( pt + /3) / Vr 8 + m a , 
and Q — Ji — Ark<r‘ Urk + E m • sin (pt ■+■ /3 — ^r) /p Vr a + m 2 
where m = 1 /jo/c, and tan /3 = 1 /rp&. 


The exponential terras soon become negligible, and if we 
assume that Q is zero at the outset, we shall have eventually 

C « E m • sin (pt + /3)/ Vr 8 + m 8 , 

or pE m k • cos(j»tf — S) / VT-F^^V', where tan 8 —prk ; 

== 7£ m • sin (pt-}~ ?r) /jp Vr 8 +• m 2 . 


Here the phase of the current is in advance of that of the 
applied electromotive force E by the angle /3 and in advance 
of Q by 90°. The electromotive forces 
of the condenser and generator conspire 
in direction when pt lies between nr 
and nr -f a, where n is any integer and 
a a* 90° — /3) these electromotive forces 
are opposed when pt lies between nr 4- a 
and (n 4- 1) r. The electromotive force 
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(Q/k) necessary to overcome that of the condenser lags behind 




wO"f rf ' ;u " ! v 1 ! ■ V ' : ‘ |!! iM ' " J 

? <<• .'»n| ,,f 

if, tlll*i***f'*r‘*. wr lU-i'V 4 SJ.'M 5 i ■ »' “ 

1 11 Ju' i S -f ^ 4 |||| ^ ^* 

art» log*, t li*' lsyi" 4 rn*a-.r » -J 1 *' ■ P u 

!»» i«4 tla’ attglu 

adjawut l« Um- tit-.i !•%: - ( > ? !; 

>v In n».;|i' UpQ 

I Fs».: 1 I * 8 S” a; * 1 

• ? ** j*** »t»- its runner* 

Ef J 1 i-it.rl W !•«■ * • 

n. « is vt >n".i4s»i,angu» 

(V) Z‘j~ t I n •’* ; ' ! '' 

> >, ! It*’ I'fnjwfiom 

| j ,4 » fl j 1 */', .u< 1 * 

•U nt'.-n 4t») it tit* j»r« 

^ 111 * ' 1 ' 1 ’ * 

HS85»-,. S ! j.«. iltjoJl f|f f)p 

%\ ill jps 4 .« ! o *) 

= 'Motive 

forms tin* ui«i*h*"l i--t, - . 

1 • ' i "• i**- « I« ' truinutive 

futw WWiiUAty l«* in»'ir •!«»- fa.i! >4 ? 

< •:j. i«- Js 's«T. 

If a ntmii’iiHi-r «»f «■.»!* »<■»! % . • a*., 

■ i -»!i «f reuiut. 

fUUH' Tj lw* jHjIl.ni J|| j«4t .tis.*■ I 1 j ! 1 ! 

>i it is a « .*it4«’ifn*r of 

t’ttjijwity k t fnnit>!»‘-4 ji - s,5ri "• 5 ' 

- 4 »?-» «• . 4S»l if tin 

('umjHttnttl r * -'a 1 p* ' j> - 1 ■ * ! '* - 

• " ! * ? a ■ ^**‘1 «s* with a 

ganonittir of iistrrsnil t< - irii n»> >■ 5 * 1 '*. 

1 . ;»-.-! l<>niS ,j lVl , j o;pw 

/4-iiiu }*t, w»* iiaui 


fr f *\ • /*/ P* 8 1 

; f •• <*n |‘f. 

t t>,< \ '* * ’• » •■•. /*,«'•. s * * '» 

j l ’,* ' r ( 

If f :■ ■ (1, ttl’ !m V •' rl **Ji! r 4 ,|l, v 


(\ * ) * 4 % ' 


t\ i ,f *»•. * 1 * S Y‘*»\ 

whoro tan * 1 , |*r t A S) un *», 


If 11 t’irt'Ult »»f r i 1 : 

1 nr-fn-p 

« 1 J ‘ , t 

• -i 

a gt'tt«'ral«»r'"f t <- #, - 

• * V" 

SI (?l»il of wlf r 1 , 4?.4 4 1 ?.4. 

; J y , . f 

%•. , |\n 

oaiwunty k in ^rno, .in.I 4 ?/ < 

K 2 1 * l 9 & 

on th« jHiiutiv*' j»Uto <«! 0.* . i.n.j.-M-M i 

;* Da- »SSH«’ f, » 


j.n.0 1 ’eaA part oi any solution of the equation 
L • I)*C +r.J) t C+ C/k = 

(and one evidently exists of tlio form IW*) will be a spe¬ 
cial solution of the equation just formed. It is easy to find 
./>’ by substituting lh-J‘ a in the new equation, and to prove 
that K m • sin (pt; «) /H, where K 2 = »•» + (pL - t/kpf and 
tan a = {p*kl j — \) /pkr, is the result required. To obtain 
the complete solution of the equation for C we should need 
to add to this special solution the complete solution (found 
in the? last section) of the equation formed by writing the 
first member equal to zero; this solution is exponential in 
form, with negative indices inureasing in absolute value with 
the time, so that after a few seconds the current may bo repre¬ 
sented by the equation (! = JfJ m - — a)/It. It is to be 

noticed that the capacity of the condenser tends to offset in 
some respects the effect of the self-induction of the coil. Since 
A >a « r 2 + }> 2 (L — 1 /ifikf and tan a = p(L — 1 /j>‘ 2 k) /r, it is 
clear that the current in the circuit is the same as if the con¬ 
denser were removed and the self-inductance decreased by 
1 /pVc.. The maximum current is obtained when both self- 
iiuluo.tuueo and capacity arc absent, or when both are present 
and such that Lk/ft 1. If Q Q Al when U has its maximum 
value, the difference of potential {Q/k) between the plates of 
the condenser is Q {) /k — A” m . cm(pt — a) /p/tk, and if the 
denominator of the harmonic, term is less than unity, this term 
will have an amplitude greater than that of the impressed force. 
If wo make k infinite in these expressions, they become 
applicable to the ease of a simple inductive circuit containing 
no condenser. The radical It, which is called the impedance of 
the circuit, becomes Vr 2 + i/yd when k is infinite. 


Wl. 
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■upon Uh* electrolyte used and upon the nizo 
and material of the electrode*. l’Aperinirnt 
shows that if Kimilur platinum eleetrodcH of 
moderate size be used,the eapueitv, per square 
millimetre of the surface of either electrode, 
will In* alnmt <UM*J, O.OHU, (U.s.'i, U.04‘1 micro¬ 


farads, according aa the electrolyte is u dilute solution in 
water of K$X() i} AY 7, Kf!r t or A7. 


If between A and /i in a simple circuit (Kig, 1 Id) which 
carries tlm current (' f nin(/*/ ui there in a resistance r, 
a self-inductance A, and a coudciiHcr of capacity k in series with 
the Bolf-induntanc.e, the difference of potential lietween these 
two points is rf.'+ L- /->,(' f Q/k. If Q <d„ when C f'*, 

tlda is Q a /k -f (- m • Vr® >f {Lp l //»A-i 3 ■ sin t pt 8), 

r/> • sin «, 4* (t / A* J.iA i eos a 
whore 1#ni3i 5 , * $ • » ■ * 

rj> • cum a + ( J.jr 1 , k j «tn a 


If the ends of a coil of re«intiutee r, and self inductanee L u 





(■X = Ki • sin (pt — a) / Vrf 2 + Ly p 1 
and (\ — jw A’ M 7f a • cos {pt - @) / V'i+ 'y^V, 

wliero tan a = L x p/hi nnd tan /3 = prJc 3 . 

In many practical problems r a is extremely small, so that 
/? is negligible. 

If the terminals of a generator oC electromotive force 
1C m lC m • sin pt> of self-inductance L, and 
of resistance r, bo connected (Fig. 1.1 0) 
to the ends of a e-oil of resistances n\ and 
self-inductance /,,, and if the coil ends 
are attached by leads of resistance r a to 
the coatings of a condenser of capacity 
/r a , we have 

[(/, + /-,) I> t + (r + »•,)] C x + (L • D ( + r) C a = 2S m • sin pt, 

+ [ L • ,7> ( a + (r + r 3 ) J) t +1/ /c 2 ] C a = • cos^f. 

If L =s 0, we have the ease last considered. 

If the terminals of a generator of resistance r and elec¬ 
tromotive force IC m • sin pt are connected 
(Fig. 110) by two conductors in parallel 
having resistances r u r,,, capacities ?c v k a , 
and self-inductances L l} L s respectively, 
Ktu. mi. but no mutual inductance, 

Li • Df C\ + (r + i\) I) t (-i + r • D t CJ 3 + C x /ki--=pE m • cos pt, 
L v tyCt + r>Ji t C x + (? + *$!>& + C a /k s ^pK^wn pt. 

Tf wo n,rmlv the or orator f • 1)} -4- ( 4- r 0 ')D. 4-1 /to 
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fU'CtOlld JUIft fiulitt.i* f "Jl‘‘ ?S.-Sa !..»■ %*' shall 

climiiuitoi t »n»*I n».»\ '.>'»•<’ ■*‘f ' ■’’* ' ■*' '* jis 4 i»i<i*r. 

In n cu-ir whi- h • .<1141 !;n s r' ... . =?* > j u>-. , r n negligible 
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/*v r/ < ./■/ ! • I \ • ' * j / : 1 ^ 
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JlttSSl ll»* n. . 4 . ! »• f ‘ * * ., t •*«*,! 

i. /•,« ■« » ii /*,«, * ’ * . r, 

.1/ /'/ , S I 5 /*.*,*■.«'. A', 

His ItJ Iw ti«>!t<-<*a| !].»!, « !’‘.r <• < . kuir’i'' nn’fify 

| |.,f , s » II» » . * 4 / .4 

nr 4 « \t> , / ’ » * f J s lf ! , l s } {, 

mu»t -> , r ,rj «J S «- ha’.-;*-! «>f 4;rn*i|oft| §f 

thn sf iL*-- * i-.'.i kI a." 1 I , If : . •.*.< Sipirr l#n 
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oquuiiniun iinu ojuo upniituum (ju-j/,) on uie second and suu- 
traot ono of tho resulting equations from the other, we shall 
eliminate C.J ami got tho homogeneous linear equation 

(A4 ~ il/*) I>*<\' + (;•,/,, + + r*<V- 0. 

The general solution of this equation is of the form A x o M + B 1 e Ri , 
whore X and. /x arc 1 , the two roots of the equation 

(Lj/zy iJ/*);*- 2 ~|~ (j'ljBl -|- -j- ?V'y — 0, 

that is, 

~~ ( ?•> I J \ 4~ ? ’| J'll) *h V ( I'm 7/| -[- 1*| //y) ‘ 4 V 1 I'y ( ■■/!/“) 

2 (/,j/,y - J)l ,£ ) 

.1 f wo eliminate (\' from the original equations, wo shall learn 
that (V /l/ A ' + /y’/*' where X and /x have the values just 
given. Both X and /x are negative, since 7,,/yy - 71/ is positive, 
and both are real, since the expression under the radical sign 
may lie written (B x )\ • - /yj)" + 4iyyl/ a . Tho eoi'llicionts 
A v v/ a , B v B, 2 in the expression for (//, f.y are not all inde¬ 
pendent, for we find when we substitute those expressions in 
either of the original equations that the ratios A s /A x , B a /B x 
must have the. fixed values 

- . MX /(A a X + r 8 ) or — (L x X + r x ) / MX 

and — Mfj./ (ly + r 2 ) or — (7^/x 4- r, )/Mfx 

respectively. I f we denote these ratios by a and /3, wo have 
C\ = B x /r x + J x n Kt 4- B x (f ( , C* = B a /r 3 + a A x eB + fiB^, where 
X, /x, a, /3 depend only upon tho forms of the circuits and 
tliti materials of which they arc made and A x , B x are to be 
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where tan (/3 — a) = n/ L, 2 p. The lag in phase of the secondary 
circuit behind the primary is it + a — /3, or £ tt + tan" 1 (L a p /r 2 ). 
The lag of the secondary current behind the electromotive 
force is tan" 1 \jA (L V L., ~~ M~) - ->y,] /[> (n/,, + nA>)]- The 
average rate for any number of whole periods at which the 
generator furnishes energy to the 
primary is the average value of 
JH m A. • cos j>t • cos (pt -■ a), which is 
i JC m A ■ cos « or KJr/2(!A/r + ?■-); 
this is greater when the secondary 
is (dosed tliau when it is open. The 
average rate for any whole number 
of periods at which energy is used in 
heating the secondary is the average', 
vahio of ( V J r, 2 or jP‘ A~ / 2(hA /r + rA ); the ratio of this to 

the power used in the primary is called the effiidr.muj of the 
transformation and is equal to r z M“jA/)'(LA]A H- r 2 2 ). The 
electromotive force indueed in tlio secondary is 





The problem here, considered is in principle that of the alter¬ 
nate current transformer (Figs. 120 and 121), and it is fre¬ 
quently the ease in praetiee that the ratio 
of /\j to Lj/j is very small. Under these 
oireumstaneos L, r, the amplitude of C 2 , 
and fi - a are nearly equal to 

L } • - y)/ 9 //, a , 7*j + r,JP/L», MA JL* and 0 

respectively. Both circuits arc usually 
wound on a soft iron core (often a ring) 



Att UttlUWAjf JU'iW Aj' n|iun vi# n*t* * uir JllullDOr 

of turns {nf/n.j*) uf tin' circuit* usi the cute, ami under th»so 
ciremuHtuneeH H is approximately n4u.1l In #i,»f ; ttj , Ko t 
exhaustive treatments of tin’ problem «»1 this .section, which 
m c>[ much practical importance, tin* reader m referred u» such 
books ilH Klemilig's The AUermtte ( tin rat J'r>insf»nnrr; ,1, J, 
Thomson's Element* of Elntrh it>j urn/ Mtfjnrfixm , N ipher’s 
Trent he on. Eleeteieit;/ nml Mntjiutixm ; and St emmet/.’a Alter* 
natiny ( f lament Ehenonienu. 

88. The General Equation# of the Electromagnetic Field, 
Wlmn a fixed, im-tallii', linear circuit **t »pc. ifir conductivity 
at a uniform temperature throughout, carries an 
iiiduutul current, positive electricity t*t urged annual * in the 
direction of thn current by >*something u! tin* nature of an 
olne.troKtat.ie field,“ though wn tin nut need to autumn lhat this 
is always dun to electrostatic charges, If we denote thn cum- 
pomuitH of thn field, at every point within or without thn 
conductors which form the circuit by X, V, /, the line integral 
of [A* • eo«(>, h) A m !'■ cos (//, *) f-/■ on {*.,,»! J, taken urotmd n 
in thn dirocthm of tlie nurrnut, is the internal eh-etroiuotivo 
force and is equal to thn negative of the time rate of change 
of thn positive flux of magnetic induction through the circuit. 
If thn circuit bn covered bv a cap S, if « denote* the direction 
of the normal to E drawn towards the |«»»itiv»* aide, and if 
wit thn componentH of the magnetic induction II, 
then, on the asHumption that Stokes's Theorem nmy la' applied 


integrated over any cap bounded by s, whatever the forms of 
the latter, yields zero. We are led to assume, therefore, that 
at every point within or without any such circuit 

- JD t ,B K = ,D U Z -r J) Z Y, 

1\Z, 

- DJi, ~ J) X Y~ D V X, [209] 

and to say that the negative of the vector the components of 
which are the time derivatives of the component of the induc¬ 
tion is equal to the curl of the electric field. 

If £, r], £ are the components of the curl of the magnetic 
induction Ji, and if the components F x) F y% F z of the vector 
F arc defined by the equations 4 ? rF u — Pot £, 4 7 rF y — Pot rj, 
4 7r F a = Pot £, F is a vector potential function of JB. By its 
aid wo can transform the integral 


~~J'j *[ • cos (cr, w) + F t B v > cos (?/, n ) + F t B K • cos (z, ri)~] dS, 

0 

in which the integrand is the component normal to S of the 
curl of J) t F, into a lino integral taken about s of the tangen¬ 
tial component of I) t F. Wo have, therefore, 


J* [X■ cos (x, s) ■+■ Y- cos (y, a) + Z- cos («, s)] ds 
• J^[ A K ’ 008 (*> s ) + F> t F y • eos (y, a) + F t F„ • oos {», 5 )] ds, 


and the integrands can differ only by the tangential com¬ 
ponent of some lamellar vector ( G y} G a ), which adds nothing 
to the integral taken completely around s. Since this is true 
whatever the shape of s, wo assume that at every point 


and write 


-V~ i >,/*’, />j\ y 

/ /»,/■*, /»,r. [2io] 

The reader fdtould compare these equations wit It [ 20H]. 

Within the eomluetora which hum the componenta 
(«, o, a') of the conduction current (»/1 eat tt % Mux wells cur¬ 
rent oquatioiw 

4 ttu - . t>„X !>, U> 4 ire i\W 

-Urn />,.!/ [211] 

whore A, M x N arc the components of the magnetic iiehl, mid 
u — XA', X <fu x V (Tt\ % an\ 

According to Puixaon'H hypothesis, a dndcctlie rotwiuts of 
perfectly conducting molecules srputntrd from e.ich otiter hy 
perfectly insulating apaces, the specific unlucitvc capacity ( A) 
depending merely upon the ruin* of the volumes <►( the apaces 
0 ('.mi))it‘d hy tlm molecules and the tntei vcnui ; spaces. From 
thin point rtf view, there is u transfer of eledneity through 
every molecule when the dielectric is !>nu..: poluu/ed, one 
portion of the surface of the molecule becoming positively 
oleutrilied hy induction mid another portion negatively elec¬ 
trified. 1C very change in the polari/atom in accompanied hy 
the passage of electricity through the mass of the molecule, 
and wo are to ohhuuic that during the change every molecule 
ants eleetromagnetically like a current element. Whatever 
our theory, the appearance of the indued ehargen which 
account mathematically for the phenomena observed wlieti a 
dielectric becomes polari/ed, involve* the displacement of 
electricity, ami corresponding electromagnetic r fleets, In hi« 
famous paper cm “ A Dynamical Tlieorv »»!' the Fleet rnnmg- 
netio Field,” published in the /7iiA».././ i.V.»/ Tr.umut^m «/ 


pjitiJUJiiiuuuj Uiiu uu jluujvwu lur c^iuvctittuu uu uuust? wj.ij.oxi 

would accompany the presence of currents, called displacement 
currents, in tlie dielectric defined at each point by the vector 

J),<b v /4-.7r, Dfl\/4-.ir) 

or (K-l) t X/&Tr, K • J) l Y] 4r, K-D t Zj 4 tt). 

Ac,cording to this assumption, 

v 1 / 4 tt -b \-V, v 1 = / 4. 7r -b X Y, 

'll} 1 ,/,* ( 4\/ 4 7 r ~b 

where u 1 , v\ io' are tlie components of the total current, and 
we may write the current equations in the generalized form 

4 iru' '■ : />,4\ + 4 t ru — .I\N — J> Z M } 

4 ire' i- : I>,4\ + 4 7 rv = JKL — J) X N, 

4 Trio 1 •: : ,I> t 4\ -b 4-ttw — ,/> x M — J) y L, [212] 

in which ■//, v, ?/> represent the components of the conduction 
current alone, hi conductors the displacement currents are 
negligible, in a perfectly insulating dielectric the conduction 
our rents vanish ; both are supposed to coexist in dielectrics 
which are slightly conducting, Within a conductor, since the 
curl of the magnetic force is solonoidal, J>pi -b l) y v + JK W — 0. 

If at least; that portion of the magnetic induction near the 
current which changes with the time, is induced in soft media, 
and if /i is the magnetic inductivity at the point (as, y, *), 
we have / - ■ fi -^ H- ’ ^ f 1 ‘ an( ^ 

[2(H)] hceomcH 

— /i- 1),Ij - I\Z - f> a Y, - iX’ .V t T\r=J) a X- d k z, 

- 1> X Y — J> V X, [213] 

or, if the media an' homogeneous, 



t and HuliHtit.uU' the values id l\f >,A fruin [214] 
in the* nmultH, we shall K*h for homogeneous media throe 
equations of the* form 

^(/C. f> t *X + -lv‘It,u) Vhi /\» l>,n 1 l\*' 1 X\ 

that is, 

fi\{K ■ J) t KY + .4 ir • /VO Y’m, ,*A‘ A /V i 4 * 0,0 W, 

/aA( A* • h; l Z \ 4 »r />,«■< W, [215] 

Where thorn is no eomlurthm fnrr**nt th**^*'* heoome 

/i/c./vd* /*/c /v j r rr, ,»a /v/ w/. [2 to] 

If wo Mth,statute in tin* eqn sti»»n» (21 ! J the value?* of it, i\ 
and it' from ( 211 j, we wind! obtain for homogeneous media 
the equations 

4tt/aA- hj, W„ 4wfiX U,M YM/. 

4 TrnX't><X V 9 .Y. (217] 

The energy of the held in If’ | 7* where 



MISCELLANEOUS PROBLEMS. 


1. Tlie astronomical unit of mass in any length-mass¬ 
time system is the mass which, concentrated at a fixed point, 
would cause by its attraction unit acceleration in any particle 
at the unit distance. The astronomical unit of mass concen¬ 
trated at a point at a unit distance from a particle of mass 
equal to the absolute unit would attract it with a force of one 
unit. Show that the astronomical unit of mass in the e.g.s. 
system is 15,430,000 grammes, while in the f.p.s. system it is 
9(53,000,000 pounds. Show also that the mass which, concen¬ 
trated at a point distant 1 centimetre from a particle of 
equal mass, would attract it with a force of 1 dyne, is only 
3928 grammes. Prove that the earth’s mass (Problem 9) in 
astronomical e.g.s. units is 3.98 x 10 s0 . Show that a mass of 
1 kilogramme must be raisod about 3 metres at the earth’s 
surface in order to reduce its weight by 1 dyne. 

2. Prove that two equal marbles, each of 4 grammes mass, 
must bo placed with centres a little over 1 centimetre apart, if 
the attraction between them is to be 1 microdyne, and find the 
attraction [5535/c7r] of an iron cylinder of revolution, of 10 cen¬ 
timetres radius, 1 metre long, upon a marble of 100 grammes 
mass, with centre in the axis of the cylinder and distant 10 
centimetres from the nearer base. If the specific gravity of 



wu ttuwui< * J" ? ‘*»*** ^ ' .■» *«* VlTEBIl 

two’equal partielea 1 i«»>t apait ami >m< H «d Mass » tunes as 

groat, an that of ii eul'iu tmd <d water, u.-uid hr rqmd to the 
weight of aliuut n\ t *.t* 1 - t" < |""ind 

,*{. A.sHiimiug that a !<>»<•<• «'|imalrm t,« {hr weight tif a 
nuiHH uf 1 gramme i » equal t«» t .*?rent me-f n- gramme 
attraction units, find the radii >d t v>,» equal liMimigencutlH 

Hjihet'i'H whieh, liiii'h’ nl matter »d d* u i< \ t>. w ><uld 11met each 

other with a I'mve cd i gramnn ,, -t wright $1 ! hr* « ere placed 
in e.ontaet wit h raoh idled, | *.'H *,*.'■ | 

4. Assuming that 1 ii \ n*’ r* < qu al t>* 1 <», J.'lii.utio absolute 
e.g.H. iUlraelion unit■* ami that l p-unda! i-> equal !•* in.H'jfi 
dynes, show th:it it t w n equal Indmigeneioi-i qdiereii «•( density 
p, when plaeod in rwiturt, att met each *<1 l*«-t wit h a fnm> of 

i f' 

/dynes, the radius id rat h m .»1*'*ut » J.S d > ^ .on,, ami that 

i 

two equal lliitlingeiienim *>|4irte-i id the density id water wiiett 
in euutiiet will attrael earl, idhet « si h a Inter m| | dyne, 1 
gramme's weight, I jinimdal, «*r I pmind' > weight, aeeurdilig 
as the radius id' each m eeuiumdrei i , ill :i, 'j t4t»U.4, 
or 111 K.fl. 

fi, Show that, having found the r alue *4 ttie attraction 
unit of fntee in any length inan-t tune -.tem m terms of the 
absolute unit of f«uee in thm «\ *d<-m, \im in»v hud the value 
uf the uttniotem unit <d tun e m .an idh. t ny :d<-m the ratios 
of the fmuhuuental mnh td w hn-h t<« th*. >e ,.f ihe *»ld >\stem 

are A, /a, find r, hy multiply mg the found \ alue i»i # s • 

A 

0, Show that if t\u* leutingeneMU i rq.hnr-* ,d ma'es ?«, and 
w 8 , starting from rent w ith eeutren a t dmuurr ,i apart, move 
toward enoh other under their mutual attraction, and $1 at any 
tune /, x represent* the distance Wl wet-n lie* rrntne*, 


* ~~ “Va A + mo { V:r ' “ *) + a C0S " ] } 

= >4 k\»H + ^j { V * ('* “ *) + “ tau "‘ 


Ilcnc.o prove that il the spheres are each one foot in diam¬ 
eter and ol density equal to the earth’s mean density, and if 
their surfaces are » of an inch apart at the start, they will 
e,om(3 together in about live minutes and a half. In this con¬ 
nection we may note that if ill is the mass of the earth, R its 
radius, p its mean density, and k the gravitation constant for 
the particular units used, 


'/ 


kill 

"jfi' and fi 


4 TT.Iik 


If the first sphere is fixed while the second, of mass m 2 , is 
free to move, 



/, « -yj V.« (a ~rj+ ntt os- 

If in this ease the radius of the fixed sphere is r, and if m 2 
is comparatively small and «. infinite, the velocity with which 
the second sphere reaches tins surface of the lirst is some¬ 
times called th v.fnutl rr/oriti/ for bodies falling to the fixed 

hj hiit _ 

sphere. Us value is or Vli/- /•, where f is the force 

of gravitation at the surface of the fixed sphere. 

Show that if the diameter of the sun is 109.4 times that 
of the earth and its mass Ml ,100 times the earth’s mass, 
the I’mal velocity for bodies falling into the sun is fi5 times the 



por second. 

7. Show tliul if ;t meteor falls upon a planet «t! h \fhuuty 
equal to Hiitl which it would acquise si tl l« I! lions ie*,t ul an 
infinite distance lit un tin* pltml under t in' planet's ;tt It action, 
iln kinetic energy will he propeltnuia! !•« the ptudmt of the 
riuliuH of tlic plauct atld t lie Icirc ul grav li\ Dll ill surface. 

8. (liven that a failing l*udy leaehei the earth's surface 
with a velocity c,„ compute the height thiough which it has 
fallen from rest, first, on the uvuimptnut that the force which 
urged it wan constant, ami, secondly, on the iumimption that 
the force varied inversely m the square of the distance of the 
body from the earth's centre, ami prove that the difference 
between the reciprocal* of the annweis pm ohtam is equal to 
the reciprocal of the earth’.** radios, 

i). (liven tlui radius of the earth in centimetre?! (i i.117 x If)*), 
the nuiHH of the earth in gramme* |th l l * l*» : », the radius of 
the mm ((5.1)7 X In 1 "), the mans of the sun <h’dt'l x I*)* 1 ), ami 
the mean distance between the centre.** «.f \ he e.uth and mm 
(i.41) X K) ,a ), liml the time when the nun ami earth would come 
together, if both were arrested in tleur patie>. Prove that the 
aeeclcmtiim due to gravity is at the hum's ?asrtaee «lw>ut 1*7.0 <j, 
10. A lastly of imma m falls from rest near tin* surface of 
the earth ami in retarded by the resistance of the air, which 
in Ac 8 dynes when the velocity is »■„ Show that if a represent!! 
the apace passed over up Its the time /, am! if ^ kfm ami 
log[{c l ei/ie e t j. 1* log | .■*/(r 3 e 9 )], 

o* r*(l e ), and p* log cosh 

Show that if tins hotly were thrown upward with initial 
velocity e 0 , wo should have tan ( f ut » m»■„ >•}/{.* | e 0 e), 

If in the ease of tin* falling lusty r is the actual velocity 
and e f the velocity which would he required by falling 


11. Show that tlio periodic time of a planet moving about 
a fixed sun of mass m in a circular orbit of radius r is 
2 7rr3 j V km, where 1 /h is the ratio of the absolute unit 
of force in the given longth-mass-time system to the corre¬ 
sponding attraction unit; and, assuming that the diminu¬ 
tion of gravity at the equator due to the earth’s rotation is 
about Q J 0 th of the whole, and that the moan distance of the 
moon from the earth’s centre is about <10 times the earth’s 
radius, compute the length of the month. 

12. When a particle moves in any plane curve, the tangen¬ 

tial and interior normal acceleration components are J) t v and 
v* / p, while the acceleration components, taken along and per¬ 
pendicular to the radius vector which joins any fixed point in 
the plane used as the origin of a system of polar coordinates, 
to the pnrtiolo, are — r(.I) t Qy and 7> t (v ,a • J) t 6) jr respec¬ 
tively. If the resultant acceleration is always directed 
towards the origin, '.D t (r a J-> f 0) = 0 and r % >J) t Q — h, so that the 
areas of the sectors swept over in any two time intervals by 
the radius vector are to each other as the lengths of the inter¬ 
vals : if p represents the perpendicular let fall from tlio origin 
upon the tangent to the path, vp = = h . 

The acceleration towards the origin is 

and, if u represents the reciprocal of r, this may he written 

(/« 4- Jtfii). 

Since 1 |V+(/v0 8 ]> 

^ J), (if ^ hVfi (a + JV") = ~ 

Jn the ease of a planet describing a piano orbit about a 
fixed primary centred at the origin 


This is tlui liquation of a conic section referred to a fonts as 
origin: if e is tho eccentricity and m tin* distance of the focus 
from tho directrix, V ■ 1 ,’m and /V nn. 'I'lii* angle ^ 

between the radius vector, drawn from the origin to any point 
on tho orbit and tin* tangent at the point, is given by the 
equation, etn ^ r • <'• eon {0 At, Assuming that, when $ 
is zero, i/c. • «, r a, ami <* »■„, show that h o„.» atn„, and 

l — r 8 (2/* a c 0 V)/z 11 /1 hsemm separately the three 
cuts os where e u a is respectively less than, equal to, and greater 
than 2 /a 3 /a, and find the lengths of tin* neinnues of the orbit, 
Hlmw that, if « - DO" and if e„ a ti /a 1 , the orbit will he circu¬ 
lar; show also that, if */' is the {icriodie tune of the jdanet 
and a tho somiuxis major of its orbit, /V /' J 4 »• V, 

12. Assuming that tin* equation 


I .. J" f*. •'* v" ■ r 

wlioro sin <£ ■ sin | a sin | 0, and « is the angular amplitude 
on ono sido of tho vertical, gives the time occupied by a 
simple pendulum of length a in going from the vertical 
position to a position in which the thread makes the angle $ 



Uk3 X XV^/X>AJi2jlYlia. 
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at the equator respectively g k = ffo (1 + .005226 sin 2 A) and 
<7o = 978.1; show that the lengths of the seconds pendulum 
at the north polo, in latitude 45°, and at the equator, are about 
99.6 centimetres, 99.8 centimetres, and 99.1 centimetres. 

A. pendulum which heats seconds on the earth’s surface 
gains n seconds per day in a mine h metres deep,,* Show that 
if p a is the mean density of the earth and p the density of the 
surface stratum, 


.. n ... = 

86-100 4-10 7 \ Pa 


approximately. 


1,4. Assuming that the earth is a homogeneous sphere, of 
radius 6.87 X 10 K centimetres and of 
mass 6.1 <1 X 10 ar grammes, rotating 
uniformly about its axis in 86164 
seconds, so that the. velocity of a point 
on the equator is about 468 metres per 
second, show that the angular veloc¬ 
ity of the earth is 0.00007292 or 
about (18718)“' radians per second, 
and that the downward acceleration at 
the equator is by 8.89 centimetres per 

a 



second per second, or about; » loss than the acceleration, O, 


it the poles. Show also (Fig. 122) that the acceleration of grav- 

cos 2 A.' 
"289* 

sin A cos A 
289 - cos 2 A. 

a 


ify towards the earth’s centre at the latitude A is 1 
the deviation of the plumb line tali'" 1 


and the 




nl ti4 mu 


respeo.tively, the n»n of gr.iutt t*e,\ ir»h the earth's 

centvo in latitude A is m" ; A * p. •<*. A < .m.t the deviation 
of the plummet from tin* Kei.metn. Ml u itjeal is 


tan 


| f / ( p. I MU A e.-, A 1 
»/„ Mtr A f •/ d a j 

*’ t 


10, A bicycle and it h rtdev wri^h l "pether 7 A kilogrammcR, 
Show that if the imuddne wete ilrtu-it li* 4 e.i *t ward ami then 
westward in this latitude at a %**1 *h* ity ••! in sm-fte*. per serend, 
the differenee between tin* pre*.mi tbe ground tu tint 
two oam*B would be hIhiuI 10,A grammes 

17, The centre of a planet of i.ebu > o im<v «■* ur.«uud astuiof 
nuiHH M in a circular orbit of tudiu > r < »*mpute the pressures 
exerted on the surface of the planet b> two e.pj t | p,u tieh%each 
of mass m % situated respect jveh on the point. «*( the planet 
nearest ami farthest from the min, M«>w that the difference 
between them* pressures m small compared with the difference 
between the attme turns of tin* urn up.*u 1lo-sr parttelen. 

What is the diflerenee l«-ttt« 1 -n the app.itetd v, eights of a 
body of nuts«< m on the earth’s e.juat<«r al«>ut N,'pii-iulH*r HI, at 
noon and at midnight’.' 

18. Two rods A It and CtK tmth of line deiout v /«. are placed 
parallel to each other. Show that the t.uer «.s, niher in the 
direction of its length is 


, f, AC i At) I rn 

p i log /if* l At* t‘l* 


fit' i tit* ♦ * 1 * 1 
*"* fir i tit* rt,f‘ 





20. Every particle of three similar, uniform rods of infinite 
length lying in the same plane, attracts with a force varying 
inversely as the square of the distance : prove that a particle 
subject to the attraction of the rods will be in equilibrium, if 
it be placed at the centre of gravity of the triangle enclosed 
by the rods. [M. T.] 

21. The attraction of the straight rod AB at a point P 
is the resultant of two forces, each equal to /, acting at P 
towards the extremities of the rod, 

where /s 2 w • AB /[(vlP -f. 7fP) a — AB 2 ~\. 

Eintl the value of / when P lies on an ellipse the foci of which 
are the extremities of the rod. [Itouth.] 

22. If the direction at the point 0 of the attraction of every 
portion of a uniform piano curvilinear wire bisects the angle 
subtended at O by that portion, the wire is either straight 
or has the form of a ciromnforenco with centre at 0. [Itouth.] 

23. If the law of attraction be the inverse square, two 
curvilinear rods in one plane exert equal attractions at the 
origin if the densities at points on the two rods on any radius 
vector drawn through the origin are proportional to the per¬ 
pendiculars from the origin on the tangents. [Itouth.] 

24. Prove directly from the formula for the attraction of a 
slender straight wire, that the attraction at a point P, due to 
an infinite homogeneous cylinder of any form, is twice that of 
so much of the cylinder as is cut off by a double cone formed 
by the revolution about a line through P, parallel to the 
generating lines of the cylinder, of a lino which cuts this line 
at P at an angle of 00°. 

25. A uniform wire AB in the form of a circular arc has 
its centre at 0. Provo that the component of the attraction, 
at any point P, in a direction perpendicular to the plane 

to 7> V\ f \’W fV 1 «+■ i kl e n £k aP n ftwrt io 


2(>, Provo that tin’ allr.uis>>n in tin- *iit« * j n<n /‘i f at a jKiint 
P on tin* oirouml'uronoo <4 a cui'lc 1 In- truin' uf vvhioh i« 0, 
duo to ati infinitoly lung, ?4taight lil.imrui guon tlt-nsifcy 
passing through a point (,) m lit*- rn» iuu!« i« u« t- and porpen* 
dio.ular to its piano, m flu* sumo w !** i itn f in- ;<uiiii y is. If 
the fillUUi'llt.i of it holm igohoi *11 r.'ltnutt.u «! »'4 I 1 1 *tlS n .It of givnil 
llHtHH pur unit lollgth n»o :ni at t. Hun.I that thr ut soot mn in 
a eirolu passing through a point /', thr aSttailnm of (,j ie 
distribution utt /' will ho a maximum. j ! at Irtou j 

27. A wator tow nr tn llu* >hapr *4 a « \ hnd.-t of rovohitinu 
18 1(10 foot high and in i**»*l tn »ham«irt. { h.- nta-vi uf tlin 
towor and ouutouts is Moo pound'* pm toot *4 h»-u-ht, With- 
out tin* help uf jhmumI nr i'.tj*» , r» i:urv,. t.» w 1 11 1111 urn* jter 
mmt ctf tin* truth, tho vnluo »t» J j. a?!ta.li*u» unitn iif the 
horizontal eumponont uf fho nttr.iotiou t|u»* i*« i ho tower at a 
point at its foot ju*t nut’.ulo ti. 

2B. Provo that ill a point ott lho nfr «.f an intsmlu homo* 
gonoouH eylimlor uf humieiroulur unv. ir. tn.ii, thr oumpunojila 
of flu* atfraotinu nrmss t ho piano taoo jmj j* <ln nlat t««t ho axis, 
and normal to tin* fueo, an* an.I 2 .jBvinrh, and 

*1 *f * 

show that gravity is dimnifd,o,| h\ tho lta< in<n *' *' at 

«*■ ft,, 

the middle of tin* sitrfnoo *«} a 1 «<jh* >4 1 .light oaual >4 soud" 
oiroulur soot ion, »/ hoiug t ho i.tdur* »#! thr .« hi nit o}»«, r tin* 
ratlins of tho .Hphoriral earl h, f,‘ thr drum! \ •4 « it m, ^ that 
of tho aurfaoe stratum »d tho mith. ami # ,, tho r.iith’i* moan 
;Um«ity. Tho eorrespomhug .psaniit> m th.* .-.r..- of a oanal 
jf rectangular uruss-soetiuu uf dont h u and imadl h 2 u tn 


kp | 2 a tan ' l (!> /«■) + b ■ log [(a 2 + b 2 ) /// 2 ] | 
and • kp \ 2 b tair • 1 (a / b) + a ■ log[(V + b 2 ) /a 2 ]\. 

If the ratio of b to a is largo, tlio first of these quantities is 
nearly equal to rrttpk. Show that the apparent latitude of a 
point on one edge of a long, deep, narrow crevasse of breadth 
a, running oast and west, is altered by the angle <\pa/A,p 0 r, 
nearly, by the presence of the crevasse. [Thomson and Tait.] 
30. Assuming that the attraction of a homogeneous cylinder 
of revolution, of density p, radius a, and height h, upon a unit 
particle at the centre of one of its ends, is 



1-1-3 «. s 
5 - 4: • (i * A G 



2 -n/eph 


1 * 1. /d 
2-A- ’ a 8 " 


1 - 1-3 W 

2- I-0’ a c 


according as a is small or largo compared with h, and con¬ 
sidering that, the mean surface density of the earth is 3 times 
and the mean density of the whole earth 5.5 times the density 


of sea water, obtain Siemens’s expression, 


for the dimi¬ 
ll r 


nation of gravity at a point on the ocean whoro the depth is h. 
Is the intensity of gravity at the centre of the mouth of a vor¬ 
tical mine shaft 20 feet in diameter appreciably less than 
before the shaft was dug ? Show that if A = a, the attraction 
dub to a cylinder of revolution, at tbo centre of one of its 
ends, is 2irkp(t (2 - V2). Tbo attraction duo to the earth 


at a point /* at a height h above the surface, is or 

gft~~ approximately, where r is the radius of the 


earth. If p 0 is the earth’s mean density, g — % rrkp 0 r. If P is 



at the centre of it aide j*Ktt«*-*u »d height h made «<f matter of 
density />, tin* additional atltaeiiou dm- !*• i !<«• plain*.m in ulmut 
2 irk pit, or 4 >jph t 2 /»„»\ **o that ti f > §j*„. the "hole *it trartion 
ft ft 

4 r 

HI, A verlieal solid r\ Under of height >t and radius r in 
divided into two pints l*y a |itnn’ through the axis. Show 
that the resultant horizontal attract nm »•! either |*urt at the 
centre of the bane i« 


in nearly ;/ft 


2 pii ■ log 


t I \ *1 * } t 


tl 


32. A right eimtlur ey hn»t«*r in of infinite length in one 
direction and is homogeneous, l'rme lh.il it tho Unite i xlmn> 
ity lie out off perjieudieulurh to the generators, the attraction 

2 Mk 

on a unit particle placed at the centre of thin end is ^ ■* 

where M ia the umisa jmr unit of length, li the cylinder lm 
elliptic, of the mime density and none* per unit of length aa 
before, and of ceeeutrieity r, then the attraction will he n, 
times the former value, where 




e* sill 1 # 


33. A homogenecnw, right circular in Itmlrr of density p 
atanda cm the plane & - U, and m inlimfr in the positive 
direotion of the ax in of «, Show that tin* \ eouipouent of 
its attraction at a point /* of iu hum in A-pf t where f i» the 
perimeter of an edliptm having tho bane for the auxiliary eih’le 
and P for one fornix, 

,'U Ml n(U I* tt+ I lm nttpttnti.ix n» u ..hOi.I.. ... til / 1 tllltt 
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35. Show that the component perpendicular to its axis, of 
the attraction of a thin, homogeneous, circular, cylindrical 
shoot of height 2 h and radius a, lias at any point on one 
of the circular hounding edges of the cylinder the value 

"kM f 2 # i 9 a 2 

—~ r -\—I where k 2 = 

7 t(i Va 2 + v .l. — k 1 ,sin 2 i/f + A 2 

3(3. An infinitely long piano sheet of constant width has 
a small thickness 8 and is made of homogeneous matter of 
density p. This strip cuts a plane perpendicular to its long 
edges in the line All : show that the attraction of the strip at 
any point /* in this piano has a component 2 kp8 log (PJl / PA) 
parallel to A/l, and a component 2 ltp8' Z.APJI perpendicular 
to All. 

37. 10very diameter of a certain circle subtends a plane 
angle 2 0 at a certain point P on the axis of the circle ; show 
that the circle subtends at P the solid angle 2 7 r (1 — cos 6). 

38. Compare the attractions, at the vortex of a homoge¬ 
neous oblique cone which has a plane base, duo to the whole 
cone and to so much of it as lies between the vertex and a 
piano which bisects at right angles the perpendicular drawn 
from the vertex to the base. 

39. Provo the truth of the thoorom which Newton states 
in the following words : “ Si corporis attraoti, ubi attrahe.nti 
contiguum cst, attraetio Ion go fortior est, quam cum vol 
minimo intorvallo separantur ab invicem: vires partic.ularum 
trahontis in rcccssu corporis attracti, dccroscunt in rationo 
plusquam duiilioata distantiamm a particulis. Si particular 



40, Two lmMogeuenitN made >*j 11 **> same material 

are bounded ]»)' Miml.u mu I.m*«***, >!*«.« that the uitrnaitiea 

of their attractioti.s at tvi *• ponds muuI.u it ntu.ited reji^e.. 
Lively with regard l«< them, are ut the tatm «>! tie- rmtrhjKmd. 
ihg linear dimensions of the s.-lohc pio\»- that the 

attractions at joints on a given diaunt.-r nr,eh- a 4uI homo, 
geueou.s ellijiHonl are propm-limial ?>* tie- ih .!an< « i of these 
point h {'runi the centre, 

41, 1 ’rove that, the attraction, at o-rv distant jmtnt.%, of any 
system which has an axm of *ymim t i v, m.o !>e represented a» 
emanating from two cijual poles *4 the name sign mtuated on 
tlic axis, 

42, Show that the ciuuju<uen! . .4 tt .»• >nigm. m the direr* 

tion of the x axis, id a given pail ode <n, r, the same v\ herever 
oil the surface m nwf r, n r' e, w S»« t* . 4 ^iirii I’lmstutlt, 

the particle lies. If it jh ,im wheir w %i hoot the surface, the 
component will he le*»*i than it u v\«-je ,na w hmc within. 
Hence prove that, tin* at traeimu »4 4 gn «u inass 1 / fur a paint 
on its mirfaee will he gteate-d it the t«.n«*i,in of t/, referred 
to the given point, in a mu lace <4 the lanuh e.-, t) \ » J , 

4d, 1 f t lie earth he roomleted as .1 homogeneous sphere of 
radiiiK t\ and if t he force of gravity at it -i -ini face !«< sliow 
that from a point without tin* earth, at \\ Inch the attraction is 


■ ^ </, the urea 2 1 rt J ( 1 

» \ 
earth will he visible, 



on the Mirfaee of the 


44, The lawn of nttraetmu for w hu h 1 he atltaetiou of a 
lumuigeneoiiH shell on any external particle m the same as if 
the shell were eminent rated at its emtio, ate the "law of the 


i lvern 1 k mire " and the <• law >4 il i8i iltrivt*! aIihI 1 si 


point on tho surface of the smaller, in the ratio of the square 
of tho radius of the smaller to the square of the radius of the 
larger. [Minohim] 

4(>, Trove that if / he an external point and C the centre of 
a sphere, tho sphere on 10 as diameter, the sphere with centre 
/and radius JO, or the polar plane of /, will divide the sphere 
into two parts which exert equal attractions at i, according 
as the law of attraction is the inverse square, the inverse cube, 
or tho inverse fourth power of the distance. [St. John’s 
College.] 

47. Two sectors are cut from a homogeneous shell bounded 
by two concentric spheric,al surfaces of radii i\ and r 2 , by a 
conic,al. surface of revolution of half angle 6 and with vertex 
at the eontro 0 of the shell. The attractions at a point F 
without tho sludl on tho axis of the cone, on its inner side, 
at a distance e from 0, duo to the portions of the shell which 
lie respectively without and within the cone, arc F\ and 1<\. 
Show that I'\ is equal to the difference between the values 
when r r a and r ~~ >\ of a quantity A, and that Ji\ is equal 
to the difference between the corresponding values of a 
quantity H where 

A ~ Q r" — (h r 2 — 3 e u -(- e 1 cos 8 6 4- J re cos 6) 

4- c a cos $ sin 3 $ • log (o>l + r — <■ cos 0)], 

Ji t = Q + o)l Q r 2 - ij e 8 H- r 8 oob 8 0 4- J re cos 6) 

~ f! 8 (‘.os 6 sin 8 6 • log (wl 4- r — e, cos 0)], 
and <u . c 8 4- r 8 •- 2 er cos 0. 

The attractions of the halves of tho shell farthest from F 
and nearest to it are 


‘2 k-rrn 


sphere of radius r w tv r*» nt a p»»»nt in tlm :m-* of the hemi¬ 
sphere distant § r approximately from I!»*- centre of the Imp, 
49. A segment »f height h, ent front 4 tonimgeimims sphere 
of density ft ami radius •» by u plane dt .t int *» h fs«*i»t the 
centre of the sphere, attract-» a unit past»*•!»• on the axis of 
the segment ut a distance A, greater than the radon*, from 
the centra of tlm sphere, will* a force 

F I | 

2rkp h + —- | pi f *1 *<»■}«■ i 2 < 3 t .’I >tv i uh f th ) 

Vr* f 2 rh I 2 tth | , where c ' b - «. 


Iff? 


0, thin lxmomcs 2 irkph 



Aiumming thii 


to bo true, show that the attraction of a homogeneous ht?mi- 
sphere upon a particle at its vertex t» i«» the attraction of the 
circumscribing cylinder of tlm name density »« fCU to 580, 
nearly. Hhow that llm attraction, at its vertex, of a ultra 
2 miles thick out from tlm earth, ami the attraction of 
an infinite iliac of this name thickness ami density ujwm a 
point at the centre of one of its faces, differ t»y atoiut one 
per cent of either. 

60, Hhow that if the earth were made up of tw o homogeneous 
solid hemispheres of densities p and p* separated hy the plane 


ox uniutuui, wiw uuvuiuxua ux ca© piumo line irom me zemm 
at any point of tlie equator would be tan -1 ( - • -—— 

\7T p -p p 1 

51. Show that the attraction at the origin due to the homo¬ 
geneous solid bounded by the surface obtained by revolving 
one loop of the curve r 2 = a 2 • cos 2 6, is £ nakp. 

52. A mountain of the form of a surface of revolution with 
vertical axis and elliptic outline stands on a horizontal plane 
which contains the centre of the ellipse. Find the horizontal 
component of its attraction at a point of the base. Show that 
if the mountain is 2 miles high and 4 miles broad at the base, 
and if the density of the mountain and of all the matter in its 
neighborhood is half the mean density of the earth, the plumb 
lines close to its base on the north and south sides will make 
with each other an angle greater by about 51 seconds of arc 
than the corresponding difference of geocentric latitude. 

53. The attraction at the point (0,0, — 6) of so much of the 
homogeneous paraboloid ofi + if =\z as lies between the 
planes «=:(),£ = /& is 

2 7 rhp | h — V(A + lif + hk + b — ^ A • log (2 b + A) 

•-f* ^ X ■ log Kf -(- ZtA. -f* b -f* h •*)- ■J" A) |. 

54. If a body M be divided into two rigid portions, A and 
H, the resultant action of each portion upon itself is nil, and 
the attraction between A and Ti is the same mathematically 
as the attraction between M and Ji. To find, therefore, the 
attraction between two equal homogeneous hemispheres so 
placed as to form a sphere, we may integrate through either 
hemisphere the product of the density and the component 
normal to the flat face of the hemisphere, of the attraction due 
to the w lnle snhern. Show t lat the res t i 3 kllf* /16 a\ 
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is equal to tho mass of either part multiplied by the intensity 
of gravitation at its centre of mass. 

HO. Prove that the pressure per unit of length on any 
normal section of a spherical shell of mass .1/ and radius a, 
due to the mutual gravitation of the partielos, loads to the 
limit /.nl/'Y 10 m( tt i as the thickness of the shell is indefinitely 
diminished. [M, T.J 

The mass of the unit length of an infinite homogeneous 
cylinder of revolution of radius n which is divided into two 
parts by a plain' through its axis is .1/. Show that the pres¬ 
sure between tho two parts due to their mutual at tract ions is 
4 /e/7/ M /.‘i wti per unit length of the eylinder. 

07. If /»* and F denote tin* eompoueiits of attraction of a 
gravitating system symmetrical with respect to a straight 
axis, taken along and perpendicular to the axis, then 

njt i />,s i .sy r u. 

where r and x are columnar coordinates, | St. John’s College,] 

08. If the point of application of a force P move by the 
patli n from the point. .1 to the point />, the ioier is said to 
do iroi'k during the journey, etpial in amount to the line inte¬ 
gral taken along * of the tangent ini component, id' F. If the 
components of F parallel to the coordinate axes are ,V, P, /f, 
and if ds t d>/ } dx an* tin* projections on these axes of an 
element dm of the path, we have the expressions 

C 7'h m*(*,F)d» 

« C F [cob (a*, a) • cos F) 



such a function is called a potential function or a force 
function of the given force. Tlio work done by a force which, 
has a potential I unction, when its point of application moves 
completely around any closed path, is zero, and such a force 
is said to bo coiixcrcufirc. The work done by a conservative 
force as its point, of application moves from A to B is inde¬ 
pendent of the path x, 

.Prove by actual integration {dong the different paths, that the 
work done by the force X™ 2 .r 1 + 2 ?/, Y =■ 4?/ 9 tix, Z= 0, 
when its point of application moves from the origin to the 
point (2, 2, 0), is 22, whether the path bo a straight line, or 
the parabola if ~ 2 x in the xy plane, or a combination of a 
straight line from the origin to (2, 0, 0) and another straight 
line from this point to (2, 2, 0). Show that the derivative 
with respect to ;r of any function of the form sd -|- 2 xy 4 -f(y), 
where / is arbitrary, will yield X, and that, by a proper 
choice of/, the derivative with respect to // c an bo made equal 
to P; so that a force function exists. Prove by actual inte¬ 
gration along the paths that the work done by the force 

X • 2 ,r u 4 2 //, V « 4 ,f + a, # = 0, 

as its point of application moves from the origin to (2, 2, 0), 
is not; independent of the path. In this case no potential 
function exists, since it is impossible to give such a form to 
/, in the general expression [.r* | 2 xy 4-/ (//)], which has X" 
for its partial derivative with respect to x, that the partial 
derivative of the expression with respect to y shall be V. 

Since the order of successive partial differentiations of any 
analytic function is immaterial, 

I> y I>jn = l\Dfl 

t) z i>j\ /> s x /> A z,j) u a: 


or 


force fuue.tioh in also a auMiejout 

fill, Prove that if wo havo matter nth net od to any number 
of fixed centres with fureos piopotttonnl to any function of 
the distance, nr if wo hn\e mutter oven, p.irtndo of which 
attracts every other particle uoewrduu: to .un f uuet um of the 
distance between tin* particles, there e\i-.f * a potential func¬ 
tion the derivative uf wluoh m ;vn> direction at any {mint 
gives tho intensity nf the form which wnuld solicit a unit 
quantity of mutter oouooutrutod ut tho point !•» move in the 
given direction. 

(10. If r represents tho distance of any {mint Q on a aur- 
fae.e *S* from a fixed point, /*, and i! <t m tho nm*le hot worn t*Q 
and the normal to S at t t K drawn a 1 w us « from tho mime aide 

of the surface, | s */X, taken over any portion of the stir- 

face, givea in ulwolute value* tho mdul angle jmlttoudod at /’ 
hy this portion, and, in tho ease of n closed surface, this value 
is *1 rr, 2 7r, or 0, according as /' is within, on, or without X. 
l‘rove that the volume of tho solid enclosed hy any surface X 

ia the nliHolute value' of | j r eus a t/X tukou over the surface, 

whether /’ in within or without .S', Show that it ia jKwaihle 


enclosed hy a plane eurve, and explain 




with generating linos parallel to the axis of », is of the form 

2/uJ"coa (.r, «) • log?*• tin, where the integral is to be extended 

around the contour of the section of the cylinder made by a 
plane through ./* perpendicular to the axis of z. 

62. The space within a closed surface 8 is tilled with homo¬ 
geneous matter of density p. Trove that the value at the 
point P, of the potential function due to the distribution, is 

i| p J'cosudti, whore a is the angle which the normal to the sur¬ 
face, drawn inward tit any point Q on it, makes with QP. 

63. Two distributions of gravitating matter possess a com¬ 
mon closed oquipotoutial suvfaoo. Trove that if all the 
matter of both distributions bo within this surface, the 
potentials at the surface due to the two distributions are to 
each other as the masses. 

64. Trove that if two different bodies have the same level 
surfaces throughout any empty space, their potential func¬ 
tions throughout that space are eonnecitod hy a linear relation. 
That the level surfaces should he the same, it is only neces¬ 
sary that the resultant forces due to the two bodies should 
coincide in direction. 

05. Hliow that if two distributions of matter have in 
common an equipotential surface which surrounds them 
both, all their equipotential surfaces outside this will be 
common. 

66. Show that if we have matter every particle of which 
attracts every other particle with a force proportional to the 
nth power of the distance, the attraction at any point within 
a quantity of the matter will he infinite if n-f2<0. 
[Minohin.] 

67. Show that if it, e, and w are any three solutions of 
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08. Show that tin* potential iunetion tint* to a solid hemi¬ 
sphere of radius a and density />, at- an external point V 
situated on t.ho axis at a distanee i trout the eeutre, in 


V 


$ 7Tf> 


(>o J i c* t 


the upper or lowin’ .sign being taken according as I' in on the 
convex or plane aide of the body. 

09. A sphere with eentre at the origin has a radius r and a 
dcmsity given by the law i> nr I Ay t »•;. I’rove that the 
value at any external point (.r, y, \ j, at. a distance H from 
the origin, of tin' potential function tine to the sphere, is 
4Trr B (oui d'/v/d’ ?::) / \Mi*. 

70. An infinite cylinder of radius n has a e\ lindrieal cavity 
of radiuH b cut out of it. The hm'h of t he cylinders arc 
parallel hut not coincident, and the hurfaeos do not intersect. 
Show that the cquipotcntial surfaces are cylinders the equa¬ 
tions of which are: 


(i) r„ 5 ■ r t ? f'i within the cavity; 


(ii) r* - 2 h' 1 log 'j' <\ within tin • muss; 


(iii) 




(\ in outside spare; 


where r a and r h are the distances front the axes of the eylinder 
and cavity respectively. 

71. K rom a homogeneous sphere of denmty /» and radius tt 
is out an eccentric spherical cavity of radius A. The distances 



according as P is within the cavity, within the mass, or with¬ 
out the mass. Indicate by a rough drawing tlio form of a 
line of force within the cavity. 

72. Show that the lines of force due to a uniform straight 
rod arc hyperbolas which have the ends of the rod for foci. 

73. Show that formula [db] might bo written 

V v • " ya-log (elm ! Pit A • ctu j- .PA It). 

HA-. A number (//) of espial, minutely long, homogeneous, 
straight filaments, all parallel to each other, cut the try plane 
normally in points which lie uniformly distributed on a cir¬ 
cumference of radius a with centre at the origin. One of 
these points is at the point (<t, 0). Show that the value of tlio 
potential function at the point (V, 6) is 

m • log (' r n •— 2 a H r" cos nO + u 2,t ). 

7/>. If the law of attraction were that of the inverse nth 
power of the distance, we should have 


V a I 


(>, - - 



P ( ^ T 


If the density had the same sign throughout a distribution of 
matter, the potential function could not ho constant in any 
region of empty space unless n were equal to 2. 

7f>. In the case of matter every particle of which attracts 
every other particle with a form* proportional to the product 
of their masses and a function (/) of the distance, we have 
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83. The potential function at all points external to the 

S P ll01 ' e ' ** + ,/■ + ** = „. 

18 a* (cui 3 + $>f + V'- 3 + 2 n'l/s + 2 /S'as + 2 y'm/) /V. 

Show that if there bo no matter in this region, a, /3, and. y must 

satisfy a certain relation. Show that if inside the sphere the 

density bo uniform, the value there of the potential function 

will bo „ „ „ , v , 

o 4- X.rd + fxi/ a + vx 1 -b 2 a'tjz -j- 2 ($'zx 4- 2 y'x.y, 


where a, X, /a, and v are known. Find the condition that under 
these circumstances the ecpiipotenbiul surfae.es inside the 

• . ^ 
sphere should bo ellipsoids similar to ^ 4- —• 4- ~ = 1. 

(M 0 C 

an 

84. Provo that if j $ (■>•) . dr =2 x (r) and J~r- y(r) dr = 1 p(r), 

r r 

and if <£, y, and ip vanish at infinity and are finite for finite 
values of r ; mm, 1 x O’) re])resenta (1) the work done under an 
attracting force mm ' <f> (>>) in bringing a particle of mass m' 
from infinity to a point distant r from another mass m; 
(2) the component, parallel to the rod, of the attraction of a 
particle m on a straight slender rod of lino density m 1 , if tlio 
end of the rod is at a distance r from m and the other end at 
infinity. Show also that 2 rram • ip (z) represents (1) the vork 
done in bringing from infinity to a point distant a from a thin 
lamina of surface density cr, a particle of mass m ; (2) tho 
attraction of a particle w, placed at a distance z from tho plane 
surface of an infinite solid of constant density or. 



every point, of external spurn- puv.r-. tlnow^h 4 j»>*it»t (> lixed 
in tin' body, the body in sunl t * * he *» nf .tint ft ns nil loci 

the Iwi'ir mitre. The lines of I *»* *»* in r\lei n.d .spare m^i 
HtmiK r ht lines pa,smug through ft, and the r.jmpnirufnil surfaces 
are Hphrriral Hitr fares w it It eent re at t !»«• h,u n rent re. Show 
that the whole external iiehl imi*.t niuh r f he e ruruuiHtaucrR 
he the same as that due to a ma e. e.pial So that ot the Inuly, 
concentrated at O. Show that if at mf<'uu! points also the 
line of action of the force always pav.es tluourh 1 1, the density 
of the body in a funetioii on!) of the dt-tunee ln<m a. The 
centre of gravity of ;t finite reuttokue di *tnhutioi» is the 
harie eentre. A distribution e.nmot !«• ei-ntroharie nttlm 
every axis drawn through its eentre of vii.niH m a principal 
axis. If for any finite spare outside it a ltod\ m rent roharic, 
it irniHt he eetitroharie for all the rest ••! out ado spare, A 
distribution whieh rousists of u sphrtir.d dntiihidion ami a 
distribution the potential ftiuetum due to wSisrh at all outside 
points is zero is evidently rent mharte 

HT. Show that if O in a fixed origin within or near a 
distribution M 1 of utt rurting or repelling nutlet, if t" in any 
point of , 1 /' and /* any point without If' 110*1 r di-d.ud from 
0 than any point, of .If in, amt if /’ or, v> -,i, /" (x\ //', *'), 

OP ; r, Of * 1 r\ I'Uf** 4 > i the value at /' of the potential 
function dm* to ,\C m equal to 


r 1 row «|» _ r 


I tf m 1 

r 


f-tdfff/-..* ,!,«• 
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about tho coordinate axes and about 01* respectively, 

A + B + (! j j j 2 v'*dni' and ./ = f f f r ' 2 • sin a <£ • dm 1 , 

and that if 0 is the centre of gravity of 31', the second term 
of tho development vanishes so that 

V}> = 3P Jv ~\~ (A -f- B -}- 0 — 3/)/2r 8 -f • • • • 

I f 3V is eentrobarie and if 0 is the baric, centre, V is a func¬ 
tion of r only and the eoelUe.ients of r in the general develop¬ 
ment are to be considered as constants. 

88. If the law of attraction is expressed by any function, 
<£'(?•), of the distance, the intensity of the attraction of any 
homogeneous solid, estimated in a given direction, at any 

point P, is expressed by the surface integral J* </->(?•) - cos X>d8, 

where r is the distance from P of any point on the surface 
bounding the solid, d8 the (dement of this surface, and X the 
angle made by the normal to the element with the given 
direction. [Miuchin.] 

89. The function / (>'■//) cun satisfy Laplace’s Equation 

only if />■ 1, or 1, or 0. 

90. The invariable lino which joins tho centres (A 0 , B 0 )of two 
homogeneous spheres, A and P, moving under their mutual 
attraction, revolves with uniform angular velocity, w, about 
tho centre of gravity, (\ of the two. One of the spheres, A, 
does not rotate, hut every line in it remains parallel to itself 
during tho revolution. Show that every particle of A moves 
in a c.irelo of radius equal to the distance of /l’s centre from 
C, and is at (‘very instant, at the end of a diameter parallel 
to fi tl A n , Under those circumstanoes a loose particle at J) on 
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If wo denote the radius nf .1 l»y u, the dintaiieeH 
by and r, and tin* muss of /* by .?/, the resultant force on a 
particle of mass »i resting on .( at /> | Fig. 1 23) has the 
intensity mwV . kmM.tt* and a direction l> l‘ parallel to 
d 0 /t 0 , while the attniclion of /» upon the partndr ha^ the iuten- 
sity kAlm/HuD* and the direction />/*„. Show that if n in 
fairly small compared with a ruled ruining force equal to 
3 akMm,(m\ 2 6 )/(2 f/ 1 ), where (I muni be exerted on 

min a direction perpcudieular to J w /> to prevent its sliding 
on -d’s surface. 

Assuming .*/ to he the eart h, of muss ,1/' and radius n , and 
Ji, tlio moon, of muss .1/', with centre distant (in *t from 



the earth’s centre, prove that the maximum horizontal lunar 
tide-generating force on the earth‘n surface ih to the force 
of terrestrial gravitation iw 1 to 1 l,f*uu,nun, nearly. Find 
approximately the “vertical tide-generating force” at the 





1° C. Show that tho radius of the sphere is about one- 
fortieth of the radius of the. earth, if the earth’s radius be 
(557 X Id” euuiimetres, and if one wator-gramme-oontigrade- 
dogree be equivalent to 4.2 x K) 7 mgs. [Mine,him] 

912. The value at any point (a*, //, ,-j) of the potential func¬ 
tion duo to any system of attracting matter at a finite distance 
is V, the forces due to tho attraction of this matter at any 
point (V, //', z 1 ) is the value at this point of the potential 
function /■", and the density p 1 . Show that 

J/a _ 1 rrr (4 irp'F' ~ F n )dx< f h /'dz' 

7T*) J J [(>' ™ x.y -|- (//' — yf -(- (V — «) M ]^ 

where the integration takes in all space. 

95. Provo that the rise of sea level in a shallow sea caused 
by tho attraction of a homogeneous hemispherical mountain 
of radius e rising from it with its base at sea level, is approxi¬ 
mately p'r*/‘J pa, where p' is the density of the mass of the 
mountain, p tho mean density of the earth, and a its radius. 

94. A fixed gravitating sphere is partly covered by an ocean 
extending over tho northern side of a parallel of colatitude X. 
A distant; fixed gravitating body M is situated on the north 
axis of this small eire.lo. Prove, that if the self-attraction of 
the ocean be negleeted, M will eattse a rise of water at the 
north pole approximately equal to k siid^X, where k is what 
the rise would be if the whole sphere were covered. 

95. Show that if a finite distribution consists of m units of 
positive matter and m units of negative matter, anyhow dis¬ 
tributed, it is possible to draw, with any given finite point as 
centre, a spherical surface so large that the wliolo flow of 
force through it, rwltniinf arlthmellralfy^ shall be as small as 
we please. Prove tlmt the lines of force are all closed. 
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Twill tlu'.u lio given by an equation of the fm m / j\x, »/, s ) ( 
whom /) X J\ />„/ vanish at l\ uml l*,/ m tin- force F in fch 0 
(Uvootitm of the x ax in. If ( t f »* a point nr.ir /* on t)so aoci- 
lion of tho surface V V,. made by the x\ j>laut\ uml if wo 
(lo.notu tho coordinates of (j by u, A,», tho radius of 


curvature at /’ of thin section in 
general of higher order than Ax. 


Jim 
Ax ‘ 



» and A« is in 


l'q • l*j> | Ax ■ Ii,Y I Ax J^V 

I | Ax 1 y l terms of higher order, 


A’, 


I 'rove 


Ninon J’ y and I> t )‘ vanishes at t\ F % 3 t 

, F 

similarly that F* J' and then, by Laplace's Kijnution, that 


1)}\' 


A*. 


Illustrate these results in* an example. 

U7. If a diHtrihution of active mutter w symmetrical about 
a Htruight line (the axis of x) and if r tepreseiif s the distance 
of any point from this axis, the potential hmrtnm involves 
r and x only and the etpupotenlul »m l.n’n are mu-faces of 
revolution. ('onsider one of tlmnc mu faces, ,s‘„ mu which V 
has tin* value and let the >* lht\ of hum " th rough so mueh 


and, li a is the angle which the exterior normal to ds makes 
with the x axis, 

J)jM l-= .Ojfi ■ sin a —■ J) r fL • COS a, J) n V = l) x V • COS a + D r V • sin a, 
and the equation becomes 

sin a ( />jx ~~ r • />,, V) — cos a -|- r • J) x V) = 0. 

If this equation is to hold everywhere on every equipotcntial 
surface, the ooellieients of sin a and cos a must vanish and /x 
is determined (apart; from an additive constant to bo chosen at 
pleasure) by the equations r- ■!>,.}*.— —r-.I) x F. 

vShow that tlm values of /x corresponding to the three 
familiar potential funotions — -V 0 £r, ftlx/(i A 4- ;r 2 ) 8 , -\- tr 2 )* 

arts A',, v\ /J/d/(d + ;r 2 ) 8 , and • - 7!/;r/(? ,a + xrf. Discuss the 
physical meanings of these results. 

The funetion /x deline.d above is sometimes called “ Stokes’s 
Iflux Function.” It; is dear that the level surfaces of the 
functions I' and /x, both of which are symmetrical about tlvo 
x axis, e.ut; eae.U other orthogonally and that the generating line 
of any level surface of /x is a line of force. Although any func¬ 
tion of /x equated to a constant would serve to represent the 
forms of analytic lines of force, a Hpeeial advantage arises from 
the use of /x itself from tlm fact that if fi x and /x a are Jinx 
functions corresponding to two different potential functions, 
V x and r a , due to two distributions of matter, M x and il/ a . 
symmetrical about the x axis, /x, + /x a is a flux funetion ol 
y x 4 - f r . Jt the potential funetion duo to M i and A/ a existing 
together. If generating lines of tlm /x t surfaces be drawn 
in a plain', for the numerical values a, a - 1 - 8 , a 4-2 8 , 
a 4 - 2 8 , a | >1 8 , etc., and the lines of tlm /x a surfaces for the 
values A, h 4 8 , h 1 2 8 , h \ 3 8 , h 4- A 8 , etc., 8 being any con¬ 
venient interval, the intersections of the curves /x, ~ a 4" 

.... / t ... S; ...Ill I.., i./.iiOu nt i ilm trmwtn ini r liiw'N t f 
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we may got points enough to onul*lo us to draw the lino 
Hi + /ia a 1 /' 1 /»8 with .huIU«-i*-hi aecuraei , Thin graphi- 
cal motion! of drawing lines of hove •*«jus j•«4i-n! i.il surfaces) 
luiH proved in the hands id Ma\at il and ottc-in rMnum-ly 
fruitful. Draw ueeumtcly several id t he lim -1 id ioroMluo to 
a charge 20 and a oliurgo luroneenlruted at pmutH \ indies 
apart. 

UH. (a) Show that if /*, /*' uro any detimie pair of inverse 
points diHlaut respectively >’ and r' I rum tin* centre n uf a 
Bphorioul surface S of riuhua n, tho mint /'tp /”tp i?» input! to 
tho constant. u/V wherever on .V tho point tp may he, Hence 
bIiuw that if Tin tho potential funolnm due to a hotorugonoous 
surface distribution on S, 

J' r r t ,(a /V)aud 1>, ( t‘ r » a’ ■ />, I r ■ t r n <t P/V*. 

(//) Provo that r^ 9 - />,! ,. I o' 5 ' 3 l>, f l r ) ,/8 . 

{ ivoitth. j 

(r) Provo that us both r and r aro mudo tu approaoh a, 
limit d l\ • IV) /Y"‘ (Stokes, | 

90, If l\ /" aro any dtdimfo pair td inverse jmintH with 
respect to a right soot ion id' an infinitely hmg oy lindrioal sur¬ 
face of revolution, and if <p ho any variable point on the 
cumimforenoe, l"(J / i'Q is oipuil tu tho constant r\ it. Show 
that if the eylimlor ho covered with a nupertiei.il distribution 
the density of whioh varies from filament tu filament of the 
surface, IV - Vj. — iflugfr'/a) ■ If, where M in the amount of 
matter on the unit length of the surface, 

,100. V is the potential function duo to a vnltimr distribu¬ 
tion of density p in the region 7* and a surface distribution of 
density <r on the aurfaee S. V 1 is the potential function due 
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not differ from V at any point outside S, and the algebraic 
sum of the matter of either system is equal to that of the 
other. 

102. Provo that tho level lines of the function u = (x, y, z) 

on the surface I<\ (x, //, z) — 0 have direction cosines which are 
to each other as 

and 

and that if those quantities bo represented by X, /*, and v, 
respectively, the direction cosines, at tho point (x, y, z), of a 
curve which lies on J<\ and outs orthogonally at that point a 
level line of u on the surface, are to each other as 

(/a • J>J\ - v • : (v • J>J'\ - X • /«): (X • JV'\ - y. • DJFi). 

In particular, if u ^ x fx and if 1\ (x, y, z) s x*(b s — y 3 )— a 3 * 3 , 
tho level lines of u on 1<\ are straight lines, the direction 
cosines of which at any point F arc in the ratio u P -.Q>: 1, 
and since the sum of the squares of these cosines must be 
equal to unity, the cosines themselves are u / Vt? + f, 0, and 
1 j "'/w a 4* 1. 

108. In the case of a columnar distribution the density of 
which varies only with tho distance r from a fixed axis, the 
linos of force are straight lines radiating from the axis (Sec¬ 
tion 34), and the potential function V and the resultant force 
I) r V are functions of r alone. If wo apply Gauss's Theorem 
to a cylindrical surface of revolution $, coaxial with the distribu¬ 
tion, we learn that 2 irr /) r F = 4 rr times the mass M of the 
unit length of so much of the distribution as is enclosed by S. 



Show that if tin* dislnhuf k-h t=* 4 nt.ii.l immngi’numw repeli- 
iug uvlindor uf tatiiu i «» .net «i»'n>»sH l\V Uirpr and 
y | r* n J ! » *< s h*- f ; «* 1! r 1» !»■ n | h.tu >1. If r is grt'ftttt 

than 11 , IK V - apt' »• u.d * - "?* i! ' W »• Sl»t»w also that 

if tin* diMnlmtum i k iu> i« 4) ,1 ‘>’i?!.i> •* rb.u ui du rooty n on 
a cyliudriual Miilin- >4 l.tdm. •*, I I «-nr hn» n within the 
cylinder, ami l i »* f, » l"-: Ji| ! 

104. If V ro the gtavil.itmu.il j» 4«-s»! »al inrolnm Irlunging 
tu a given droit ilmlrost 1/ *4 atiraetsiu.* naUrr, ami if A* is the 
c«unt*tant uf gru\ ifalroit, the !.■!»*<■< *:ia\ tlatmn at any jrttint 

in any directum mrorom«<i in »Iu«*x t, 1 !*«- \aim at that point 
uf k> IK Tur wh«t*’ I „ A r , .m*! V ! I I Prove 
that if M l«» mads- !*« t <*!.»!»’ ab-mt th.- .m> >.s with constant 
angular velocity ««, if U \ « 5 > * y : i sS I I»+ 0, 

thu apjHirunt force at, .nn jwini m «la* i f s>m a ro IK f and 
t*/*' 4 If kp I ~ ui : l*tm •• aroo lh.it si S r<'|>fi<»t*uts« the 

mi rface uf J/i ami »» a mum.i! t>« !'■«- -mrt.»■ «• ■ haw 11 inwards, 
if e is thu volume uf tie* i|r4nhnti»«n, ami si is it* mean 
dmndty, 

4 trh Cf, (J f « M* C I | / f, f •'* 

[R, H. Woodward, ** The t»raiit,ttt*mai t unntaut ami thu Mean 
l)e unity uf thu Kartli,” ,fsf>*?mwi*♦•<«/ ./mu-nu/, lJ 

If 4/ represent* thu e.trih, *1 thu ?»«-tm.roi 1 ro.ij»*r, ami t> the 
ummtrudty of thu generating ellipse ui the earth's spheroid, 
6 and A thu latitmlu 21ml longitude ..f ,IS, wu have 





Show that if x i .= e Km <£, 


t 2<r( i r") f dx r~* , 

*— , i(i ,'W» -^=*^(1-1^ 

and 


,2 _ JL S<- 


If sin* <j> ilS 


1 2(r ( I • - r") (*•' :rV.r 


i '■ :rdx C'- 

Ui (1 (i 


(1 — 

,l 7m " (:> + ib ^’ + a 1 /s ' ! ' 1 -+-■■•)> 


Vs 15 )> 




and, assuming that log r ■■ • 8.88050, log c = 8.80470, obtain 
Professor Woodward’s equation, /,p M = 80707 x 10~ U . 

Pur a discus,sion of tliu value of p„, see Prof. ,J. II. Poynting’s 
Adams Pri/e Pssay on “The Mean Density of the Earth.” 

10 /). If it is single-valued and harmonic, at; all points of a 
region but, one (the exceptional point being an interior point 
/*), and if u becomes in Unite for all paths along which the 
point (.r, i/) approaches /’, then it can be written in the form 
u a • log r b wluu'e r is single-valued and barmonie at all 
points of the region. [ Iloe.he.r.] 

lOO. If the Kuperlieiul density of a mass distributed on a 
spherical surface is inversely proportional to the cube of the 
distance from a fixed point .1, the distribution is e.entrobarie. 
If .1 is inside flu* surface, if is flic baric centre ; if A is outside, 
its inverse point is the baric centre. 

107. I f the superlieiul density of a columnar distribution on 
a cylindrical surface of revolution varies inversely as the 
square of the distance from a given line parallel to the axis 
of the cylinder, I,here is a baric, line within the distribution 
parallel to the axis. Where is this line? 

108. A certain distribution M has two mutually exclusive 
closed equipotentinl surfaces, S x and >% upon which V has the 
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(lminity tr ' /^f f rc together With Hiti mm* n or m a» lies 

without the anrfaces V 

1(H). Thu straight line tangent at a )«»»sitf to ;t tulw* of force 
which endH there, cudeuth l»<rm a cowr ot driunte solid an^le. 
A number of points, l' ;i f\, etc,, ha\ «• eh.uge*., /»,, m 3i W() 
etc. Show that if ut any one ot these points there end two 
tulli’H tin' Holiil angles of thr rntir*. ot tt huh are M .util w \ tllii 
How of force in the one tulw m to the flow, «.i loin* ut the other 
tut o>: at'. Show also that if a tube start •> u tfIt solid angle Wt 
at a point l\ where the ehalge u* m., and ends with solid angle 
w r at a point I\ where the charge in m,. m itunicrically 

equal to ui r m t , 

lit). All the tniiwcH of a cettam dr>tuSaiti««*» he within two 
cloned Hurfueen A’, and S,, u hu h e\* ludo <aeh m( her and urn 
oquipoteutiul. All the hu«*» of loi.»* w inch aims on a con- 
tinuoUH portion J of A*, ;d*o abut on >V Ml tin* linen of 
force which abut on A*, oulud** ot I at«- oj.rn, while nunc of 
the linen which ldmt on A‘, are upm. Show that one of the 
oquipotentinl nurfucen jh nmde up «»t two one of which 

includcH A' a idone ni»d the other l«<th A, and S, Separating 
the cloned linen of force from the o|.« n otn « \n a surface 
which pafi.HCM through the point wheto t h<- lobos of the eur« 
facu junt mentioned are couuecteih All the eipiipotential 
HurfaccH tire ehmed. 

til. The potential function due to a certain dutltthutinu of 
matter Iulk a value at any cp winch depoud« only ujam 
the distance, r, of Q from a ib**d point tt, Thu* value w 



112. Tho linos of force duo to two similar, homogeneous, 
infinitely long, straight filaments of repelling matter, parallel 

' to tho * axis and cutting tho xy plane at the points (a, 0), 
(— a, 0) are hyperbolas of tho family x 2 — 2 A xy — y 2 — a 2 . 

113. (a) Prove that when there is symmetry about the axis 

from which 0 is measured, r"‘ • P m (eos 0) and —where 
.P r „(o.os 0) is the coefficient of « m in the development, in ascend¬ 
ing powers of a, of (1 - 2 a eos 0 -p a 9 )” 4 , are particular solu¬ 
tions of Laplace's Equation in polar coordinates ; that is, of 

r • V) + -}- • /) 0 ( sin 0 . J) B V) = 0. 

Bll) U 

Hence show that any expression of the form 

Jo +• /ip* • /\(eos 0) + zip' 2 • I\ (eos 0) -1-1- J n r n • P n (oos 0) 

. /*„ , /fi • /hfe.oa $) , n n .J\(vm0) , , P tn • P m (cos 0) 

+ r ' +-..+ ~ — „-H-h--’ 

where z!„, //,„ zl u /fi, A,,, // a , etc., are arbitrary constants, 
satisfies the equation. The P's here introduced are some¬ 
times called Legendre's Coefficients, sometimes Zonal Surfaoe 
Spherical Harmonies. 

(/>) Show that /*(,(/!) =s 1, 

^ i (a 1 ) "" /*> i 

/V/ 4 ) 

ACf 4 ) - ^35^30^ + 3), 

(e) Show that when 0 ~ 0, P w (oos 0) or P M (1), the coefficient 


ainglo-vuluod function which wilinh" ’» l..ij«hn'»«*n Ktjimlum ami, 
for all |»oint.H on tin* lino on thn jwciitm* aid*’ of f J, him Ilia 
aiuuo valut'H tm tin* given aerie#. 

110, Prove that the jioteulml funetumdue toaumform circular 
ring of miiHK ,1/, uf riuliiiH u, and of small ern:**» necinm, in r»|md Ui 

M( 1 «*■ j :s „« a 

r 2* r 1 1 2 4 . r* 

if «</*, and equal to 

Ef i 1 r 1 - 1\({'uh 8) t J .,4 r* /'.ton (h \ 




if a > r, wlio.ro. tho centro of the ring is the origin, and the axis 
of tho ring tho axis from which 0 is measured. 

11.7. .Provo that tho potential function duo to a uniform 
circular disc of mass Ml, of radius a, and of small thickness, is 
equal to 


2 'jr 
« a 


1 a * _ 7 (cos 0) 

«>' r " bu. ‘2 !" ' 


1-3 a n ■ P, (cos 6) 
¥■ 3 !' r 6 


if a < r, and to 


2 /!/, 


t n\ j 1 - ?,a - jPjO'.osfl) 
■r./h^os <?) + -• *; ' 


1. _ 
*y2 ,*>| 


P • .ZhCcoS (?) , 
"T" 


if </. > v, when tho centro of tho ring is tho origin. 

118. .Show that tho expression ±(P — c- + y-) fy of equa¬ 

tion [21], page 12, is numerically equal to the length, 7c, of 
tho chord of the sphere, formed by a radius vector drawn from 
l* to a point L on tho surface, distant y from P. Tho sign is 
to ho taken negative or positive, according as L is or is not 
visible from /'. 11 once iind an expression, mra^ ± A- 2 )/c 8 , 

for tho intensity of the attraction of an “ annulus ” of a thin 
spherical shell lying between two parallels of latitude, at any 
point P on tho axis. 

119. A thin spherical shell of radius a attracts an internal 
particle J* at a distance r from its centre. If tho shell be 
divided into two parts by a plane through P perpendicular 
to tho radius, the resultant attraction of each part at P is 
2 mra [a - * V tP - r u J Je\ [Todhunter’s .History of Jt/rortion.’] 

120. The equation of (,1m surfaco of an infinitely long homo¬ 

geneous cylinder of density p % the lines of which, are parallel 
to tho z axis, being /* /(0), a filament of the cylinder of 

cross-section rrfrtlB contributes to tho components (A\ Y) of 
tht' attraction at the origin the amounts 2 p cos 6 • dr • <19 and 


jirUH'IjiiU plane*, l ur nju.Mi'Mi 

in tin* form 


Ml* t-M « 


written 


V' ■ 2 (/'V,, com $ | d'^/i, ,'un (h r " , /- 3 ru'. : tt i #/ J .*iin 3 ^. 
Assuming flmt 


r (x 

•p h tiur' .r 


r 

*' a -t- h t;ur .r a /< 
prove that in this ease 

-V 4 irftl>X u f ('* i f't 1 


\ fan 

v >t 


(V 


tan a* 


■l s?y<»l v., ' t«» } /»j 


anil that Urn resultant forre las the jutenot v 1 M/(« -p h) } 
whom M is the inn*?* of the unit h-ngi It «4 the eylimlnr, 
Provo also, by a method analoguu.i to fli.it of Neetinu 12, 
that tho uttraotiou due to u homogenr.iu', •d»<l! mmltnl l>y 
two oonoentrir, similar, amt similuh pl.n«d elhptte t'vlm- 
drical Hiirfm’CH in zero within the shell, an.I that Shu attraction 
components (.V, Y) at any point uicluu a mdid homogeneous 
elliptic cylinder are proportional to r and y re'iprrtmdy, 

121 . t f two ounfoeut ellipse* and »*i hat »* ’O'lunixes ( it, 6 ) 
and (/t\ !>'}, a jKiint (j\ »/i on s u said f U «*••*'* « to a jKiint 
{x\ //) on h\ if X/y it I'it 1 and y »/ /■ /»' Mmw that if 

1\ and l\ arc any two points on * and and /V. the eorti*- 
spending points on »\ /‘,/7 t\i\\ f !«•*»■'•' jn«n, M Sr«'tjonfd) 

that, if two homogeneous, solid, cnutoeal, rliiptte e) Is infers of 
the same density Is* divided into eHrimp,aiding thin strips hy 
planes parallel to the x% plane, the x r«nu|«.nrot of the attrac¬ 
tion of any strip of the first at a jM.mt /" «<n tlm «reond, is to 
the a* component of the nttruettou ot the eorre»j*onduig strip 
of tho second at a point /* on the fir«t n»rtoip«<udnig to 
as h is to h\ The two coiujiuticutH of the attruetum of tint 


problems, that if the components at an outside point Q' of 
tho attraction due to a solid homogeneous elliptic cylinder of 
density p bounded by the surface s (Pig. 124) be X' and F, if 
a surface s’ con focal to s be drawn through Q', and if X and Y 
are the components, at Q on s which corresponds to Q< on s’, 
of tho attraction of a cylinder of density p bounded by s'-, 
X jX~ b jh\ Y'/Y=a/a’, where a and b are the semi- 
axes of s, and a’ and (>’ those of s'. Show that X, Y are the 
components at Q of tho attraction duo to a cylinder of 


B' 



density p, bounded by a surface s" drawn through Q, similar 
to s'. Show also that, if the coordinates of Q are x, y, 

X< » 4 -rrpbx f (a' + l>'), F a 4 t rpay / (a' + b '). 

Provo that, if a = 5, b *= 3, 4, and y’ — 7 ; # = Y, 

y VB, a' s= 0, i>' ~ V20, so that, approximately, X 1 ~t2p, 
F« 13*42. P . 

123. Two parallel planes, the direction cosines of tho nor- 









-- J J -- 1 "-o ----- XT --' 

duo to S' at tho point ./' on S which, corresponds to JP', as 
tlio areas of the principal sections of S and S' perpendicular 
to these components. [Ivory.] 

127. Wo know from tho equations of page 101. that, in tho 
ease of a prolate ellipsoid uniformly polarized in tho direction 
of the long axis, tho depolarizing force is 


'1 ITvl 


.(krjf 

,,‘2 


log 


1. 4“ 


1 — 6 


.Provo that if the ratio of a to h is large, this is nearly equal to 
_. 4 7 T . ((//•*/ tt*) [ log(2 <t /l>) • 1J, and that when a Jb ~~ 4, this 
approximate result is in error by about 4 per cent. 

Show that if we denote the. depolarizing force in an ellipsoid 
of revolution uniformly polarized in the direction of the x axis 
by \A, k has the. values 12.57, (i.CiJt, 5.1(5, 4.11), 2.18, 0.1)5, 0.25, 
0.005*1, 0.001(1, 0.000*1, ae,cording as u/b is equal to 0, J,, :}, 1, 
2, 4, 10, 100, 200, 400. 

12H. If the quantify r on page 121 bo supposed to inereaso 
without, limit, the limits of the expressions for Wand Parc 
the foree components within a homogeneous elliptic cylinder 
of somiaxes u. and b. Making use ol the integral 

r ,h ’ _ .... -(.•*• + / j ) 4 

'* (.<’ -1- i- («■ • fi) ( x -1“ w) 1 

show that those limits are *1 irhpx/(a 4* b) and *1 ? rttpi// («■ + 5). 
Using the form of integral given un page 124 in the seventh 
p uu from the. bottom, show that if c bo made to inoiea.se 
without limit, the limit of -V is — *1 irphtf (it 1 + b 1 ) and that 
the corresponding limit of K is • • 4 tt/jc///(V + b ] ). 

Show that the* ecjuipofeufinl surfaces within an inlinitely 
, . i! .... ..11)is!i* »vlii 1 *v. tho sun ax'S of 


129. Using the utt(‘grain given «»n page Uni, show that if 
a l >. ► c ami if A a r'f r\ \v»* ma\ v, i tin tin* expres- 

nicniH for thn utimet inn rompiinenH within a homogeneous 
oblate ellipsoid of revolution, in the bnnt 

( 2 .1/,/v 2 AV t | t.in * A A (1 I Ab |, 

( .'{ .l/y/2AV,[!au 1 A A »! f A' j|. 

( -■* 3 Mi /A'V’K A tan * Ai. 

UK). Show that if in the rase of the prolate ellipsoid of 
revolution where (> r - u, We put A , ,t the rumjHUH'Htg 
of attraction uf tin* nmole < <, y, : i mu\ !«* written 

(.'U/a*/AV|[ A/ n/1 I A 5 log (A 1 \ l f AbJ, 

(«'{ .l/y/2 A*r*»[ b»giA I v I t A'» A \ I f A 3 J, 

(3 JI/x/'J AV|(lngsA f v t f a'* a \1 b A*J. 

131, If these form* components l** denoted by ,V, F, Z, the 
quantity ^F/x + F, y 1 /_ •, j * • uumcrte.il} t equal to 4 ftp 
within tiny ellipsoid ol rcvniiitmu This i>> 1 1 u>< m the ease 
of every ellipsoid, us t’oi*Huit’» tvpialmn -.how s, 

132. If a « a , fi . li *j y , f \ amt il ti„ has tin* value given 






the potential iunetion due to M at an external point may be 
written 

$ Jll \ O' + 2 • J) t G’ + 2 >/ • 7) m G' + 2 s 2 • T> n G'\ 

where l a' 3 ; m ls b n , n == c' 3 . [Tarleton.] 

133. • Show that if -V, Y } Z are the components of the body 
forces applied to a mass M of liquid revolving with uniform 
angular velocity «> about the axis of «, and if p denotes the 
pressure at the point (cc, y, z), 

• dp (h 4* dx. -f (3 r 4“ to 3 ?/)dij + Zdz } 
so that at a free surface 

(X + <o a .r) dx 4* ( Y 4- to 3 //) dp 4- Z dz = 0. 

134. If the liquid he homogeneous and exposed to its 

own attraction only, and if the bounding surface be the ellip¬ 
soid /AV 4 aV-//“ -1- ■■■■■■ irl/ 2 r\ wo have X — — {j MKtfn, 

Y ~ M A1//1 % • • ij ,1/aud at the free surface 

IPch’ctx + idr\i/dp 4- (dlPzdz = 0, 

so that 

0 s - • g MIQ ///V s =-= ( w » ... g /)//,„)/„*,.» « - g MMJaW. 

Show that this condition is satisfied for a given value of <o hy 
an oblate ellipsoid of revolution (Example 129) for which A 
satisfies the equation, A — tan [(3 A 4 ^ <o 3 A fl /4 rp) /(3 4- A 3 )] ; 
but that a prolate ellipsoid of revolution is not a possible 
form of the bounding surface. [Hcsant’s JlydromaoJuinics, 
Vol. 1} Laplace's Mnnuiu/nci Cale-str, Vol. Ilf.] 

135. Prove that if T hi* the potential function due to any 
distribution of matter over a closed surface 3, and if cr 1 be 
the density of a superlioial distribution' on *V, which gives rise 
to the same value, V\ of the potential function at each point 
of 3 as that of a unit of matter concentrated at any given 



arc examples of vectors the lines of w ha h ate paiaUrl straight 
lines, though thf intensities are nut nurttant Piove tli.it if 
in any region the lines of a vector which t-» 1m. t h lamellar ami 
solcmoittul are parallel straight hues, the intensity uf the vector 
is everywhere in that region the mum', 

KH), (2 j* /r, 2 ft / r, 2 x/r) utnl (nut x .1, run */ j, the first. of 
which in lamellar hut not m>lcuoi<ial ami the neentnl solenoid.d 
hut not lamellar, are examples of vectors w tth constant iuteie 
sities, whit'll have lines which are nut straight hue* jiafallel 
to each other. Prove that if the lines n| a lamellar jioint 
function which has a constant tensor are parallel straight 
lines, the vector is Nolomddal, Prove that if the hues of 
a solenoidal vector point function w hich has a eouHtaut tensor 


aro equal all over the surface x? + f — 4 z- + G xyz — 0. It 
is evident, therefore, that sueh ve.etors as these are not deter¬ 
mined when their curls and divergences aro given. Wha-t 
additional information would determine an analytic vector 
which does not vanish at infinity ? The scalar potential 
function of a certain vector 1ms the value unity from r — 0 to 
r — 1, where r , ,r' ■ h if ~bami the value 1 /r from r — 1 
to r■ oo. Is the vector everywhere solenoidal and lamellar? 
Can you determine an everywhere lamellar and solenoidal 
vector which has the value Id at infinity? 

I'll. I f at any surface, the normal component or a tangential 
component of a vector is discontinuous, must we suppose that 
there is divergence at the surface? Illustrate your answer by 
a simple numerical illustration. 

1 -113. X is a portion of an analytic, surface hounded by the 
closed gauche curve s. X' is a surface which divides space into 
two portions in each of which the components of a vector Q are 
represented by analytic functions. At X', some of the com¬ 
ponents of Q parallel to the surface are discontinuous. S' cuts 
S in tin* curve s' which divides S into two portions, Xj. ami X 2 . 
'Pwn curves in X, and X„ respectively drawn parallel to s' and 
very close to it shall he called sf and s.f. A" u shall be the con¬ 
tinuous component, in flu* direction of the normal to S, of the 
curl of Q. That, portion of which with V embraces practi¬ 
cally the whole of X s shall he called .f|; that portion of the 
remainder of s which with s./ embraces nearly the whole of 
X, is to he denoted by s... Apply Stokes's Theorem to as 
hounded by «, and sf and to X 2 as hounded by s t and s a ', and 
show that tin* line integral of the tangential component of Q 
around s is not in general accounted for by the surface 
integral of A' () over X, unless we assign to A’„ on s' a value 

• i 1.1 a. its line iuleural ahunr tlm line is Unite. What is 



143, Assuming thatthe mtrfaee integral <<1 tin* normal out* 
ward component, of any vector taken over any cheird surface#, 
within and on which the vc«*f.»r is ninth tm, ns espial to the 
volume integral of the divergmee ».f the vr> t..r t .»K«mi through, 
out the space within the mu f.nt\ »lo*w { hat it m spherical 
coordinates A\ w, 4* are the fump>«mni•» of ,i n-> t»*r Q, taken 
in tin* directions in which >\ 0, $ met ease lun.-.t rapidly, the 
divergence of Q is given hy the v% pt mutton 


J) V {>*R) ■ / r 1 t hi ■ t r mu ti t /rpt* »* sin $. 

144. Assuming that, if (, ?/, I are three atnih tie funetintie 
which define a system ot otthogotmi t-m v tSun .ir coordinates, 
and if /i|, /<„, are the gradients of th«-?»e functions, the sm> 
face integral, taken over any cloned «ui !.n e ,s*. of (' not (£, n) 
(wliere U ia any function anal) he w uton and im »V, and n) 
is the angle hotween the enters,»r mental to Nat any point on 
A, and the direetiou at that point, in whn-h i iHcrr.isfH moat 
rapidly) in equal to the volume integral e\i« u»h d through the 
Hpaee eneloaed hy ,S', of A| h n /o < [ t h H h \ * ( t show that, if 
Q$t Qqi Qi ii»' the component n in the dm-etn.ir. in which f, rj, 
and l increase must rapidly, *4 an anah tie vector the 
normal oomjKinent of Q integrated all ««v« r S given 



Write down an expression for the dtvergumv { ,f m% analytir 
vector in terms of |, rj, and, annmutttg lh.it m the raw ni 

spherical coordinates h, 1, h g l r, A, | /r «i»» B, show 
that this yields the result stated in the hint president, 

140, Let t\ he a fixed }«*int and /* u movable jwiitit in the 


inass, (V is unique. Show also that if G = G' 4-1 /r, and 
if w is any function harmonic in 1\ which vanishes at infinity 
liko a Newtonian Potential Function and has the value w 0 

at 7 V 4ttu» u = Cm • J)JhlS } where n represents an exterior 


normal to N So mo writers call G “ Green’s function ” for 
the given £1 and the given I \; others reservo this name 
for O'. Attach a physical moaning to G. Deline a Green’s 
Function for space inside a closed surface S. 

Show that if £1 is a plane and if r' is the distance of P 
from the imago, in the plane, of the pole P^ the function G 
is 1 Jr — ! / r 1 . 


14(5. Show that the expression ff 2 Pl '\og(r/r 0 )'dA l , 


whore r u is any constant, might be used for the logarithmic 
potential function of a columnar distribution of repelling 
matter. 


147. Show that in general tho surface density of a charge 
distributed on a conductor is greatest at points where the 
convex curvature of tho surfaeo of the conductor is greatest. 

148. Show that if l, m, n are scalar point functions which 
define a set of orthogonal curvilinear coordinates iu an electric 
field in air where tho potential function is V, and if L, M, N 
represent the force components taken at every point in tho 
directions in which the coordinates increase most rapidly, 
L « - h t ■ I> t F, M** - A m • D m F, 7V« - h „. JD H F, and Laplace’s 
Equation can be written 


A (A /h m - h n ) + J) m ( M/hi • h n ) + A, (A7 h t • h M ) = 0. 

149. Provo that if a distribution of electricity over a closed 
surface produces a force at every point of tho surface perpen¬ 
dicular to it, the potential function is constant within the 
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exp<iseit to I’.'U'h «'tUi’r’.N uitliti su - '-*, It .t • ii.u .;<• •<! runnit* of 
electricity lu* \ cu tu the i'umji.> mI<- iii• f.*i, it..v\ that 30 
unitH will {.;•! t u charm*t he ‘‘miller »|***< u • and f*» uuil\ to fclto 
larger .sphere, it \\ r Uee;iet t t ie* *<i t hi- vuie. Show 

also that tin* teuuuu in thi’ ea e *»I tin- is 

JHHjr 

pci* mpiare unit, uf MirJarf, 

Ifil, 'I'lii' first u! three eumlurf me ■>, f, ft, and f, of 

radii a, 2, amt 1 rcnpeefn«■ !\, t< Ui<<t. ti<<m *«ue unuthor, ig 
charged tu potent ini tf It it <!• !'•<$! J(< •'!«'» 1 u ith ft fur an 
iuHt.aut, hv inruns «d u line w n*-, and if t lu-n ft In* euuhretml 
with fill lilt' .same U4>, * rli.uee asll Stu ;; d. f Sfuite. j If, 
in Urn last, example, all thin* ei.mtmios i In* «*"nn«vti*d at the 
name time, (''m chaise a til l*i* l «'•, 

lf>2, A charge id .1/ mol *« u{ rlrrf * *»• * I i i> •■••inmuniuaird to 
a euinpuKitr emiduetur mad** uj»*»| nv u w uirh neparaied tdlip* 
Hoidul eoiulurtors, uf semiav-t d, t and I, i*, S rriprrtivrly, 
connected hy a turn wise, Stum that t he > h.iun*, utt flu* two 
ellipsoids will hr | ,!/ ami *f 1/ n* .prrf ui-l\, (’uiiip.ire tliu 

Values uf 2 •srir" 1 at UHi'l'i’Hpniitllln* puinl’tid I la* 4 t \v« • rfUiliidurH. 

in:t. (Ian two electrified hudtei. affra* t «u repel each other 
when UU linen uf force run Im diauti from mir body tu the 
other ? 

Two ennduutura, J and ft, roniuvied with fhe earth uro 
exposed to the illdUeltVe action id a thud rhatred U«l\ . ltd 
A and U art upon raeli other 7 If *.», h,.« ’* 

11)5. A Hpherieal euudnetur t, uf t idnm >?, i hardml with .1/ 
units of electricity, is surrounded 1*\ n ruudm-ttu^ spherical 
sheila eoneentrir with it. K.u h shell in ut thiclmevt »*, afid in 

nmil V i ml r ft,m i 1 .. t....... t... ...... i . . . i *1. . I ..... .1 .1 
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.157. An insulated and uncharged spherical conductor of 
radius 4 centimetres contains an eccentric spherical cavity 
the radius of which is 2 centimetres. At the centre of the 
cavity is a point charge of 10 units. Show that the charges 
on the inner and outer surfaces are uniformly distributed and 
that the value el the potential function at all points within 
the cavity is 10/r 2.5. 

158. A spherical conductor of 10 centimetres radius is sur¬ 
rounded by a concentric conducting spherical shell of radii 
12 centimetres and 15 centimetres. The sphere is at potential 
zero and the shell at potential unity. Show that the charges 
are • - 00, 00, and 15. 

151). Trove that the electrical capacity of a conductor is 
less than that of any other conductor in which it can be 
geometrically enclosed. 

100. Show that, two exactly similar conductors symmetri¬ 
cally situated on opposite sides of a plane, so that one is 
the optical imago of the other in the plane, repel each other 
if raised to the same potential. 

101. Trove that the following statements are true: If any 
conductors, some or all of which are charged, are exposed to 
one another's inlluences but are. far removed from all other 
charged bodies, the charge on one, at least, of the conductors 
must have the same sign throughout. If two charged con¬ 
ductors, uninfluenced except by each other, have ecpial and 
opposite charges, the surface density at every point of one 
has one sign and the surface density at every point of the 
other the opposite sign. A charge, - 1, coneeutrated at any 
point /’ produces a distribution of one sign throughout upon 
: onudu -tor (’ which carries a total charge of 1 4- u, a being 
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are at opposite potentials, I 1 m* di-unhutiou in each him the 
same sign t»v»*rywitcit* that tin* potential tuurtnm has. A 
charged conductor m alwa \h at tt acted, m thi* alwcnee of 
other charged bodies, l»\ r\ rn *»f ii**i conduct. *r, m ita neigh* 
borhood, which in put to earth. j l*uhmi ] 

11‘a i« the number of null Farad, u lube >, per jupnire oenti- 
metre, which pass through any muail portion «4 an eipiijKiten. 
tial nurture of nn elretrie Jiehl m mr, Iho strength uf the field 
on thin small urea i-< 4 w». 

HSU. If when a unit charge b* placed nti a conductor C in 
the presence of conductors kept ,ii potentml zero, the 

e.hargcH uu these are r v ; lien it < * 1**' discharged and 
iiiHulutcil ami f (\ !«• raised to p.Uehtinb l ,, t „ the 
of (' will he r, l‘, I fJ'r 

1(5,4, A snap huhhle *«f Miriam ten sum V has a ehitrgo Q, 
Show that it« iliaineler t« i* » / 4, 

1(>4. Prove that the rap n if r «<l » o.juai spherical romlenaara 

{ 

when arranged in cascade »* on!) al»ml th of the rapacity of 

one of the condensers ; hut that if the inner spheres of all the 
condensers he rouuertrd together hi line u irm, and the outer 
conductors lie also enuueeted together, the rapacity of the 
complex condenser thus formed i > aUmt n iti»e« that of a single 
one of the condensers. 

105. A conductor the m pattern of the surface of which il 

«r 9 / i 9 

iff * 1 in 1 i» 1 

ia charged with 80 units of elect nett) ; what m the density 


any point of A to tho walls of tlio room without encountering 
one of these other conductors. Will there he any induced 
oluirgo on the walls of the room? 

107. Assuming that in the case of a conductor surrounded 
by dry air, 8(K>7r dynes per square centimetre is the greatest 
pressure that a charge on the conductor can exert at any 
point upon the air without breaking down the insulation, 
show that a spherical conductor must have a diameter of at 
least 0.126 centimetres in order to hold, in dry air, one elec¬ 
trostatic unit of electricity. 

168. Prove that two pith halls oaoh 4 millimetres in diame¬ 
ter and 3 milligrammes in weight, suspended side by side by 
vertical silk fibres .10 centimetres long, cannot he so highly 
charged with electricity that the fibres shall make an angle 
of 60° with each other. 

169. Discuss the following passage from Maxwell’s Elemen¬ 
tary Treatise on B/eetrieity: 

“ Let it he required to determine tho equipoteutial surfaces 
due to the electrification of the conductor 0 placed on an insu¬ 
lating stand. Connect the conductor with one electrode of the 
electroscope, the other being connected with the earth. Elec¬ 
trify the exploring sphere, 1 * and, carrying it by the insulating 
handle, bring its centre to a given point. Connect the elec¬ 
trodes for an instant, and then move tho sphere in such a path 
that tho indication of the electroscope remains zero. This 
path will lie on an equipoteutial surface.” 

170. A condenser consists of a sphere A of radius 100 sur¬ 
rounded by a concentric shell the inner radius of which is 101, 
and outer radius 150. The shell is put to earth, and the sphere 
has a charge of 200 units of positive electricity. A sphere B 
of radius 100 outside the condenser can he connected with the 
condeuscr’a sphere by means of a fine insulated wire passing 
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through a small hold in tin* Hindi. It is uonnoutod with A j 
tho cumneotiou in thou hrokon, ami It is dmrhargrd ; thd con¬ 
nection is thou tuailo ami hrokon a** l»don«, ami U in again 
(liHohnrgotl. Aftor thin pruoos.s has mom through with 

iivo tilnoH, what i« .I’h potent ml V What w mild it hnuome if 
tho shall worn to ho romovod w it li*ml touching J V 

[2(101 2 {lol f . lnLV. J 

171. If tho oomhoiHor moutioiiod in thr last problem be 
mutilated anti a ohargo of loo units <*f poottvo olnotrieity 
ho givon to tho Hindi, wliat will Ito llm potent ml ot tin' sphere? 
of tho Hindi V If wo tin'll otmnoot tho sphere with tho earth 
by a lino i mutinied wire panning through th«* >du II, what will 
ho tho ohargo on tho outside of tim shell’' Wind will ho the 
potential of tho Hindi ? If next J hr luuil.iti’d, and tho Hindi 
hu put to oarth, what will ho A'h potent t.il ” What will he 
its potoutial if tho slndl ho now wholly removed M 

[2/a, 2/a, - -1SM0/-I I ; n«)/-11.2;2<h\ 2, 2W,, 2U2 /205.] 

172, A oonduotor in eharged hy repeated ountaotM with tt 
plate wliiidi aftor ouoh mutnet is recharged with u quantity 
(/?) of electricity from tm elect rnphotti*i, l’n»ve tlmt if o in 
tho ohargo of tho ooudm’tor aftor tho Jh if ojH'ralinn, the 
ultimate oliargo is /•’ o /1 H r). 

172. If ono of a system of n conductor’* ontindy surrounda 
all the others, 2 (a •»* 1) of tho euertieienl« of jmieutmt havo the 
common valuo /», If tho mitidde oonduotor Iw put to oarth, if 
loans a quantify Q of olootrioity. Show that tho energy loss 



17fi. The energy, per unit of surface, of a plane parallel 
plate condenser in which the superficial charge density is 
,r„is 2 7 r<r„ u u when the. distance between, the plates is a. Show 
that if the distance be decreased to a •— An. the energy is 

2 7r<r ,, a (a - A a) 

if the charge remains const,ant, and 

2 7nr u "u'"/(u * - Ac) 

if the ])otential remains constant. 1 fence prove that the rates 
of change of the energy are equal in value but opposite in sign 
in the two cases, 

170. The foot of tin* perpendicular dropped from any point./* 
upon the Hue .I,,!., shall he marked M. At d, is a point charge 
w, and at d y a point, charge m., x m x being greater than vi T 
.•/,/> /•,, AJ* r v ./,.!/ .r, M /’ ■ //, d,d 9 ~:tr, mjvit --//a 2 . 

Show that, the surface integral of normal force parallel to 
the »r axis o\a*r an infinite plane through M perpendicular 
to d,d a is 2 I»A if : ’<>; 2 7 r(uq *1- w/ a ) if 0 <x< a ; 

and 27r(w y ///,) if .»*.;(). The induction outward through 
an intinite spherical surface with centre at any 1 ’mite point is 
<1 7 r (hi i My). Show that the value at any point on a spherical 
surface of radius /•„, with centre at d„ of the normal outward 
component of the force is m,/ r,* »/ a cos (r t , r.,) / and this 

is positive for every point of the surface if r, > c/x/f/x. — 1 ). 
It follows from this that, no line of force can come from 
infinity to the charge on d y ; hut *1 7 rw> a of the 4 TrHq lines 
which start, from d, reach d„. Show that; all the lines of 
force which cross the two planes drawn perpendicular to 
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linifl which converge to A v wp in»i«t i»»|»itt»' th*» imlurtion to 
4 irWtf' Thl« yieicU m t turn «, m t m ,, winch tnay 

be regarded m the equation of the nml,trt> *4 nejamtmn 
between the linen which go from ,f, t«< >'f f itiol thow. winch go 
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of forco. Since every meridian curve of this surface is itself 
a line of force, the equation just written may he regarded as 
the general equation of tho lines of force. If m, = m a , the 
lines are sometimes called “ magnetic lines.” In this case 
the equation becomes cos u> l — cos o> a = const., and the lines 
have the forms of tho curves which pass through the points 
N, A in Fig. 125. 

Show that; if /a ~ 1, if It is tho resultant force at any point 
./*, and if Q is the point whore the lino of action of It cuts A X A 2 , 
Jt/[pin (r„ r a )] ^ m/[>y J 8in (It, r s )] = . m/[r a a sin (It, r x )] or, 

since sin (d, !>Q) = (sin PQA X ) (A X Q) /n, 

and sin (<V'C) ~ (sin PQA X ) (QA^) /r a , 

r?/r?~^Q/A t Q. 

If Q is fixed, /* must move so that r x /r % is constant: its locus 
is, therefore, a circle. [Sim Maseart et Joubert, §§ 108 and 
t(10, and also Nipher’s Klvclnelhj and Magnetism, Ch. III.] 

177. Two condensers A and Ii have capacities C\ and C s . 
A is charged by a certain battery and then discharged; it is 
then charged and its charge is shared with B\ finally A, and B 
are both discharged. Show that tho energies of the different 
discharges are to each other as 

{(\ + Q*: C % {G X + Q : C? : C X C % . 

[Clare College.] 

178. An earth-connected eirmdardisc 5 centimetres in radius 
aiiHincmltnl htiriy.oiitii.llv fro i one arm of a balance, and an 
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179, .v la an eijuipofeutial surface due to a distribution of 
matter of which it encloses a portion ?/,. and «*\cludcs a por¬ 
tion M y lad Mi lie distributed on S nee..rdjug to the law 
4 Trtr />„ T: then superpose mu the tun thus formed tiro 
negative of the original system, m» oh it* iu\.- tin* surface £ at 
zero potential due to the distribution on it amt to tin* negative 
of Mi within it. What will mm Ik- the v.duo uf tin* {Kiten- 
tial function without .V? At a dr4anr»* b 3 hum the centre 
of a spherical cavity of radius r, in a rumlm-for which ia at 
potential zero, is a point eharge «d w, uiui-t. hind hy aid of 
the formulas given in Section ltd the density uf the charge 
on the wall of the cavity. 

180, If a conductor (\ which enlm-ly surrounds u system 
of charged and insulated conductors, be at hi 4 uifiidatcd and 
at potential t\ and then put to earth, the potent mis uf all the 
interior conductors will 1«* dumm-died In I . tt this system 
lie now discharged, the loss «4 eurtg\ i>, the same as if f had 
not been put to earth hut hud had the inletu»r euiiduetors put 
into connection with its inner ?ou la* e, | \|, T, | 

181. Show that c.’^thsof the unit barad.n, tuU-s proceeding 
from an electrilied particle, at a dntam e e tiom the centre of 
a conducting sphere of radius r, w hu h i > put !«* earth, meet 
the sphere, if there are mi other «omhirtois in the neighbor- 
hood, and that the rest go off to infimH. 

182. If a charge m t in pluemt at a point f, distant 8, from 
the centre O of a conducting sphere of t.ulnm r f Section fill) 
kept at potential zero, the eharge imbued «<u the muface has 
the density a ■■ m x (H, 8 r 3 } '4 » »*r’ at a point distant r, 
from dj, and the total amount of the tmbteed charge is 


tlio new charge K : J> - m x rjl u and the attraction 

[w/i-rSi/cS, 8 -■» a ) a -y Wl y; i r/S 1 s ] > 

or w,"r 8, /(8, a • rf - m { K /8f — m* r j <$/. 

This attraction is zero when 8, satisfies the equation 

K 8, (8,- r) - ~ yn j r' 1 (2 8 x a - -r). 

If vl/ — + aqr/^n ^ u '- t.otal charge on the sphere will be 
zero. In this case /'„• a/,/8 h and the force of attraction is 

w, a /(2 8 t y r) / (8| u r/ J 8, !1 : this expression is always posi¬ 

tive. The density on the sphere is zero, if anywhere, on a 
circumference determined by the. equation 

K I ///, r/8, • «», r(V - 

0 and .(.j are inverse points with respect to a spherical 
surface S of radius V8," r, the centre of which is J x . If, 
therefore, T is any point, on A', J a 7'-8, : OT- V8 X M — r* and, 
if Jll -•• w, /• / n/8,' j r\ the potential function has the same 
uniform value on <V and on the conductor. The intersection 
of the two surfaces is a line of no force, and no density. 

The potential function due to ?/q alone is the same as that 
due to w, and the charged sphere, at all points on the spherical 
an rface o/*/.1/ 8, ■'/«, r: if A’- -0, this is the plane which 
bisects at right. audios, 

'Idle mutual potential energy of the point charge m x and the 
distribution on the sphere is 



aq A'/8, 


«0V 8 «W - r 2 ). 


Show that if a charged eoiulueting sphere of radius 10 oenti- 



tie'll,nit,y of the surface fliaii* /••»'*, at tin* point of the sur¬ 
face farthest from J,» ut a point ju-.f \iunl«* hum .4,, or 
at, tlio point, nearest .1,. •■'how th.it it th*- uhull* charge tm 
tho Spherical Hurfaee m M d there i * m* ,ttli.u-ln>u between 
the point charge amt th«' surface chatg>-, an*! that, if tho 


sphere wan originally unrluuged an>l tuulatcd, ifu potential 
wan constantly equal to Pi ft, an the point charge gradually 
approached itH present ptwiftmi Inmi infinit \. 

Show that the integral of t a/ r , »*,’ t du*n over the snr- 
face of the sphere b 4 «r s ft,, li*ov much «4 the charge on 
the' sphere is visible from .1, 

Kind tlie surface density on n sphrne.il conductor sit pnton* 
tial zi'ro miller the action of fvui equal eu**jn il point charges 
situated at equal distances on opposite sides id the centre. 
Consider separately the earn* where the point charges have 
opposite signs. 

1811. An insulated conducting sphere of ratlins r charged 
with m units of positive electricity is lutlwumvd hv m units 
of positive electricity eoneenlrateil at a p**iut LV distant from 
the centre of tho sphere. (Jive approximately the general 
shape of the equipotentud siurfarea m the uetghlmrhoml of 
the sphere, 

(live an instance of a positively electnlied l*ody the {Kites- 
tial of which is negative. 

184, Prove that if the spherical surfaces of rnilii a and A 
which form a spherical condenser, are made slightty eccentric, 
ft being the distance Itctween their centres, tie* change of elec 

...... . _ ti ti/n- out I 





tho axis 01 .r, 1.1111 luneuon — — «•*/*) + c satisfies all 

tlin conditions which tho potential function, outside the sphere 
must satisfy, and is therefore itself tho potential function. 
Show that the surface density of the charge on tho sphere 

is '! '* *\ and prove that this result; might have been obtained by 
4 7 rtf. J 


making /x, infinite in tho formulas near the top of page 20G. 

ISO. If f/n, 7 3a are the coefficients of capacity of two of a 
set of conductors, and if is their coefficient of mutual 
induction, the capacity of the compound conductor formed by 
joining these two conductors by a lino wire is q n 4- 2 y 13 4- q n > 
if all the oilier conductors be put to earth. If p U) p w y> 13 
are the coefficients of potential of the two conductors, and 
if all the other conductors of the series are uncharged and 
insulated, the capacity of the compound conductor is 


(/hi + /4 j ’ ~ Pn)/(.Pnlhi ~ 

If the distance l> between the centres of two conducting 
spheres of radii er„ is large compared with the diameter of 
either, I /«„ Pn 1 /"a. /ha ™ approximately 1 /b, 

so that if Cj, e 3 are the charges of the spheres and F [} their 
potentials, !\ - a l /(t t +- r.j/b, — rfb 4" « a / a v Hliow that, 
approximately, 

7 n = ■ «,*„), 7,3 « - a { (ij>/{b % - afy), 

<lm "ffia)- 

187. If on the radius vector OP drawn from a fixed point 
0 to another point /* a new point P' be taken, such that 
Op.ut" ( p, where a i« a constant chosen at pleasure, 
P and P' are said to he inverse paint*, 0 is the centre of 
invent inn, a sp here of radius a with centre at 0 is tho sphere 









function (air'/r'~, ir a?z'/r n ) lh ^(x 1 , y\ z') lias atP'. 
Trove that 

(,/>/ + 7V I- IK 1 ) **(.»•, if, «) at /* 

: " O'"'/*') ( l) J •+■ I } / + FJ) («l///V) at 1”. 

If A’ in /.('Vo on any Hiirfaco or throughout any space in the 
first diagram, mi (>/r' is zero on the corrusjonding surface or 
throughout flu* oorrosjoiidhig space. If If has the constant 
value c on the surface 8, >nj//r' has the value ae/r', which is 
not constant on flu' corresponding surface 8'. 

If F is the potential function due to a volume distribution 
of density p in a region 7', together with a superlieial distri¬ 
bution of density tr on a surface 8 and a point charge e at a 
point ( t K (ctiff/r') is the potential function due to a volume 
distribution of density p' tf‘j>/r’* in the region T', corre¬ 
sponding to 7', together with a superficial distribution of 
density tr' mV/c ,: 1 on the surface A", which corresponds to 8, 
ami a point charge c' r'r/n at the joint Q’, which is the 
inverse of ( t >. The inverse of a joint charges at the centre 
of inversion is a charge at. infinity, which raises all finite 
joints to jot.entiul c/m. If F is flic jotential function of a 
distribution tr, p wliieli keejis a certain surface. 8 at jotential 
zero, (m/y/V) will be the jotential function of a distribution 
tr', p' which keejis the eorresjonding surface 8‘ at jotential 
zero. If F is the jotential function of a distribution cr, p 
which keejis tin' surface 8 at jotential r, ( mf/jr ') will be the 
jotential function of a distribution <r\ p' whie.h keeps 8 1 at 
the jotential nr/ /: if, however, we add to the distribution 
tr 1 , p' a joint tdiarge nr at the origin, the new potential 
function will keej> 8* at. jotential zero. 

IKK. Show that if a joint, charge e be anywhere between 
two infinite jduue.H which form a dicdral angle of 00°, these 
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if they arc kept at potential />-ro in pn--u-ne«< of a jioint 
charge between liu*m, ln\*ut the \\ with respect tu the 
charged point. 

1 HU. A homogeneous aphon* <>i 4- it a! v ( > ami radius r has 
its rentre ut. a jutjnt f ' distant >! an out -ado point 0, 

The value of tlio potentlal turn tmu .it a point /' outside the 
Sphere is | vfir* t '( 7*. .slum that it the di >!nl«ut not inverted, 
using O as eetitve, tlm new dr»t t shutn«n is a lu-tcrngottrnuH, ren- 
trobavie. sphere of mass \ *>*■ ■’ *^> the bane centre of which 
is the inverse point ul t J leutih, | 

100. A point charge i r lies mu the x umh at u dintauoe 4*A 
from the origin between t wm conducting plates, .< tl, x «■ Ur, 
both of whieh are kept at .eto, Show that the images of the 
point charge in the planes are an intmste mill's of point 
charges ntimerteally equal to r hut alternately positive anil 
negative at points on the x a\m. The coordinates of the nega¬ 
tive imagwutru A, tie f Aj, {Ke f Ai, Ai, iHe A), 

(lUe A),.,ami those of the pentsve uu.nm » are < l r f A), 
(Hr + A), {life pAt, •, (ir At, |,H<* A*, s IU e Ah--. 

Show that the force at any phut l»et ween the planes might hr 
computed fiom these iinageH and the original punt charge, 
Indicate a tnetlmd for determining the density of the imhtm! 
charges on the plates. State clearly the result of inverting 
the system, using the original charged point a.-* eeutre of inver¬ 
sion, ami each of several different valuer for u 

If in this problem the charge * m at a point a midway 
between the plates, and if this punt lw* elionm m origin, A ■■■ r, 
and there are positive images at punts tl**’ r coordinates of 
which are 0, 4 c, He, JU c, • , 4 »% K <•, 1*J r, , and negii- 


V* c , 


points the a? coordinates of wliie.h arc ±£c, ±£ C , ± ^ 
and negative charges J r, J e, 4 at points tho x coordi¬ 
nates of which are ± \ r, ± j 0 , ± ^ c,.. •. Tho total charge 
in each of tho spheres is 


” h 6 ( 1 ■ i + i '£•••) ~~ — i- & • log 2 = v 0 r • log 2 , 
and their mutual repulsion, J F„ a (log 2 — |). 

“191. If two spherical conductors oaoh of radius a have 
charges e a , and are at a groat distance apart, the energy of 
tho system is (c,* d~ a. If the two are brought up into 

contact, the whole charge of the compound conductor thus 
formed is (e, + e a ) t it is at potential (s t 4 - / 2 «• log 2 , and 

tho energy of tho system is (e, + e 3 ) a /4a-log2. Show that 
tho work done against tho mutual repulsions of the two charges 
during the approach of the spheres is about 


[(0.722) c,* - (0.139) (tf+ *»)]/«, 
and discuss separately the special cases 


«i 'k - <*s, «i = I <V 

192. Bhow that if a point charge he situatod at a point 0, 
between two concentric spherical surfaces, it is possible to 
find a series of electric images which together with the origi¬ 
nal charge would keep each of the surfaces at potential zero. 
What would be the result of inverting the system, using 0 as 
centre V 

192. A certain condenser consists of a closed conducting 
surface ^ surrounded by another closed conducting surface *S' s , 
separated from the first by a homogeneous dielectric. When 
the oondoiiHor is charged, the lines of force between *S\ and *S a 
arc tho same as if *S* g were removed and freely charged. 
What do you know about *V, and S 3 ? 

1 fli. Thu Himtinvim nf ti eonductiiiff nrolata ell'nsoid of 








200. A. Hiuall insulated conductor, originally uncharged, is 
connected ali.t‘rn:it.idy with two insulated conductors A and B 
at a considerable di.st.anni apart. Provo that if « 0 and e 0 ' are 
the original charges of A and />’, e, and e,' tlioir charges after 
the carrier has touched A and thou touched B, the charge of B 
■when the carrier has touehad .-I and B oach n times is 

«(> • J\l , _ , ( 'n — _ 

ah - 1 (jth - 1) <t‘ l ~ l b n ~ l> 

where a - vj<\ and h (e„ -|- <\/ -- 
Thu charges of <1, />’, and the candor, are ultimately in 
the ratios 


flj(c,i t'i ~l~ (\i 'V) : • /! t) ’> (^n Ci) (e a — ^ -f- (’o' — 

201 . tf a series of conductors were constructed which 
might bn made to eoiueide with the (dosed level surface 
of a harmonic function m which vanishes at infinity like a 
Hew toman Potential Function, the capacities of any two of 
those conductors would lit 1 to each other in the ratio of the 
reciprocals of the values of w on the corresponding surfaces. 
If two of the surfaces for which in . m, and w -- < u\ be 

constructed of metal, and if tdutrgcs A\ and A’ s ho given them, 


the energy is 


1 i fill <[ > 

2l <\r 


(A 1 , -h IQ* 


where (\ and (\ aw the capacities. The energy becomes 
| (A 1 , 1 K } f ’ <\ if the two arc connected. 

202. An insulated conducting sphere of radius r, hearing a 
charge vi, is iutroilticcd into a field ot fovee due to a fixed 
distribution .1/ of electricity. Show that if the value of the 
potential function due to M at- the centre of the sphere is 
C the value of the potential function within the sphere is 
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The valuo of; tlio potential function on the cylinder is 
2 m log 8 , / r 2 m log r /S 2 . 

If, now, the mass of tlio lilamont which cuts tlie plane 
at />’ bo spread on tlio cylindrical surface so that the surface 
density at every point is 

<r -• • F /4 7 r or -- m ( 8 i 3 — r 9 ) /2 7 rr • r/ 2 , 

the potential function outside the cylinder will bo unchanged. 
If, finally, a mass ■///' per unit length bo sproatl uniformly over 
the cylinder, the value of the potential function within 
and on the surface will be 2 m log ( 8 , //•) + 2 m' log r, and, by 
a suitable choice of in this may 1m given any valuo. The 
whole charge on tin 1 unit length of the cylindrical surface is 
Vi' • - vi .; 4/, tins value of the potential function on the sur¬ 
face is /’, v 2 in log ( 8 ,//*) h 2 (71/ + m) log r, and the surface 

density at a point distant r, from tlio straight lino which cuts 
the paper perpendicularly at A is 

(4/ -h in) j 2 7 r/* - m(V - r 3 )/2 ^. r x \ 

At any point Q without the cylinder the valuo of the potential 
function is 

2 in log (AQ/HQ) + 2(4/ -f m) log CQ. 

Show that the force of attraction between the charge on the 
cylinder anil the unit length of the filament through A is 

2 /».[,/i 8 l /(V r 8 ) -(A/+w)/ 8 , 3 . 

ThiH force vanishes if S^/r 9 :(i/+w)/Jf. Show also that 
if the cylinder is at potential zero in the presence of the fila¬ 
ment through ,-f, 4/ » -- in log ( 8 ,/r). 

If wo superpose ujam this distribution a second consisting of 
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which lie cm the curves ,v in the old diagram arc transformed 
into points which lie on a (curve s' in the new diagram, so that 
thee c.urve .s' is transformed into the curve ,v r and, similarly, the 
region T info the region 7 ,f . It is evident from the proper¬ 
ties of conjugate functions that two curves which cut at an 
angle 0 at a point I* in flue old diagram transform into two 
curves which cent each oilier, in general, at the same angle 
at the point I* 1 . Show that is the logarithmic potential 
function due to a body distribution through tlio infinite 
cylinder of which T' is the cross-section, together with a sur¬ 
face distribution on the cylindrical surface of which ,s ,f is the 
trace. Show also that, if )d represents either of the two equal 
quantifies ( P,nf 1 (/yi) a -|- (/yj) a , the numerical 

relations, at corresponding points in the two diagrams, of the 
corresponding elements of are. and area, of the corresponding 
values of flu 1 volume and surface density, etc., etc., are truly 
given by the equations 

( la ~ fids' \ if A Id d A'\ p/i* />'; <rh = *. <r '; 

if) <t<; A</> A'I>; h I) t cf> !>,A\ /dA 3 $ — ; 

h * /^,4'; p (lA = p'dA' ; fr ds = a'ds 1 . 

20(i, (liven in u plane two circles of radii a and h respec¬ 
tively, which have no points in common, it is possible to find 
two points (h>,, ( t Kj) on the lint' whie.h joins their centres 
(A t //), such that if t\ and represent the distances from 
4>, and (,)j of any moving point., both circles belong to the 
family of curves represented by the equation i \/= r„ Show 
that if A H d, and if the eireles are mutually exclusive, Q x 
and Qi are between A and //, and 

AQ X (»»* 1 rt l IP /i’)/« i/, IU,),,,(lP-\<r l ~-a*~Jt)/2d, 






of the y axis, and positive values of c greater tlxan 1 to circles 
oil the right, of flu' y axis. 

When c > 1, r (a -\- «.)//•, and a = -f- Va a — r 2 , 

but when r. * 11 , <' - (a ~b u)/>•, a = ~f- Va 52 ~ ?d 

On two circumferences of the system, of equal radii, on oppo¬ 
site sides of the y axis, r i /r. i has reciprocal values. 

Using these formulas, prove that the charge per unit length 
on a long cylindrical wire of radius 0.5 centimetre, kept at 
potential unity at an axial distance of a = (500 centimetres 
from an infinite plane kept at potential zero, is 0.0(5424 units. 
In this ease r is about 24(H), a about HOD.0008, and A, 0.128. 
Show also that if r 0.5 and «. 10; a - 0.088, « = 30.075, 

A - 0.271, but that if /• ~ 0.5 and a ™ 1 ; « = 0.800, r. = 3.732, 
A 0.750. It is to bo noticed that 300 volts are equivalent 
to 1 oloefrostafie unit of potential difference, l mie.rofarad to 
900,000 electrostatic units of capacity, 1 ohm to 1/(9 X 10 11 ) 
electrostatic units of resistance, 1 ampere and 1 coulomb to 
3 X to 9 corresponding electrostatic units. 

In general, if an infinite eundueting cylinder of revolution 
kept at potential be plaeed with its axis parallel to an 
infinite eundueting plane at a distance «. from it, the charge 

per unit of length is | U n / log and the surface 

density is inversely proportional to the distance from the plane. 

208. A condenser is formed by two long conducting circular 
cylinders, one of which is entirely inside the other. Prove 
that if r and r' are the radii, d the distance between the 
axes, and 2 »t the distance between the limiting points of 
the coaxial system to whieh the cylinders belong, the inverse 
of the capacity per unit length is 
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uuuqjmumon wi n.r **uw« umi bu c () , ana i? 2 respectively are 
" tt^'i 1 I ~ »i./a), Hi n* (l , 2 Trt'<i (1 — n /li). Trove that if e 0 , e v 
and <•„ worn distributed cm the surface composed of the larger 
segments of A', and K according to the law <r = 7 7 /4 tt, the 
surlaoo would bis at potential X, and the.ro would bo no density 
at, the circles of intersection of A', and A Y a . The oluirgo under 
these eircum.stane.es on tins larger segment of A\ would be 

i l/i 0 + m/«.)■+• /•„ -f c’a (1 — n/!>)'], 
or k \(<r -|- h -h »i — Vv/m — n), 

or iXA[.l I-S -8 .1)/ 

■where 8 tt/b. If b is very large compared with a, the larger 
segment of A', becomes nearly hemispherical; its charge is 
about d A."V>1 ^ ^nd ibs mean density JU/.S^, The mean 
density on Ay when this ratio of <t to b is small is nearly equal 
to X (•! IP d ir ) j 1 (> Trb’K I f a //> 0, we have a hemispherical 

boss on an infinite plane; tins ratio of the average densities of 
the charges cm the boss and the plane is d/d. 

did, A point charge r'at (•! /», 0, 0) and a point charge ~ p 
at ( -I (u 0, 0) keep the plain' .r 0 at potential zero. Show 
that if the system be inverted, using the point (— 2 b, 0, 0) as 
centre' of inversion and 2 b for radius of inversion, we obtain 
a spherical surface of radius h , with centre at (~ b, 0, 0), kept 
at potential zero by the charge e at the point (—4/1, 0,0), 
and the charge at. ( ^ b, (1, 0): this is the problem of 

Section (id. If the centre of inversion were ( - - 4 b, 0, 0) and 
if a were 4 /j, we should obtain by inversion a spherical sur¬ 
face of radius 2 b, with eentre at ( 2 b, 0, 0) at potential zero, 

under a eharge l r at, it s centre, and an in finite charge at infinity 
which lowers the potential function at all finite points hy t\f\b. 
If this last, wert' omitted, the value of the potential function on 
flw, u * 1 mm 1 ki *n u* ut 1 be /< /.I h. so4 is i t.lierwise evi lent. 





is in in' j } n> i •< i ♦ m < •' ^ ’ j 

21 {>. if i In" jtju.v 5 i\«* ■ )*• <«-.I « iusj»..irntial surfaces 

in nir )•** filled with a 4*.»!«-. !n. dr >in ii\ *»l which in 
I'ithiT utufol lu «*t H re’.ihu Uiv h \ «1 surfaces of 

whirl* I'uUlt nSi* tt Slh lliC ■, u, !».<•» i«I 1 Im field, the 

putrid itil funiii"u w dh<<u! ! hi ’>!.• h « 41 '*.«■ mu km«ed,, hut its 

value withm « sit 1**’ il !>*, .i * <*3*-if,ini 

2 IT. An intimfr *in In im- t}*<uji«i«d l<> ;in infinite con* 
dueling plum- uhi* h i * nt.uuf .»n»* *1 >»t a |«-!ms!i,iI \r\ wherer 
is the dhlum-e f uni* n t * w m*' that if the 

induel n il v »< ih«- 4*.-!,, i» *»• * ,u »• j .* > th»- >h-«t,uu'" s from 

thn JlluUP, flu* potential at .IM I' -a?aS l'» V ■ >*' i 5 4, wSlW! U 
i« the dlstaine ftmu an u* in d».»an the-ngh M peljKUulirular 
to lilt 1 * niitilmi»t»K jdsitp' 

«{H, A tllHlriliUlunt «•! matter 1/ r.isrc •;? i «»f lWt* {KlHiutUt Jfj, 
ill a Ilium WlientlH lue«huoi >4 indu* I n ill lind ,l/ t , in a 
hnmtn?»ntrtmH medium «<{ indui-tn it \ ^ r**undutg the other 
medium ami rear lung !>< miunit V?« e.ptip>>feutml rli»st*d 

fuirfuee «V, I/., t 1/,, sii*4 hr* wlmlly in 

the fir?4 medium, >t ne« ><ud » hoed * ^n|H*t«*uis.»l »urfnnn t% 
mtrruumiH d/ t , exclude* I/,, .»»« 1 Is*- i «ledly tu the xenotid 
medium. Prove that if r |?> I 5<e d* d .iuri- from .4 fixed JHijnt 0, 
if nurmuln itrr drawn outward • *» S } .n*4 inward mi S u and if 
t/tj uiut </r, a re tdrim-nti t»( ** wsilutt S % and without S% 

rtmpwstividy, 



if 0 i« witlimit ami 


and 4 TTfXi ( V a 1 ,,) - • - fiij J ^ - d^i 4- ^ 7r J'J'J'~ ^ T u 
if 0 in within A\. 


allow from these equations that if ft tho surface of separa¬ 
tion of the two media, in equipofmitial, is equal 

to p a J » if ^ i« without ft and to p, ft H- - p t ) ft if 0 is 
within ft. (live physical interpretations to these last results. 
How is the force at. any outside point affected hy the sub¬ 
stitution of one homogeneous dielectric for another in the 
whole region bounded by A”.’ 

li 1 *). The open surface A' is a surface of zero potential duo to 
a distribution in an infinite homogeneous medium of induc¬ 
tivity pi on the right of ft and to a distribution 7ft in an 
infinite homogeneous medium of induelivity p u on the left of 
ft A' is the common boundary of the two media. Show that 


if is the distance from a fixed point 0 , 


///'? 


Px Tor 


p a /', according as n is to the right or to the. left of A. 

if lid. The function IT so vanishes at infinity that v 1 .7> r lV ) 
where /* is the distance from any Unite point, is not infinite. 
The normal derivative of ))' is given at every point of an 
infinite plane. Prove that if IT is harmonic, everywhere in the 
Hpaee on one side of the plane, if is determined in that region. 
Prove also that, if If is harmonic in the region cm one side 
of the plane except, at the given points ft, ft, /'»,•••, ft,, at 
each of which it becomes infinite in such a manner that, if r K , is 
the distance from ft, and if m t is a constant belonging to this 

point, II’ in ‘ is harmonic at ft, JP is determined in the 

n 


roirion in n nest ion. 
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MIHt’KU.AN K* 


nmnnitm surface S <4 flu- tw<« nu-*is » u eh.ogr t • ^ 
At (,>, uny point on A', !•*«■ 4 e- ?h;, >• h,u,;e has the 

normal t*utu|wiu* , uS r t t /‘V • . "« a |». ; a t },;■*,* mf,. i iif mniuti 
nu'ilium, 11 ,V S and A, u«- the n»oo> ».! . «<mpuh» ut i of the 
whole force at U jHtinlmg s?,1 “ the t’ A ” and if «■' in 

the apparent demuty «*f the mnhe-e «h.ugr *>u ilit* plaua 
at Q f t t , 

A", - Wtt A, ' ; «• »«♦ i « V , 

and ^ t .V, | /i ; A, »*, A', » A', ? i »«*'; 

whmioo A’, a | i#*, * /»>* t |» 

and A’u 2 I im 

Prove that A' t might he « au e-d h> an apparent charge 
(Ai ' ' Ail f ’/(F s I fM at /". t!**■ image >4 J" to the phuio, 
together with an apparent Hi.itge * .4 /' and that A", might 
bo duo to an apparent charge « #*./ * e. •* #*.» -4 /' lienee 
show by tha aid of the lh«»<rrm -.t.d.'.i m the la-4 problem 
that the potential funrt»oi»-» due t-» il»»*w apparent charges are 
identical (one in the first nmimm, the other in the mmml) 
with the vallien of the actual potential function m the rase 
dcaorilml in this problem. The char go at r t-i urged toward* 

the dlelaotrio with the force r ,H • f " s **'' . 

222, Using the notation of ttretnm «v„\ hi the plate A of a 
epharioal condenser 1«» charged with m «»tnii *4 j«#mttve elec* 
trinity arid sojunrated from the phite /«, whi* h n jmt t»» earth, 
by a spherical shell of radii r mid r m.ide up ««f a given 
diclfiotric, J#et m first mk imrwh»<i what the efleet of the 


quantity + vi on the outside of this shell, and so on. If 
there were n such shells in the dielectric layer, and n + 1 
space's, ami if 8 were the distance from the inner surface of 
one shell to the inner surface of the next, and AS the thick¬ 
ness of each shell, the value, at the centre of A, of the poten¬ 
tial function due to the charges on these shells would be 
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This quantity lies between 
G* 


l — *♦. 

1 A-8j a,!lU<l// 


hut these differ from each other hy less than t s m\8 


*«n-i 

^(rT/cSj 55 

r ( 2 


so that in A 


* r ■ 


r-rt 


I A I <*>, I jt 

_j, which is easily seen to lie between 


(} and //, differs from I’ / hy less than t. If, then, 8 is very 
small in eomparison with r ami r„ dilTera from m A 

hy an exceedingly small fraction of its own value. 

This shows that the effect, at the centre of A, of such a 
system of enmlweiiug shells us we have imagined would he 
practically the same ns if a charge m\ were given to the 
inner surface of the dielectric, and a charge 4* wtA to its outer 
surface, while the charges on the anrfaces of the thin shells 
within the uuoet of the dielectric, were taken away. That is, 
the value of the noteut al fu ration iu A would be 




Hueh a system t»f !•» uil rmlueed isitu nl».d w r Iuia r }»itht»rto 

H\l J IJiOHl'ti tu In* t 111* cirri % ji.dh Jiui! liruil.i? ju it|.-r ) «‘l 

the t.W() parts id a «phri lr.il nuiilm >■ ! «.-uM ;st. the 

imparity uf thr I’Mjulrli'tri lit thr S if;-’ >*» } | J^ 

is tu he nuth’rsl th,t! X r> ,i pirprt h.irfu ss a u .mil ,\ ( 

would eurrespuml re-.prri si rh In a | 1 J«• i no d *t.»i ,ut>| tu a 
per fret. 1 ’uinturtur, 

11' the euatitigs ol a p.u.ill* 1 |4d«- .us r..n.i«-ss • i-* he u» the 
pluJK'M ,r 0, X It, .usd St I hr lit I Il.tv r 4 >Uu5<‘S m *4l|>rrtiei.ll 

rliargo nf density •» and h>- l.» • i 4! p..!m! 2 J .-»•(**, tin* 
polsMitiul { ntirt lull tu I hr .ur In I u m, lie* p! ifc. i-> *■ v t«lrutlv 
4 TprA Show that tt si uumhet * . t pj.mr pi it«-1 ».{ m, t.d u f 
small thiekness AS 1 h* unitmn»!\ dt'ditimied hei wern flu- ru.it. 
illgH parallel tu t he >/ ■ plane *•.»• ,11 {* * i-e nep.u air, i ! 1 , .jti *m»Ji 
other by air sp'.U’rn t»l thedasc •» , j ,v • A, I hr » 1 j 4' si V ul the 
condenser will he tuet im-uiI an tJsr t.sf &»< t«i {.. |, where 
fx ■ 1/(1 A}. Shu\v al 11 13*.if sf A i«r ua4'h- m'taslrmmul 

ami A a funrtien id .r, wr ha\«• hei *1n ;i ?i,«- ,u m/*, m the 
limit, p/\f d wif, nf /l iji /* I I U, ? he d life, i u! aal eipta* 

tiuit which I' wuuhl sat 1 »t 1 m 4 r 1 dub. in.- .-f tn.lieinitv 
varying with r. Tsr.it ae un, ««n the 4 = minpi that A 
vanes with i\ t hi' ease «»f the uphr 1 seal r • mdet t’n t niti - iiilereil 
ahttve. 

22»l. I he potential iuuelnitt 1 ibir t>* ,m rirrtrir.i! « >r mag« 
netie. distributism in an tmhtetjvr medium, m.n he e,imputed 
aee.ortling tu tlm Newtonian Law- h% taking mi-. 4r.-1.uuf l»»th 
tlm intrinsic and the induerd rh.ugef, if # , . u ,d „ iUI , the 
intrinsic, volume ami surface di-umi!»-•», and it the miegiatiuns 
extend all over the spare where p n and «»„ .»t *- dsifernit front 
ztsrOj tlm potential energy «»f the di»ti tluilotu m uniniilv written 


Why huouki mu me tr/i/nurur volume anu surface densities 
be used in limliiiK the energy by tlm equation 

Answer thin question fully, using an illustrative numerical 
example l.o explain youv assertions. 

Assuming that tin' energy of an electrostatic field would be 
inaUieinafieally ueeounteil for on file supposition that every 
volume dement, of space at. which the intensity of the field 
is F contributes / ,|,J /S jr times its volume to the whole amount, 
show that if a tube of force be cut. into cells by a set of oqui- 
pot.cutiul surfaces drawn at, equal potential intervals, these 
cells contain equal amounts of energy. Show how to divide 
all space up into unit energy cells. Discuss the meehanieal 
action on a charg'd conductor in an electric, held on the 
assumption that there is tension along the Faraday tubes 
which abut on tbe conductor, .such Unit the normal pull on 
the conductor per square e 101 limet.ro of its surface is A' 3 /8 ir . 
Discuss the pressure at right, angles to the Faraday tubes in a 
dielectric. 

2LM, 'flie space between two concentric spherical surfaces, 
the radii of which are .» and /* and which are kept at potentials 
,-j and /«, is till IM 1 with a heterogeneous dielectric, the induc¬ 
tivity "f which varies an the »ih power of the distance from 
their common centre, Show that the potential function at 
any point bet \\eeu the surfaces is 

i j'Jr ' 1 \ r.r" h'" 1 ) n* \ J - />*) /r" * 1 (u M l ~- 

UUfi, A condenser m formed of two concentric spherical con¬ 
ducting surlaees separated In a dielectric. This dielectric 

. ‘ 1 Sal. It.. .1 .!« fcjni*r*WU»U fif Vt 111 


n t'UOltt.r.M*. 


-jilt! 

tif flu* mti’rnmh.ilo fslirll r% *», Show that if V m tin* capacity 

of tin* i’n|st!r«n»>r» 



Tin* sif a r .\tf two |.rt*Sat» 

jsjtlliMuoU all'l !l«*’ li* Jtli *4 lL*- J-, I wlu<rp 

J, i*| tho iSiSililtirs’ a if rttil |.4.S6ll ffi'lll llliP r?*)|p lluit tin* 

capacity tif tlir si 

9 { \ 1**|? »f t big 4 <s » t*|j, 

»S»*r*» f», h atol *« s , i\ t ■At*' the »*f flo- i^jspraljdg 

’J'Jt. TllP plains ■*-»f H x'o|n|oln* , -f * fv ill** r!rn,r4 Jiul.sShi' Til|r- 
fillM’ll S, Al»sl <S f When X. SI ;il j, 5 ( ,| S f »|| 

jKofi'illltil f j, the !»i 5 !S 4 flj«»ii IJi lio' '.ill 1 -a-larrn {Stein 

jf# girtni l»y tli« r»jHtiit 5 »<s» I -_f’i r, |, -p 1 he tnW> uf (,w 

llOMPct Oil (4 J>orll<»« i \ 9 % 4 X), *»8# % |m»|!s-> 9| ! V,'< i,f S r 

{f lljp Air ill lliia Itllw »r.|« 4jaj4*rr4 by 4 hot*jo h *i !<,<•• >-.n »ln«S«T 
trie of |«4lir!n‘sllt |s, 41*4 if lf>« chjfiJira of* \ .|9i4 y,' sirrc 
itlt'ft'&atnl its itw ratio ft. 'slislit ||»« rh-af^na t»ft tSs<- r«'i»s.nti.ler 
of X, 4111 1 1 X, *roro * ‘MM»| th«* t‘<tewf S|! coer* js<i}|| 

|w* u(ir>tii|fli^4 ? WViiiM lief*’ \m 4 % in the »tir- 

far*** «i»iwtly tif !!»«*» «|*j*j*r**i! «ts X, at tho limitary 

of X,*7 

«*H, iiitt tttJk#l|‘ *4|tJS;if# r-i-ililof lit» fr.jf inns! \w> «m*>1 

hi iiwkiiif si siwul^ |iar.all**l | 4 alj* %4 nn«f 

ra|»ji*nli", if lli» I»fjr*ri,?s »*f f<nJ %.tv> to t*« «*ij»=s»ffrom 


229. Show that tho general mid Poisson's Equation, 
,/>,(/t/h /*) b /^(/*/>„/') d- /i>/; s F) ==- 4 wp , 
is equivalent to 



if £, r/. C art' any orthogonal eurvilinear coordinates. 

In the east' of Hjiherieal coordinates, where //,,=; 1 5 h 0 ~=.t/r, 

. I /rain 0 t the equation is 

H*m a ty ■ />,(/* i :x t>, T) l sin 0- />»(/j.ain 0I> e V) 

1 (/*/>*/') ' ‘l irpr % ain 2 6, 

and, in columnar coordinates, where //,, - 1, h 6 ~~ 1 /r, h s = 1, 
it is r • />, (ft r/>, T) f I/>#}*) j A ■ lK.([i I > % /") ~ — *1 trpr % . 

2.'!(). Show that it t he poles c»C a hattery, made iqi of a given 
number of equal cells, are to he connected by a resistance Jt 
greater than the sum of the resistances of all the eel la, the 
greatest current will traverse H ^vhen the eella are joined up 
in series ; lmt that if IC is very small, the cells should lm joined 
up in multiple are. If /»’ is such that by arranging the cells 
in a certain number of parallel rows ami joining up the num¬ 
bers of each row in series, the resistance of the whole battery 
can \w fusule equal to A\ this arrangement will give the maxi¬ 
mum current. 

2.U A battery is joined up tit simple circuit with a resistance 
It and a galvanometer of nnmtauee (I, After t he didleetion of 
the galvanometer has t«*eu noted, nu additional wire (or shunt) 



foroo of tlio buttory rrmnun i-.tna.ua, -.how thitt tho rnaiutanoe 

, S ( A" n 

<if tlu* hattrrv h < 1 

ff l ^ 


L’.'IU. r«U»t» tlir* Is-'?. I - h.-p r f if, wiiPfO y 

i h tin* iliManoo tiuia 4 ti%«4 •»!..<« Usii !?,«• ti-mUtm'i* of a 

c’tiiiilui’trtr 1 <\ t»i* «**!».■• at 3 s.- ■ is. ul.ss «‘i hialrintl sur. 

fiu'ns (*! riuln *i .uni /*, nn.l i.v t « -< .1: imt h irmt» **m*h 

(itltlT, jM'rjH’Ulhi Ul.U to thr «*t 8 hr »'} SSli* 11 St’J|| ftUrfttCfg, ig 



Apply thn roanIt !«» tin- proMem >4 ionUm* flu* resistance of 
the iitptiil in it r\ hinlin-,*! ,a.u‘ » 1> ai, ?a 

JiKt* 1 t 1 s* t | n .§ 4 .la" 4 l luHf I i 1 .where 

r, mol t t iitP tin- sirsLiii- «■ S Is so t .»• < !• 4t .ill®'I 

fthnw haw t*» tun! («<•«’ } . t ; 44 ,u> 1 ri..i-l«'3H j tin* rniiP 
mii’i' of a ruijiht*t*«r |.--» 5 '!, 4 .r 4 3 ■ | 4 .«irr» ami by 

twii S*»?it**wl»il! nt> n!.ir . », Ijiolr j. .4 >,.u tut 

tht* pianos urt!p*|*s»ii.tih in i.•! un rl«-| i8r iii in which 

the ifilu* eln tri* 4 «‘ n ,» « % '.su 4 j s* ,u s< 4 41,4 I hr r»»j»j»rr pjpg, 
trtKln ftoy)tt(iirt<Ml shell mu ^his»4-,5 t * -4. ui *1,1 r<-:jiRt«Mir(* of the 

Inpttil Rroitlor »»r h**>s Ht ; -. u *■> .ritirir t«« tin'Popper 

nhell than w!i**n 1? ?*> mur.-nOur « 4 ), 3? • 

«»i 4 . If tWu points, I 14 < f a }n I««• ik t.f rt.istfliclliw 
which jifii rafr%iti^f »-n* tmt u, p.<- rnut>*'rir4 }>y nu p^tra 

fMifttlut’t**? fl, .1 itlnl f! •&%*• n.»3 4 t.* I *• aI tio- nalio' if 

w» mirmit \*mw% thyou^l, If 1 5a ? ^,4 i,, i«> a t 4 |»jgl, M 
|«»tontial thiin flit 4 Mirr<'»t ^ .4 -i 11 * from 

A t«» fl. In this rvw> lls«* <• s.< 4- ,.( ail lwtwi*i*ji „1 


Three cells of electromotive Foren 2 volts, 1 volt, and 1 volt 
respectively, ami internal resistances of 1 ohm, 2 ohms, and 
4 ohms are joined up in series with u resistance of 1 ohm. 
Show that the potential differences between tins terminals of 
the. separate rolls are f vj, U, anil • 1 respectively. If the 
external rt'sist.auee were 1) ohms, tin* corresponding potential 
dilTerenees would l»e I |, 1 0. 

225. The terminals of a rompouml e.omlensor formed of 
three* simple condensers, of rapacity 2 microfarads, 2 micro¬ 
farads, and <1 microfarads respectively, joined up in series, 
touch the ends of a linear conductor of 22 ohms resistance 
through winch a current of 2 amperes is llowing. What are 
the charges on the single eondettsers ? Show that if with¬ 
out loss of the ebarges the condensers he disconnected and 
joined up in parallel with (heir positively charged plates in 
connection, t he dilTerenee of potential between the terminals 
of the new rompouml condenser will he 18 volts. What 
charge will each of the simple condensers have ? [(!(>; 2(5, 54, 

11 ) 8 . | 

22(1. Prove that if a condenser of capacity k farads he 
charged to potential (,>„ U ami then discharged through a 
large mm inductive irsmtauee, r oluns, the charge Q of the 
condenser t seconds after the beginning of the discharge is 

* t 

Q u r 1 ’ ; and show that not. one ten-thousandth part of the 
original charge remains after ItUv* seconds. 

Show also that the energy that has been expended up to 
the time t in heating the wire is 

O 3 ~ }> 

,* 2 11 ' *") joules. 

227. The terminals «d a eomleuHer of k farads capacity 
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Units /: this rli.irg*" mi *m> *4 

< ‘ 5s 

1 i*‘it ;■ r jtu^lva in 

/ l .. 

V ■/; . 

1 rt 

1 %„ 

where */ * * > ■ 

r K l 


2*w, A gnlvumi’ hnUm ;•> * •; 

*1’- 

1 of !«., i'lih'siiifi Pills, 

thi’ t , ti , rtnmn«ln»' <■{ « ! 

- •»** 

y m m«| lint inter. 

mil ^ *•;. 1 

I ‘l|. 

4?« t m\ The 

jHih»8 of til** !*»!!••»> »**<’ 

" \ M 

an «■ fwMtwe# 

uf f IlltSlW, Sh«»W tl»rt! sf * , .M<*S 

current* flowing through »<•'•.• 

1 ^ ■ 

of the 

(\ ■ {*■?'■-, » r^, '■.}'■ 

i 

* 1 i ,I . J i #s.} 

t \ ~ | f/» 5 * r-,f. 


» S' l 4, ( 4, 1 i, 

23iK A galvatusiiirln <4 *,t >*?■), 

^ t 1 : 

4. -no n j-, i 4 . form#hed 

with two sihunl'i, »«i!. .i 4« • 

a V r 

{-..('it .lh*ssr rs tHI‘4 ^ 

Ilf lilt* tnirr* , f?l nb.ul J*mv» tin- ;a 

>5s *}, i 

>* nn-4s5ss«»-fj|, am| thut 

whins Iwlh iifp u <»«•«! in |*.*t 444, 

■_**» 

J* >4 l h«- , nrrriit shall 

|istt» through Ihotti Viu*r 
shunt wm»t lw V 2»* 

1 ls» f. 

■ saijm.'r of iho smash 

24fh A »tor4g<n Inilli'r) is ii’s*’*! 


■■!«<! ,i s ssf irnf i!» rough a 

nlustff t»f «nj* .sf fang*’ 

l tr- jin’. The 

riwintaurp 8»f rarh Umj* 

. - 4 i a 

|s@« oi.ms Wiwfs 10 

lmsi|» lire u«sr»| ti'ifi < m t<-ij i .»■ 


‘•o' u 1 simbut 



to send OIUTI'IU-H ummgu ouraiuo resistances is concerned, to 
a Mingle. cell the electromotive force of which is the mean of 
the elccil.roiuut.ive forces of the colls in tho battery. Find the 
resistance of this equivalent cell and show that it would bo 
more “ effective ” whim doing a given amount of external 
work than the battery. How much work is done in the 
battery per second when the external circuit is broken? 

212. A eertuiu uniform cable fit) kilometres long lias, when 
in good condition, a resistance of <120 ohms. Tho operator at 
ono end finds that the resistance is 270 ohms or 220 ohms 
according as the other end is grounded or insulated. Suppos¬ 
ing the ground eonneet.ioits at the two stations to bo good, so 
that the resistance of the earth is negligible, and assuming 
that there is a single fault in tho cable, show that this fault 
is 1(5.07 kilometres from tho first station and that its resist¬ 
ance is 200 ohms. 

2-12, A cable fiOO kilometres long with stations A and B at 
its extremities has a single fault, but is not so much injured 
that, signals cannot lie sent, through it. With cable insulated 
at //, the operator at. .1 grounds one terminal of a large bat¬ 
tery and attaches the other terminal to the cable. After this 
has been done the upemtors find that the difference of poten¬ 
tial between the cable and the ground is 200 volts at A and 
.10 volts at B. 'flu* cable at A is then insulated, and one 
terminal of a large battery at /*’ is grounded while tho other 
is attached to the cable. The difference of potential between 
the cable and the ground is then 200 volts at B and -10 volts 
at .1, Show that the fault has a resistance equivalent to 
that of 17 (52 kilometres of eable and is at 11)0.2 kilometres 
from A. Kxphuti some way of measuring the potential differ¬ 
ences in this rase. 

241, ** In a net work /*.!, /’//, PC, BP, A //, 11(1, CD, .DA, 


H I'iJi MU.I'-MM. 


42b 

rc*«jic*c*tivi*ly. Show fli.il if I /’ •'onf.utm 4 kdtery of eleo- 
tromotive force h\ tin* enu« of n» /•'*' m 

A f >• » I * y *1 * / 

2 A J |* 1 Si »«> »* | *' 

whore A «» » k ? y ! *. 

and /* /fy I >«» » *»|l » **a * /I* ■< y*v" 

24a, Show (It.if if fhi* »'»!,;«■ ■> »>f .1 ]*at.ilh h«;<i j,r>i In* formed 

of uniform win' mm'Ii f h«* t«-,s 1!.* 1 ?!&?***■ «•»*n 1 
tuiUff I'dgi'N an* n, /*» ami »• ir'»j»n*f n i-!i , .««<! 5? .* » unmil i*iiti*nt 
at OtH* lUlgle iitiil Sr.tvr i ,sf !ii*' i»}' 3 *i*Mt** au.dr, I !,«• rmlnfiiure 

of tin* network i?> f jm I I *■» * -a'-. ><■ » >■ * * > j 

210, (n) A ftiius*'^ >ik <i ish.I' .•? usssl.ftm wire, 

oj>|m«ito edges lwing r.|n.»1 .us \ »*f h-ti.aK. », f, *■ If 4 cur¬ 
rent enter® Uinl !i*llVrft I in®* I i 4 tis**a ><i h sf 13*»’ «-n»h of atl ***l|»r 
of length «, tin* at relict In *if I is*’ us r« of s sn ! h«- j».m n of edge® 
of length « art* in tin* ratio 

ft(tt 4 *4 f »u< * 1 '* h\ \ * i ■ ( * *> • 

I ’ -iirs < ’allege,] 

(t>) Show that the row»!:«»• r »«f 1 hi' 1 * >.< It itnr rt »ifh t't that 

of a length of the wire .&! i*« \ ^ a. .) » . . » i« *•< ? A|J, 

[Ht ihilm’n (‘allege, | 

247, Show that if « trh*gra|*h |«*k•>, *•.»■ h *4 tr-ijutuire H, 
bo joined in futir*, ea«-h la all the iek -1 , *,». i h «, it.-a «*{ trust. 
ItfKse r, and if an eket rmi»»«l i ve f< »ri * / i-<- m on*'<4 the 

wire®, the rurrent in that «in* n b< \ /» n :* > -,] nnlt l r\. 



1 <mm, me von.age <n. a pmm. on i,m> mm x miles from the 


generator is r .iit.rf t <> } I 10(H), Kind the rato at which 


a given purl ion <d the lino is delivering power. 

iMU. A Wheats tone’s bridge in pro pur adjustment consists 
of four coiiduelors, B(\ ('/), which have respec¬ 

tively the resistances y, ,s<, and r, The galvanometer is 
eonneeted with -I and fund the battery with // and Jh The 
electromotive force of the battery is h\ and the. resistance of 
the battery with its connect ing wires is h, Prove that the 
heat developed per unit time' in tlm conductor A B is the 


equivalent of the energy 


/'. ,a y/vt 

(/ms 1 /*) 1 r(y Kf)J a 
iiftO. A generator id constant, electromotive force /£ and 
of emistaiil inteiiial resistance tl is used to charge a storage 
buttery which now has an elect romotive force r and an inter¬ 
nal resistance />. Show that if the poles of the storage bat¬ 
tery he connected by a conductor of resistance /•, a current 


r t/.V l /* A'j : 11 // ! /*)/• P I Hi] 

will go through this eouduetor. 

•Jo 1. The emiduetm-. I /*, /!(\ t 7h and iKl have the resist¬ 
ances /*, y. r, and .•< respectively. J is emmeefi'd with (• by 
a battery of internal resistanee U ami electromotive force e. 
B is eonneeted with J> by a battery of internal ri'sistanee b' 
and electromotive Joiee *■', Prove that if the current in AC 
is zero, 


/• * »/ ! r « ■»» i f /» I It y f ;*l ( I r\pr ys) = 0. 

JfiL*. A coiulm ti.r oi given dimensions made of given matm’ial 
luis two given j u 1 1 «ms S l and S its snrlaee kept at constant 

. . . i > i ... ■. .-....I- 


MtHi'KU.AM Ml m S'|;hiiii,ms, 


4 «H 

if r* in tin* jintruti.il tuuriiou, w Sou v sn k< j*t at (\* ani 
*% at < ( . , t . t t t , 

r i * ■ 1 ■ 

U/>3. 0»r mil |('i «.t .» -4i iu; 4 «a>’ -4 i.rini'i lt and letig-th 
tin ki’j't at j'l'trnti.il I , an.i *’.<■ "fir » >u4 tf/t , t j jintmtial 
/'j. Till* HjH'rilir I'Minin. f!. ill <4 I *' a;?" t . fc 4 j t ,| n'sist. 
nun* jirr unit lrtu-dh ii n-, v mat tar u *.{ »■ ih t»tjual 

to imbn Tim vi itr O’ »■»** i"U’.i4«-.i 1 **, .in in .uldtn^ shruth, tlm 
tmtaidi* of whirh i*» m »<>n!.r l w;lS» *!>■,» w.slri at jiutriitial 
Zt»r<l. Tlir f.ltr ««J |r,»kaJ‘> t »i*u! b so?! It *4 t hr win* (if 
mbit' through f In* ;>h«atIs at ■ i 3 4 1 ’ <• **’.»• i»* SSi* - jMifcjitial of 
tin 4 wirt' is 1 ih • *mA I 1 i“- j*-* sj«t-*.' 4 i of *j f 4 ,\ t ?4 ilrutiU'd 
by ff‘ Hilt! »» rallril f Sir •-immi d!"ti »<• ,; J iisr.« “ <4 t hr ruble 
ju*r unit Imiffb. Tim *4 !l *-a *4 rl«. ?n« ill into a jmrliim 
of tim rabb* of b-n^ll* no b* b'd b »4 «< m (« M m;!il srctioun, 
till' tll'Ht»T of ttlilrli 5 -s tilts! ant > !t-ns * * Uri l i at Jmtt'litiill 
S’, i» HKU */*, T. Tbr I.ils- of !l.*-A >■! > !*■' In* III Hilt of this 
cb'itii'tit tbron^li t!»«' ,«n4 i r..j,i !],,«■ i.trlI s*t rail In 

mm’ {/>,!' I A„ /' T • * V «-,»1 I A > W hni t In' rurrcilt 

i« uti'iuiv tin' rb*ui«Mit n< if ,'o-t (.;.)!!)•! n<*t lo r t rhvtririty 
and HinSXjt, T ~ *n t f A ? ts*. th.it .it ru-rv }mint 

W (fr It, W Jit' I r ff‘ '<! H 1 hi' K'’ S!, 'l »1 lohltiim of 
tills I'ljuntioli Is of till' folia I - tr t /o a , and if W0 
cioU'rmitH' /fund /fsotlnt I I, a a , i», t n4 I l‘ f wht'U 

x ’ /, W 0 Hi-1 f‘ | fssnli <||r« * I •!'.u!s 1 1! i* 4 , \ omit (§!). 

Hhow that if tlm nurmt »Lnj s irji tin- i ut (I ix I t 
and that win**U Iravra it i»i ss / , 4U-I si i *f«'Uotr thr iHirront 

in til*" iMirw ill 4 Jjwutit ml a t lr; M 11 



Show also that, if the owl of the cable at Q be insulated 

ami left to itself, / j ( lmt if it be put to earth, 

V I*,, siuli /f (/ .r) /sinli ( (j/). If in this latter ease the 
c,able were infinitely long, we should have V ■ T„ e.-P* and 
/,:/ ( 1 ef- /> l'‘/V<»ir. 

The whole core resistance of a certain cable 1000 miles long 
is 2000 ohms. When one terminal of a battery (tlm other 
terminal of which is put to earth) is attached to one end of the 
cable ami the other end of tlm cable is grounded, the current at 
the sending end is In t he current at the receiving end as 1.127(5 
to 1. Show that, the insulation resistance of the cable per mile 
is 8 megohms. In the Atlantic cable uf 1880, ir ~ • t.fi-l oluns 
per kilometre, and ll‘ 0,085,000,000 (dims per kilometre.. 

25*1. The conduct ion resistance uf a certain cable 1000 miles 


long is to ohms per mile, whilst the insulation resistance is 
10 megohms: if the sending end 1m at. a given potential and 
the receiving end tu earth, find the whole charge of the cable 
when a steady current passes through it. Show that if the 
cubic have a leakage fault at. the middle point tlm resist¬ 
ance of which is equal to that, of a length of it miles of the 
cable, the strength of a steady current, at. flu* receiving end 


will he lowered in the ratio 1 : 1 


filllly 1 

it V -j” 1 


[M. T.] 


255, Prove that if any finite set of algebraic operations he 
performed upon tin* complex variable x x | t/i taken as a 
whole, and if the result [ »* /{£)] he written in the form 

${.»', //i | i v'-tA >fi, where tf» and t/e which are said to he con¬ 
jugate to each other, are real functions of ,r and ;/: 

[it) Ibdh (/> and \}> *utnd'\ Laplace's Kquation. 

(A) />,«/( fAv' and />,«/» 


(d) Th<* rfjtuttmiiN f, v* *, u , vs »■’ f«’j.ri’si>ut two 

ftUliiiicH of ntrvcH wlurh I II! «-,t. h .<» h« ! >n ! ilh 

’JfiCi, J’rtivi* fit,if : 

(it) J{ 0 Ultii 0 HI «• aU\ f « «* r * ’ii j *; ? vt! i- f uji.-I s>»in nf ,r itful ^ 

that in, if 0 I *0 •» f:*>!« • !!,*• . •■?;!j.I, \ * .irul.ii' x | itf 

takou aa a wlmir, tlun, nmn'i l>, , > ,m>l v .u«- !«,»< '1‘iijugattt 
funt'liuita nf 0 and 0 

(l>) If 0 tlUd 0 ill»' »Ut\ 1«H rill! jSU’.i? «• | Hl!> !,f X ntul If 

ftltd if « JUld (i art’ am !*>• <*Umr • •■•h;u 4 »».• tns>. ttntrt c»f / 

and tf, and if Im x ami y m j« \|«j«, u „j ^ Ww 

HuiiHtitUti* tilt* t*.\Jttrvs»n|»» !>>r •» an.I ,1. « .• ns..id iv*i Uvt* 
ouujujtatn Iunrli«»ni h!’ x .md if 

(f| 11 0i and t/0 : ui*f v 5 tr*’ nii> I a *« j.ujj n ».| *-< «>s j«t fimn. 

tiutlH, 0, ! 0 3 au>i v s * v j at*• _• *•* -r and if, 

2f»7. I’rtivt’ that m uu\ r .»■»»■ .4 -i•. n?nj4.sit.»r fUiw of 

tdt'ctru'll) tlml r>, tl>m w hu !» .*! « t «•» ■, j - .u>! r-, < ; „u,d!id to 

a given jdiltir, and *4 •usdi 4 -lt.itJ.il.' 4«■ * 111.I,! si -I Sislins.-nl v and 

direct inn an* the miih' .4 *11 the | ...ml n > *f w-,% 1, n r di.iM'ii 

pcudirutar 1 * * tin- i*n*-ts ]4.u»«- t h< s e < t s -v -i .» innrlmu nnj. 

jugate In lilt’ ]«nt cnli.il t In-i fnn. ?s>.n r> r.dlrd the 

“ lltUV fllltrtM'U ” 

JfiH. Slum it\ 11u’ m.lsn.ifi S'.;. f. f fTi-tl.ist* siit.isjiijafy 

tjuuntrhi’t that j »t » . .» . ■ .. , -.a ; n rrit j W , 

iivtdv tin' ft tilt m iiuj .4 - •, -*5* s s .. it fi^ua |, r * ^ 

, . , 0 ft 

m ■■ t J tf } »4 # ’ t’l Ut | '5^ !'i. _ t .i'ff j'* if® 

and B tan 4 >*?.«!♦ y, -44' ; : •;?«■«.i*, jlt.n n-jilim 

nitulurttirii wl»nd» th.-n. , . z , r , * i<. ,.n l #r l|, t,*» w »h*u. 

•fill* HllttW tll.lt , ** ft it • * tin i.f" * 1 1 l -.%u ; * »jj I), rltill’f HOP 

fsay 0) t*f any jmu 10 ^ • **• • • >.;n.it>■ ..f / tissd v nmv 

l«* faki’t ns tliu ,• -a t ,, Ul ». ,, ... ..... j..,. ..... 


piano of r;/. Mmw also t hat in t,ho ease of tho same distribution 
tin’s other I'unrt ion ^ will In* constant, along any lino of force. 

show that. «*ither uno (say </>) of any pair (</», of con¬ 
jugate functions of .<■ ami // may he taken as tho potential func¬ 
tion inside a conductor which carries a steady current flowing 
at. every point, in a direction parallel to the plane, of ay/, and tho 
same in intensity ami directum at, all points of any lino drawn 
perpendicular to this plane. Shmv that in this oaso tho otlior 
function i/- will he constant, along any lino of How, and that tho 
two equal non c/> <\ 1 / <•' ri’pveseut respectively, if r and r. 1 

art' parameters e\ limlneal eipiipotential surfaces and cylin¬ 
drical surl.n-e-i uf tluu. 11 its is the element of any curve A /> 
in the plane .«■//, ami il />„«/» i * the derivative, of taken in tho 
directum ol the normal t<• >is which points towards the right as 

/»/; 

mu' goes along 1 lie curve troiii A to /»*, the integral k j J) n tf>’dn 

gives the amount of {-t i^i* i\ e electricity which crosses per unit 
of tilin' from left to light so much of a. right.cylindrical surface 
erected on l /» an m niehoed hy two planes parallel to tho 
plane of ,»•*/ amt at tlie unit distance from each other. Sinco 
l > h ij) i/ . t to* tut eg t a 1 jus! cut i Hide red is eipial to /»’ ( </^ /, • i/g,), 
JUld k times t he difference het Weell till* Values cd \ji oil two 
right evliiidne.il sin tai’cs of flow gives the amount, of (low 
across the unit height of rat lurndi ol any cylindrical surface 
which cuts the plane of /// at right angles as is included 
between the gll ell .’Utlfnee’i uf ItoW. 

L’f’.l. 1 hove that 

Ol j If r,» r,, r a , , are the lengths of the radii vectores 
drawn front inn point to any n parallel axes, and il 0 U 
Op Op > 0„ are the angles whu-h these radii vectores make with 
a fixed tine in the plane of xn w htcli is perpendicular to the axes, 
i i. , f j- i f. 1 tej-. t ■ ■ ■ \ A.. loir 


I.J r..r ^ 5 •» -i • \ > * k & *> flBffptlfSjjli 

4 l.r* i'hi-i* -I ■ i t'Ai'Vt > V < '1 * V :» t u 11 = gf 

flu* a\* a. .»-> !!><•**' 4t<- 1 ' lux- '• . * r>t|»ri'3*|<*f| to*. 

,.f j I'.tf '<ri% rs<'»;vt-.i' -* V * f , ?**- ^juafiiWI 

irs|*f*-!ii’inf.'n At m • ■> .’-V- .■ -i. ' 3 •>, r> ■iv'li mntflMiA, 

Ui!f «»Si r *4 1 V* iiv* 1 '?, ai \ r v At*' >n .■»*•# *■ t» tw><i in 
{*>» HSI • <*, 5S’» • f * V<’ ** .iJj'U;* -U 

at iuftmtji 

( f i '!*h<i % *h%« *4 | '* ^ 4» i.*Wn 4T-*nn4 ant g§jf| 

% 

|W lit* j4v.i»»™-un4i *! r r * >4 4*59 *n4 fM»t|<§|§ 

#?<* |*I * 4 ! | .it 111** til Jm)* V i-t ff'-IS. ifj .1? ' fill! li l|jS1 

llus i*> • * l„ 

(i|f JJuwr* r<f ||h» Sira in 4 •» *s 4 a 1 1 afitf wtlitffff 

flllltp® isi it*| W ftsss^SK 4 V-* VS.* I a t#» s* t*Sfrtu’n In tUr 
(tltH'lUW j'-'SSf | , t * 1 * ,., i y j f <4 fWifitilf* 

Wilhtft fl»« *•> H-f at* JlVilvitr ’ >*:> Vli V4i|f tilktf 

llitrlt «»f llins. a !»*•*!» n-i a 5 * 4 ' 4 ’ i * n l li**- • 1 f * wl maim a 

©■•®t''|ti ttUr> i *1 W 3 >?< 4 . <$ *.1 4 -fitnl amt, i?*' - '■■;*. I Si! 1 *V 8 .|||| llt» \mm 
ao n* I** all Ihv an'i, *;a4 *£ 4r« r.'ssfi»-f4 iiti|*fiWf if 

||tr.*f» ||*4r*% *T+ i.r|*l ^ 

lliftiii, ’Hits 1 ® f’f«p*ti* i» 1H !ii« < • I ■* *' r '5r> Uiifp lliift ifefl 

«f |||«|4| |cil*ap||r*| at <t"r.fl#its J«»mla 1*.% Vli«- *4 Wtffl 

W*4**l Willi fill’ |«4c* «4 Iaallr-1 .-.<■» 

<A» tf lit l|l« »4 -ft I heir- I'S al* r.%r-u lintwljpf 0 *dj 

It a! I «f MV |»-etltS'*p ati4 h*tt SiC'ijaliW, lint if, 

UtiiftfwWf, »1I lit# ,1% .atftp iva ! U% c-tl'iial. »*■' Ssat# ||* 1 *# 

In wills'll m tllllllaf 1 4 *?«*«*• “4 •»!»»*. *U' -I 111* iwllifi 


tho battery touch the metallic Hheot in w other places. In 
this casts if t\ ami l\ are any two points in the metal, the 
resistance of so much of the sheet as lies between tho equipo- 

(h » ™ k 

tential surfaces on whieh l\ and l\ lie is s/’ a - ■ ~~ l , when 8 is 

dTT.IaA’S 

tho thickness of tho lamina, ami k its spoeilio conductivity. 

(i) If <{> consists of two terms the oneiUoients of which are 
numerically equal lmt opposite in sign, we have the case of a 
thin sheet of metal touched at two points by tho two poles of 
a battery. Here the curves in the plane sj/, for which \)/ is 
constant, are circles (Fig- 09) the centres of which arc on the 
line which bisects at right angles the line which gives the 
points where the battery electrodes touch the sheet. 

Show that this value of $ enables ns to find the resistance 
of a thin circular disc touched at two points on its circumfer¬ 
ence by Urn poles of a battery, and hence, by superposition, 
the resistance of such a disc touched by any number of pairs 
of battery pules at different places on the circumference. 
State other problems whieh an inspection of Fig. 09 shows 
can he solved by the aid of the value of <£. 

O') If 4> is made tip of an infinite number of terms with 
emdlhdenta all numerically equal, hut alternately positive and 
negative, and if the eorresjamdiug axes cut the piano of ory in 
a straight line «u that the distance between any axis and the 
next is It, certain of the lines of foree in the plane of ry will 
he straight lines whieh cut at right angles tho lino on which 
the traces of the axes lie. Show that by aid of this tf> we can 
find the resistance of it hum tut of breadth h, and of infinite 
length when touched at two {mints opposite each other, one 
on one edge, and the other on the other, Draw from general 
knowledge a diagram whieh shall give the shape of tho lines 



uummestlly «*qual t«» m. >itt5at*-d i.- |.t rt u. h at j»»*int« A, 

(\ wllit'h lit* ill Mt'il'T a ’»! t .13 ,;S«I lllir, nli«- id \ hi' lillt'H of 

HuW . lit jus I fl .1 i n* ssmf*- j<!s> «• »<} * adnit s, t'J . pjj 

drawn iinnind ;r* a that th<- i|.«w ui*ulu the 

cirnimifrt'in't’ wtnild I*** ns** ..ana. •! if i i»*■ i-ait *d sin* plato 

uuttdih' it. ufti' « nt an. a 1 si “'Lvt -v. sd-j, »l a «'t!. tiiuf«<roii('o 

in' drawn iu a thin « t<ndu« 1 .n ■ j -l u,« j-1.4>■ m{ tn4» luut*' oxts'lit, 
thu " ima^i’ " iu tin i i u«uitit« u ni •• n! t ■ <t itii’u^th w, 

tdluati'd at a j'luut /' m th«- f*» u».-, r- :•,*<!«• u;. »<f a sink, of 
Htrcngth m i at till- onli <• »*1 t hr «•; t. h , and a unuas. of t,)us 

HIUSU' alivtltftli .‘I V- * h»* 3m «t ’.<• j*"iiil • t /“ w it is ti'.sto 

tin' I'irnuuh rrn* «■ 

Slirnv that it a >U:k 1«<- t» v *.h4i d a . a in / d n, »• ii.itteo, and jf ( 
iitHidt* a i’uvmsjtriruf.* ili.i» n r.s a S sn ylau.- . ..udsiriutg jdato 
of imlrtilHti 1 r%f»iti* f !»«-*** .» <■ > -it f S».’ J»*iutn ,.{j, 

J 4 , J 4 » «4 nJi riij.;!Iu» ,»H*» htan alh !•* m t , m f , m# 


. . • , tn t JTHjoTtlVs-K , and > 'i *«! 

•4 h . al^flttali'idly 

I'lJlUll t* * til,, «*;. I,! ■, 

, . 4 t hf r*.f|iuj,.Hiding 

illViTHl’ jitnlitn, t hill, ll i>i. » 'M. « 

^ . •», u, tla«n« 

ia tin th»W tt| I'hvl t !*■ it % a«'s 11 1 *■ * 

i i . -nitli i rSi»-»> 

If lit a It*rd jH.iul V Hi a !Sun ;d v 

,< jd iU- 1 u; H’7 j tlioFO 

in u sink <4 *4irn|.dl> isnni»*u dh « 

id 1»» >»», and at atintiior 


7 jM«Utf /*’ IU l hr !*'..»!>• .Ut »1 I>ujt it', and if /** 

1«" lu.id** t * * it J«J>! < u* !» V .hi a linji! -Hid t ho Jifod" 
U«t in /'/* h<- k* j.t .i I "4 i . > *•■}!! t) !•» a i’ll (’tilt- 
kjtjpj ' X wt.ilil /t, »«* h.ii«' .t! a ,* *• j-laJi*' ihtsihli't 

^ l*f nt trllf,‘t h ;i. t Io’ a % r> <4 a hi>'h it /* X , tin 1 IlHtih 

lll^ jMunitnai <•! Ilf -sfi.n.'lil Ju««* «I * ai\ si ft'nm f* 
tit /**, Wr ftiiall Sind it !.* j.- j»j r-u n5 lUld 

hiitkn fi'HjHTtivi'lv l‘V idat'k and uv nh.nS«-*i . i*« and dmihlots 
hv I’indi’S hall lilack and halt uolu t. 4 I!.»' t.I.o k j« 


Km. Ml. 



M KS( ! KM<A S Kl It'S l’ltOHUCMM. 


435 


of a doublet. fireli’ indicates the directions in which there is 
a How am 11 / /rant I In' point where the doublet is situated; 
the unshaded portion indicates the directions from which 
then' in a Ih>w taimnuh ibis point. The axis of a doublet 
bisect* both the blurb ami unshaded portions of the doublet 
circle. Show that, il /’ lie used as origin and PX as axis 
of abscissas, I In* velocity potential function due. to the doublet 


iH if) 
jr \ i/i 


,, ami the flow function is \b ™ ■ W.-. Tf 
a * 1 a Y -p ,f 

tI icmc are respectively the real part and the real 


factor of the imaginary part of the funetion Tlio 


cquipotent ial lines ami the lines of How are circles (see 
Kig. 1118) touchim: t lie axes of ,/ 
and ./• respectively at tlie origin. 

A " plane tj uad ru pie t" is 
ftirmed of two etpial itud oppo» 
site pbuie doublets in the same 
manner t hat. a doublet is formed 
out of a source ami an equal 
sink. An " oet uplet " in formed 
in a similar w.»\ of two equal 
and opposite quadruplets, and 
ho on. We may u-.e the word 
"motor " to denote iii general a Km. 128. 

source, a sink, a doublet, a quad 

ruplet, or au\ other mimbinulhm of sources or sinks at a 




through 41)°. Kind tho How function due to an oetuplet of 
tho kind Hhown in Kig. 1.'12 at the origin. 

(c) Show that tlm lincK of How due to a plane doublet may 
bo regarded aw tho linen of foree duo to a columnar magnet of 
infinitely Hiuall cross-section. 

(d) Show that tho functions 

, 1 1 2 (> 

J y .4 . 

each of which is tho derivative wills respect to * of tho ono 
which precedes it, yield a series of pairs of conjugate func¬ 
tions which represent in order the velocity potential functions 
and the flow functions due to a source at the origin, to a piano 



Fm, 121). 
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doublet at tho origin, to a piano quadruplet at the origin, to a 
piano octuplot at the origin, and so on. 

(o) Hhow that if two piano doublets L and At exist together 
at a point 0, and if the directions of tin* two straight linns OA , 
OH show tho directions of tho axes of L ami At respectively, 
and tl\o lengths of OA anti OH the strengths of L and M on 
some convenient scale, then the direction of the axis of the 
resultant of L aud M will lie given by the direction, and the 
strength of the resultant by the length, of the diagonal of 
tho parallelogram of which OA ami OH are adjacent sides. 
Plane doublets, then, can he compounded ami resolved by com¬ 
pounding and resolving their axes like Forces or velocities. 


always equal to the constant. /*, the limiting value of the poten¬ 
tial function of the system is .said to ho duo to a apace doublet 
of strength fi at tlm point, J\ and tins ax in of the doublet is 
said to bo the limiting position of the secant J*Q. Hliow 
that if r is the distance of any point /" from V and if 0 is 
the aught between the axis of the doublet and 77", the value 
at /"of the potential function due to the doublet is p mm $/■)#. 

The force components along and perpendicular to r are 
2/j.cos Q / 1 * and psin 0 / f . The potential function (SectionCD) 
due to a doublet at the origin with axis coincident with the 
■x axis is fir / /•“. 

Tin* potential funct ion due to a mass -- vi at tlios point (ft, 0,0), 
a mass p m at the point, (A p 8, 0, 0), a mass • nut /(A -p 8) at 
the point (u y /(A I ngO.O), and a mass nut/b at t-lm point 
(a? /b, 0, 0), where A and 8 are smaller than u, has the value 
zero on the sphenoid surface x 7 • p if -p z 7 u'\ Prove that if, 
while a ami t> are eonstunt, 8 be made to deereaso indefinitely 
and in to increase in such a manner that their product shall 
always lie equal to the given constant /i, the limiting value 
of the potential I unction will bo 

ft. (x * b) /[(.'“ bf P >f p p (tfj. [A(.r 3 + if -p if) 

- «*.»•]/[(/v — tdf + IP {>/ -P * s )] ! . 

If h I), this expression becomes fix {tf i fl ) /aV, where 
r* . x l p if \ . 7 . What problem in electrostatics can he solved 
hy the aid of this last lunation 7 Is the image of a doublet 
in a spherical surface mint her doublet V 

2(14. A straight wire of radius a which forms the core of a 
cable of length / lies in the axis of x with one end at the 
origin and the other at the point (/, 0, 0). Tim whole of the 
oiltwi le of tl e iuNulatit if eoverinir of the cable and the core 




If the hisnluliun is .sii guud that h may be neglected, 

f M ' / l > -c*ii.s.s 7 r-^> J/f M sin vx) /tts], 

and (he eunvitf is 

( /,, />/i t I | 2 • eus stt * / /’ mis ux'). 

^ lr * '•fiiiiiial s til a ball fry uf electromotive force 2$ 6 
volts uuil internal ii’sl-.taiiri* h ohms are suddenly connected, 
I-IIIui i gh a iii*ii iinlui live rtinducttir 11 f resistance r - J) o] 1 ms 
with till’ mat ing:» iif a frill. tenser nf /,• farads capacity. Show 
that, alter ( M*n.nd . tin* rundenHcr is charged to potential 
rlillVivncf /■: vntK where H /•;(! - r ~<« EJ, and that 
thf charge uti the positive plate is Ek units. If t—^kr, 
T tUIUh ; il t \ A r, 7 U.1S1 ; if/;- J, T « ()..*!<)d ; if 
i kv, 7 u :u,\7 o.Ktiu; if r r^o.utfOj 

if t 5 kt\ 7 u,’.i!i;5. ami U t 7 ki\ 7 0/JUU. 

Show that il the ruinlenscr just, mentioned had been leaky, 
its dielectric ha\in,' a resistance uf only /»’ ohms, the charge 
tm the jm.stne I'u,if mg after / seconds would have been 

^’‘ ,4 11 ' *'■ ‘ ? • 1 ‘, and the linal eliarge E„l;Ii/(r -\- if). 

2fifh The eu.ii mgs uf a jierfeet eutuleiiHer of 2 microfarads 
capacity winch arc cunucctcd together hy a non-inductive 
resistance /i ut Putin ohms arc attached to the terminals of 
a constant. hattei \. Alter the eumleuHcr has become fully 
charged, a hullct ntuving at a velocity uf c metres per second 
i'ut.i tir«t one u! the hat lei v leads uf a point .1 and, 2 metres 
farther un so its nuiritr, the resistance II nt a point IL While 
the hulh t is moving ftnio »{ tu )t the eundeiiHer loses 1 - 1 /a 
ul Its charge thruugli II. Mt*»w that, ft being the base, of the 
tmlnrat iiuilrin it luc.mtl it s. r -ItHh 



271. 1m* eoaungH oi two contionsers A and B are 

put to earth uiul their inner coatings are connected together 
through a galvanometer of <j ohms resistance. The capaci¬ 
ties of thi» eomlenserH ari' (' and r respectively. Both are 
charged initially to potential r„ and then have charges Q q 
and v„. Show that if the inner coatings of the condensers are 
put to earth mmultauemudy through non-inductive resistances 
R ami t\ and if 

X r R (\ X 1 rlit\ ^ rr(r; + It), /d “ CR (y -f r), 

m ( W/ty, P *1 AA' 1(/a /it') 8 ; /i/d AX' = -|- r + JK), 

ami the charge on J after t Heeimds will he 

«•*•** '' /3w [ (A* I (i ! /t' 2 m/CR)tPt* m 

} \k fi /t' f 2 m / OR) a-*" 2m ]/2 /c. 

Hlmw also that the whole quantity of electricity which passes 
through the galvanometer during the discharge is 

(,>„{ ( 7 { rr) / (*(;/ fr + /it). 

*272. Prove that the jmtentinl and stream line functions due 
to electrode?* placed at certain points of a spherical current 
sheet can he deduced directly from the solutions for the plane 
current wheel which is its stereographic projection. If E x and 

he two electrodrn on a complete spherical sheet, show that 
the wtream linen are juiihII circles through and E% and the 
cquijioiciittat curves small circh’H the planes of winch pass 
through the hue of intersection of the tangent planes at E x 
and l\ r 

27:i Verify the ntatemeut that the value of the potential 
function at anv point /* of a solid homogeneous sphere of 
Hjieritie reai’it .iiirp h, when a current of mtousity 6 flows 
lndween two electrodes A and R at opposite ends of a 



wnoro jh tne n«u. oj um j»rr|«-?i4iirnur imm t on the 
diameter AH. [ M, T. J 

274, Till* two C’uurrtiltJr :if m.il ’iiiliarc. which imtiud a 
shell ure kept at different euimiatit |«.<9«-uij.t*■> ii, a t if 

the uondiu'tivity uf tin* shell r> a turn lues ..i the distance 
from its centre, the jmtejitl.il fum'tn.u si jf hiu i! '».»! jnlu'fi tj„, 
equation • I*, V i ti. Show that si «■ f r> this 

equivalent to the equation gm-n ««n |*.h>< 2 ho 

27ti, Provo that if a quantity of rh-ef*a«- j t \ equivalent to Q 
absoluteelectromagnetir units !«< *1 j- n l.ged thi<>u K *h a ha! list in 
galvanometer whieh has a «un|*eodr«| n\ stem I hr magnetic 
moment of whieh is ,!/„ the of inertia /, ami tlso 

retluntul mmqdett* time of awing 


where tt ,1/ is the t'«*ti|*!»* rv-rtr»| uj«>u the ■ai-ij»rn>h , »l system 
in its jiositiou uf nqutlihsiuiii w hru A •!?«■,lH « ntf«nt of f 
unit juiHses through lhe gali amom-ier »* ■ * s 1 

2i (’>, W hen a Uai magnet ut magse-tu length h'/ .in>i moment 
M is jihuvtl in (tuusH a ,f jurat nut with it , < cut re at a tine 
tanoe ti from the reuSre of a magneto- needle «.f length 2A, 




-ii- A 111 :i• 111 »-!«*ui*■ t*>r is set, up with tlm oe.ntro of its needle 
vert hmII) a point tu (li,. axis of a horizontal metre rod 

n eentimetei . hum the rent re. '1'lu' rod is perpendicular to 
t.ho mernhau, A 1 a i oh no mi s ms, .short, liar magnet is placed in 
{hum*’:. ( po.iiiMii with its t’riiln* First, Tit) d eentimetres 

tmm our end "1 the m«t ;uol tlmnot) <1 centimetres from the 
other end. d t"me euuiei than it, If the deilectiims of the 
needle u» the tun eases are 8, and 8., respec¬ 
tively,, the iid.iin e eiim made by computing ;!////by means 
of the !m unti l 

t/Man o, > t-m ft, I 1 is | { 1 | ,‘t r a )/(l ■ - r a ) !l ] — 1, 
wheie e » d 

oys, I’he ti e h upon which the carriage of the short delleet- 
, m , ui.u'.m t siidi s tu an apparatus fur determining M f II in 
(».loss’s { p«..stem makes aii angle 0 with flit' east and west 
lute in t> ad <<l txuue exact h perpendicular to the meridian. 
Shew that si th.- .S-.in- o! th>* deflecting magnet is at a dis- 

tanee .f 1 1 .an ! hr . ■ utu- of the ..tie, uud if the didh'etion 

ehanees time a <>< o when the itelleetor is Uime.d end 

^" 5 1 ,S ^’ \f o'’ in rt f/’ 1 sin fij 

U ".- eusifij- * 0) 

etu ft, et u 

where * ll < tl u 

•J t n, Ij, , to oh! am I tie temperature eoeilieient of aeer- 

tasu magnet, ot moment .1/,, it m jdaeed in a water Hth at 
H -.hot t . 1 1 a I am <■ a magnet nUH’ter lieedh'. its axis being' 

pmpi-isdienlai fothe magnetic meridian at the centre of the 
Th. ,ile is I.TMU^ht lark h. its zero position by a 
i ..mm-ii-tatsue moun t placed ou the opposite side of the 
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length 2 / (( . WIn'll the ?/ a r> h<’4l< d a givoti mmdwr 

of degrees, its moment i to W s , and t}»•* magnet¬ 
ometer needle in deflected u\«*r >i »>f tin* scale, The 

He&lo distance Inning h, prove that 

.1/, ,1// it i ,p, 

- » 7 $. 

M, M„ 4 •*< 

whore tlit* deflection » i« wiiistll, 

Shtiw that if «, is tangle through which M a would d«dleet 
tlm needle if M j were uhiunit, 


s 


. 1 /. 




tan a , 

• Wijrfr* 1415 « 

till* tt| 


n 


2 it 


280. Two magnets, m, uuti m t , are placed, with their 
axes parallel to earh other hul opposite in direction, in 
(tttUHH’s it position with resjwt l»* a magnetometer, The 
centre of m, i« north of the itiagticlotuelcr and the centre of 
M t south of it. The dial .mee t <«/, and </,* of the mitres of 
m j and m t from the centre of the magnetometer needle art' 
HUrh that the needle is uudeilected Show fh.it if ft, and ^ 
are tlm strengths of the *• }«de»“ of »«, and «>,, and if 21,, 2/,* 
ami 2A art* tin* u lengths “ of m t , m f , and tli«» needle rf*»|*ee* 
tively, fi x is to as 


it to 
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20(1, 401, 406, 477, 483. 

KleetmkineUe. tmiiiieulum, 207,406. 
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461. 
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